Solutions of Exercises of 
Introduction to 


Differential Geometry of 
Space Curves and Surfaces 


d7uX a duP duY _ 
ds ate ae arise ease =v 


KS 


Sy 
OD 
oF 


=-|—-=—.— 
-_= 


Taha Sochi 
_ 


Preface 


This book contains the solutions of the exercises of my book: Introduction to Differential 
Geometry of Space Curves and Surfaces. These solutions are sufficiently simplified and 
detailed for the benefit of readers of all levels particularly those at introductory level. 
Taha Sochi 

London, December 2018 


Contents 


Preface 


Table of Contents 


Nomenclature 

1 Preliminaries 

2 Curves in Space 

3 Surfaces in Space 

4 Curvature 

5 Special Curves 

6 Special Surfaces 

7 Tensor Differentiation over Curves and Surfaces 
Index 


123 


176 


210 


226 


230 


Nomenclature 


In the following table, we define most symbols, notations and abbreviations that we used 
in the book to provide easy access to the reader. 


V nabla differential operator 

Vv? Laplacian operator 

~ isometric to 

, subscript partial derivative with respect to the following index(es) 

; subscript covariant derivative with respect to the following index(es) 

1D, 2D, 3D, nD one-dimensional, two-dimensional, three-dimensional, n-dimensional 


overdot (e.g. f) 
prime (e.g. r’) 


derivative with respect to general parameter t 
derivative with respect to natural parameter s 


6/ot absolute derivative with respect to t¢ 

On, OF; partial derivative with respect to at” and i” variables 
a determinant of surface covariant metric tensor 

a surface covariant metric tensor 


41, 412, 421, 422 


Gets ar, ae ae 


coefficients of surface covariant metric tensor 
coefficients of surface contravariant metric tensor 


Qep; afr, ab surface metric tensor or its components 

b determinant of surface covariant curvature tensor 
b surface covariant curvature tensor 

B binormal unit vector of space curve 

by1, O12, ba1, bee coefficients of surface covariant curvature tensor 
bape BORD surface curvature tensor or its components 

C curve 

Cp, Cn, Cr spherical indicatrices of curve C’ 

Ges GC; evolute and involute curves 

c™ of class n 

Cape cP tensor of third fundamental form or its components 
d Darboux vector 

d,, de unit vectors in Darboux frame 

det determinant of matrix 

ds length of infinitesimal element of curve 


dsp, dsn, dsp 
do 


length of line element in binormal, normal and tangent directions 
area of infinitesimal element of surface 


e,f,g coefficients of second fundamental form 

E,F,G coefficients of first fundamental form 

Csuke number of edges, faces and vertices of polyhedron 
E;, E’ covariant and contravariant space basis vectors 
E,, E° covariant and contravariant surface basis vectors 
Eq./Eqs. Equation /Equations 


a function 


g topological genus of closed surface 

Gigs g? space metric tensor or its components 

A mean curvature 

Ig, IIs, II 1g first, second and third fundamental forms 

Ig, IIs tensors of first and second fundamental forms 
off if and only if 


J Jacobian of transformation between two coordinate systems 
J Jacobian matrix 

K Gaussian curvature 

Ky surface total curvature 

L length of curve 

n normal unit vector to surface 

N principal normal unit vector to curve 

P point 

r, 


R radius 
R Ricci curvature scalar 
r position vector 
Ta, Tog 1° and 2" partial derivative of r with respect to subscripted variables 
R,, Ro principal radii of curvature 
R” n-dimensional space (usually Euclidean) 
Faas Ri, Ricci curvature tensor of 1° and 2”¢ kind for space 
Ras; RY Ricci curvature tensor of 1%* and 2”¢ kind for surface 
Riza Riemann-Christoffel curvature tensor of 1° kind for space 
Raps Riemann-Christoffel curvature tensor of 1% kind for surface 
Rix Riemann-Christoffel curvature tensor of 2" kind for space 
RGA6 Riemann-Christoffel curvature tensor of 2" kind for surface 
Re radius of curvature 
R, radius of torsion 
r,0,@ spherical coordinates of 3D space 
Ss natural parameter of curve representing arc length 
S surface 
Sr tangent surface of space curve 
t general parameter of curve 
LE function period 
T tangent unit vector of space curve 
Lips tangent space of surface S at point P 
tr trace of matrix 
u geodesic normal vector 
ul, u? surface coordinates 
ha surface coordinate 
U,V surface coordinates 
ch space coordinate 


surface basis vector in full tensor notation 

coordinates in 3D space (usually Cartesian) 

Christoffel symbol of 1% kind for space 

Christoffel symbol of 1% kind for surface 

Christoffel symbol of 2”¢ kind for space 

Christoffel symbol of 2" kind for surface 

covariant, contravariant and mixed Kronecker delta 

generalized Kronecker delta 

discriminant of quadratic polynomial 

covariant and contravariant relative permutation tensor in 3D space 
covariant and contravariant absolute permutation tensor in 3D space 
covariant and contravariant relative permutation tensor in 2D space 
covariant and contravariant absolute permutation tensor in 2D space 
angle or parameter 

sum of interior angles of polygon 

curvature of curve 

principal curvatures of surface at a given point 

curvature of binormal and tangent spherical indicatrices 

geodesic and normal curvatures 

geodesic curvatures of u and v coordinate curves 

normal curvatures of u and v coordinate curves 

curvature vector of curve 

geodesic and normal components of curvature vector of curve 
direction parameter of surface 

real parameter 

pseudo-radius of pseudo-sphere 

polar coordinates of plane 

cylindrical coordinates of 3D space 

area of surface patch 

torsion of curve 

torsion of binormal and tangent spherical indicatrices 

geodesic torsion 

angle or parameter 

Euler characteristic 

real parameter 


Chapter 1 
Preliminaries 


1. Give a brief definition of differential geometry indicating the other disciplines of math- 
ematics to which differential geometry is intimately linked. 
Answer: Differential geometry is a branch of mathematics that largely employs meth- 
ods and techniques of other branches of mathematics such as differential and integral 
calculus, topology and tensor calculus to investigate geometric issues related to abstract 
objects, such as space curves and surfaces, and their properties where these investiga- 
tions are mostly focused on these properties at small scales. The investigations of 
differential geometry also include characterizing categories of these objects. 
There is an intimate relation between differential geometry and the disciplines of dif- 
ferential topology and differential equations. 


2. A surface embedded in a 3D space can be regarded as a 2D and as a 3D object at the 
same time. Discuss this briefly. From the same perspective, discuss also the state of a 
curve embedded in a surface which in its turn is embedded in a 3D space. 

Answer: The surface can be seen as a 2D object when viewed internally from inside 
its space and can be seen as a 3D object when viewed externally from the embedding 
3D space. 

Following the example of surface, a curve can be seen internally as a 1D object. It 
can also be seen externally as a 2D object considering the embedding 2D surface and 
hence it is characterized as a surface curve. The curve may also be seen externally as a 
3D object considering the embedding 3D space and hence it is characterized as a space 
curve. 


3. What are the following symbols: [a3,y], [7, k], ae and Tk? What is the difference 
between those with Greek indices and those with Latin indices? 
Answer: 
[aB,y] is the Christoffel symbol of the first kind for surface. 
[j,k] is the Christoffel symbol of the first kind for space. 
ae is the Christoffel symbol of the second kind for surface. 
re is the Christoffel symbol of the second kind for space. 
Those with Greek indices represent surface while those with Latin indices represent 
space. 


4. What is the relation between the coefficients of the surface covariant metric tensor and 
the surface covariant curvature tensor on one hand and the coefficients of the first and 
second fundamental forms on the other? What are the symbols representing all these 
coefficients? 

Answer: 
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The coefficients of the first fundamental form are equal to the coefficients of the surface 
covariant metric tensor. 

The coefficients of the second fundamental form are equal to the coefficients of the 
surface covariant curvature tensor. 

The symbols representing these coefficients are: 

E, F,G symbolize the coefficients of the first fundamental form. 

111, 412, A22 symbolize the coefficients of the surface covariant metric tensor. 

e, f,g symbolize the coefficients of the second fundamental form! 

b11, b12, bn symbolize the coefficients of the surface covariant curvature tensor.!?! 
Accordingly, we have: 


ELE, Geers. g) —- (G11, Q12, G22, b11, bia, b22) 


5. What is the difference between the local and global properties of a manifold? Give an 
example for each. What are the colloquial terms used to label these two categories? 
Answer: The local properties correspond to the characteristics of the manifold in the 
immediate neighborhood of a point in the manifold such as the curvature of a curve or 
surface at that point, while the global properties correspond to the characteristics of the 
manifold on a large scale and over extended regions of the manifold such as the number 
of stationary points of a curve or a surface or being a one-side surface like Mobius strip 
which is locally a double-side surface. 

These two categories are referred to colloquially as in the small and in the large. 


6. What is the meaning of “intrinsic” and “extrinsic” properties of a manifold? Give an 
example for each. 
Answer: Intrinsic properties are those properties which are independent in their ex- 
istence and definition from the ambient space that embraces the object such as the 
distance along a given curve or the Gaussian curvature of a surface at a given point, 
while extrinsic properties are those properties which depend in their existence and def- 
inition on the external embedding space such as having a normal vector at a point on 
the curve or the surface. 


7. Explain the concept of “2D inhabitant” and how it is used to classify the properties of 
a space surface. 
Answer: A 2D inhabitant is a creature whose perception is restricted to the 2D man- 
ifold in which he lives and hence he has no conception of any nD (n > 2) embedding 
space. Accordingly, all the properties that are conceived by this creature are intrin- 
sic to the 2D manifold (or surface) while all the other properties that are beyond the 
perception of this creature are extrinsic to the 2D manifold. 


8. Find the equation of the plane passing through the points: (1,2,0), (0,—3,1.5) and 
(1,0,—1). What is the normal unit vector to this plane? 


[1] We should note that the coefficients of the second fundamental form may also be symbolized by L, M, N 
(see Exercise 84 of § 3). 
2] Due to symmetry, we have: a1 = ayo and by; = by. 
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Answer: In the following points we outline the method for solving this problem: 
(a) We obtain two vectors embedded in the plane from these three points, that is: 
(1,2,0) —(1,0,-1) = (0,2,1) 
(0, —3, 1.5) — (1,0,-1) = (—1,-3,2.5) 
(b) We obtain a normal vector to the plane by taking the cross product of these two 
vectors, that is: 
ij k 
0 2 1 |=i(6+3)-—jl0+1)+k(0+4+ 2) =8i-j+2k 
—1 -3 2.5 


where i,j,k are the Cartesian basis vectors. 
(c) The equation of a plane surface is: 


az+by+cz=d 


where (a, b,c) is the normal vector to the plane and d is a constant. Hence, the equation 
of the plane is: 
84 —y+2z=d 


(d) To determine d we substitute the coordinates of one of the three points (say the 
first point) in the last equation, that is: 


(8x 1)—2+(2x0) = 


Q 
| 
aa 


Hence, the equation of the plane is: 
8% —y+2z7=6 


(ce) We verify the above equation by substituting the three points in the equation to 
obtain an identity: 
First point (1, 2,0): 


Second point (0, —3, 1.5): 


Third point (1,0, —1): 


d 
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6 = 6 


Hence, the equation 8x — y + 2z = 6 (which is an equation of a plane) is satisfied by 
the three points (1, 2,0), (0, —3, 1.5) and (1,0, —1). Now, since only one plane can pass 
through three points then the equation 8x — y + 2z = 6 is the equation of the plane 
that passes through these three points, as required. 

The normal unit vector to this plane is: 


8i-j+2k 8i-—j+2k 8i—j+2k 
n= ° ° — = 
|8i — j + 2k| Vs Pe eee V 69 


. Is the normal unit vector of a plane surface unique? 


Answer: No. It can be in one of two opposite directions. 


Define briefly each one of the following terms: surface of revolution, meridians and 
parallels. 

Answer: 

Surface of revolution is an axially symmetric surface generated by a plane curve C’ 
(called the profile of the surface) revolving around a straight line L (called the axis of 
revolution or the axis of symmetry of the surface) contained in the plane of the curve 
but not intersecting the curve. 

Meridians are plane curves on the surface of revolution formed by the intersection of a 
plane containing the axis of revolution with the surface, and hence the meridians are 
identical versions of the profile curve C. 

Parallels are circles generated by intersecting the surface of revolution by planes perpen- 
dicular to the axis of revolution, and hence they represent the paths of specific points 
on the profile curve C. 


Prove that the meridians and parallels of a surface of revolution are mutually perpen- 
dicular at their points of intersection. 
Answer: Let assume that the surface of revolution is generated by a profile curve C’ 
that is in the xz plane and hence it can be t-parameterized by x = g and z = h where 
g and fh are scalar functions of t, i.e. g = g(t) and h = h(t). Hence, any point on the 
profile curve C’ is given by: 

ig + j0+kh =ig+kh 


where i,j,k are the Cartesian basis vectors. Now, if we assume that the surface of 
revolution is generated by rotating C around the z-axis (i.e. the z-axis is the axis of 
revolution) then the position vector of any point on the surface should be given in the 
3D space by the following form: 


r (t,@) =igcos@+jgsing+kh 


where @ is the angle through which the profile curve that passes through that point is 
rotated around the z-axis (in the positive sense) starting from its initial position in the 
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T2; 


xz plane. Now, the meridians are the ¢-independent curves on the surface and hence 
the tangent to any meridian that passes through a given point on the surface should be 
given by: 

Tin = Ow = i[0:g] cos 6 + j [O:g] sin d + kO,h 
Regarding the parallels, they are z-centered circles on the surface and hence they are 
the t-independent curves on the surface. Therefore, the tangent to any parallel that 
passes through a given point on the surface should be given by: 


T, = Ogr = —igsing + jg cos¢ + k0 


By taking the dot product of T,,, and T, we get (noting that the Cartesian basis vectors 
are orthonormal set): 


Tn: Tp, = (i[g] cos ¢ + j[Og|sin ¢ + kd;h) - (—ig sin ¢ + jg cos ¢ + k0) 
— [Og] g cos b sin d + [A:g] g sin cos ¢ + 0 
0 


ie. T,, and T, (which are the tangents to the meridian and parallel that pass through 
any given point on the surface) are mutually perpendicular and hence the meridians 
and parallels of a surface of revolution are mutually perpendicular at their points of 
intersection, as required. 


State the parametric equations of the following geometric shapes: torus, hyperboloid 
of one sheet, and hyperbolic paraboloid. 

Answer: 

Torus: 


(R+rcos ¢) cosé 
= (R+rcos@) sind 


z = rsing 


where RF is the torus radius, r is the radius of the generating circle (r < R), ¢ € [0, 27) 
is the angle of variation of r, and @ € [0, 27) is the angle of variation of R. 
Hyperboloid of one sheet: 


x = acosh€ cosé 
= bcosh€ sind 
g-= ¢sinhe 


where a,b,c are non-zero real constants and €, @ are real parameters with —oo < € < 
+oo and 0 < 6 < 2rn. 
Hyperbolic paraboloid: 


d 


13. 


14. 


15. 
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= bw 


So Sela 


where a,b,c are non-zero real constants and €, w are real parameters with —oo < € < 
+oo and —oo < w < +00. 


Write down the parametric equations of a circle in the wv plane centered at point (a, b) 
with radius r = c where a, b,c are real constants and c > 0. 
Answer: 


uw = a+ccosé 
b+csin6@ 


where 0 < @ < 2r. 


Find the parametric equations of an ellipse in the xy plane centered at the origin of 
coordinates with A = 5 and B = 3 where A,B are the semi-major and semi-minor 
axes. 

Answer: If we assume that the major and minor axes are along the x and y axes 
respectively then we have: 


= 5dcost 


= 3sint 
where 0 < t < 27. 


A surface of revolution may be represented locally in a 3D space by the following form: 
r(u,v) = (ucosv, usin, f(u,v)) where f is a continuous function. Determine the 
equations representing the parallels and meridians of this surface. 

Answer: If we replace the generic u,v parameters with more specific parameters @, t 
(where v = ¢ and f = t), then a surface of revolution can be represented spatially 
as: r(¢,t) = (pcos@, psing, t) where p and ¢ are cylindrical coordinates and p is a 
function of t, i.e. p = p(t). Now, according to this parameterization the parallels are 
characterized by having a constant t and hence they are given by: 


r (¢,to) = (po. cos, posin®, to) 


where t, is a constant and p, = p(t.). Similarly, the meridians are characterized by 
having constant ¢@ and hence they are given by: 


r (Go, t) = (pcos do, psin go, t) 


where @, is a constant. 


d 


16. 
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Find the parametric equations of a curve formed by the intersection of the surfaces 
represented by: r1(u, v) = (u,u?,v) and ro(u, v) = (u,v, u2) where —oo < u,v < +00. 
Answer: The curve should satisfy both representations and hence we should have: 


UuU= U 
u = 
v= u- 


The first equation is a trivial identity while the second and third equations are the same 
and hence the intersection curve is given by: 


ro (i) = (iw yu) 


that is: 


Write down the general form of the parametric equations of each of the following 
surfaces: hyperboloid of two sheets, parabolic cylinder, catenoid, monkey saddle and 
pseudo-sphere. 

Answer: 

Hyperboloid of two sheets: 


= asinh€ cosé 
= bsinh€ sind 


2 => coshé 


where a,b,c are non-zero real constants and €, # are real parameters with 0 < € < oo 
and 0 < @ < 27. We note that the two parts of the surface correspond to +c. 
Parabolic cylinder: 


where a, b are non-zero real constants and €, w are real parameters with —oo < € < +00 


and —oo < w < +00. 
Catenoid: 
_ g 
x = acosh{— ) cosé 
a 
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18. 


19, 


20. 


y 
z= 6 


where a is a non-zero real constant and €, @ are real parameters with —oo < € < +00 
and 0 < @ < 2n. 
Monkey saddle: 


II 

Q 

ro) 

fe) 

nN 

> 
A 
gS lm 
Na 

eh 

5 

D 


G= 6 
Yy = 
zg = 6 -3&w? 


where €, w are real parameters with —oo < € < +00 and —o0 < w < +00. 
Pseudo-sphere: 
= asin@ cos@ (1) 
= asiné sing (2) 


sea) . 


where a is a real constant and 6, ¢ are real parameters with 0 < 6< m7 and0 < @< 2z. 


z 


Sketch the following (using a 3D computer graphic package if available): (a) a straight 
line passing through the point (11, —5,6.3) and parallel to the vector (—3, —1.8, 6.5) (b) 
a plane passing through the point (6, —8.2,—7) with a normal vector (3, —1.6, —2.5). 
Answer: 

(a) The sketch should look something like Figure 1. 

(b) The sketch should look something like Figure 2. 


A surface is parameterized by: r(u,v) = (a sinhwu cosv, b sinhu sinv, c coshu). What 
is the name of this surface? What is the condition for this surface to be a surface of 
revolution around the third spatial axis? 

Answer: This is a hyperboloid of two sheets with (€,9) = (u,v).®! The condition is 
a= b. 


Find the equation of the straight line passing through the point (—6,3.1,8.4) and the 
point (1,0, —3). 

Answer: We outline the solution in the following points: 

(a) We obtain the direction vector d from the two points, that is: 


d = (—6,3.1,8.4) — (1,0, —3) = (—7,3.1, 11.4) 


(b) Let P (x,y, z) be an arbitrary point on the line. The vector that connects P to one 
of the given points [say point (1,0,—3)] should be parallel to the direction vector, that 
is: 

(x,y, z) — (1,0, -3) = td 


3] As noted earlier, the two parts of the surface correspond to +c. 
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Figure 1: A sketch of a straight line L passing through the point (11, —5,6.3) and parallel 
to the vector (—3, —1.8, 6.5). 


where ¢ is a real parameter. 
(c) Hence the equation of the line is: 


(x —1,y,2+3) =t(-7,3.1, 11.4) 
which is usually given in the form: 


a= st y z+3 


a7 = 34 ae 


(d) We note that the point (—6,3.1, 8.4) corresponds to t = 1 while the point (1,0, —3) 
corresponds to t = 0 and hence they are on the line. This may serve as verification. 


21. Classify the following as curves or surfaces: ellipsoid, elliptic paraboloid, catenary, 
helicoid, enneper and tractrix. 
Answer: Catenary and tractrix are curves while ellipsoid, elliptic paraboloid, helicoid 
and enneper are surfaces. 


22. Make a simple sketch for each one of the geometric shapes in the previous question. 
Use a computer graphic package if convenient. 
Answer: The sketches of all these geometric shapes (except catenary) are given in the 
book and hence the required answer is no more than a simple replica of these sketches. 
Regarding the catenary, the sketch should look something like Figure 3. 


23. Prove that v x a = 0 iff the direction of the vector v(t) is constant. 
Answer: There are two parts to this proof: 
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4 — 


4 
LE 


Figure 2: A sketch of a plane II passing through the point (6,—8.2,—7) with a normal 
vector (3, —1.6, —2.5). 


(a) If the direction of the vector v(t) is constant then v x & = 0: this is because in 


dt 
this case v can be expressed as: 


Ves 


v 
—=|v|d 

Iv| 

where d is a constant unit vector since the direction of the vector v(t) is constant. 
Hence, by the product rule of differentiation we have: 


dv d _ div| dd d|jv| 


d|v| 
ee Eat d4 - OMG 
ae a | =e Me a 


dt 


d+ |v|0= 


where 4 aa = 0 is justified by the fact that d is a constant vector. Therefore, we have: 


d d 
vx “=\\ax alg 


av 
5 =|v| 4 (ax d) =0 


where the last step is justified by the fact that the cross product of a vector by itself is 
[4] 
Zero. 


(b) Ifvx ®& = me then the direction of the vector v(t) is constant: because if vx *~ =0 
then either ¢ < is co-directional to v (and hence v is constant in direction) or ae zero 


41 In fact, the prot of this part can be reduced to the statement that since the direction of the vector v 


is constant then aw must be co-directional to v (since a change can occur only to the magnitude of the 


vector) including aie zero (if v is constant in magnitude as well) and hence v x 4 = 0 because the 


cross product of two co-directional vectors is identically zero. However, we preferred the above proof 
for more clarity. 


d 
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Figure 3: A simple sketch of a catenary where the horizontal and vertical lines may 
represent the x and y coordinate axes. 


24. 


25. 


26. 


(and hence v is constant in magnitude and direction). So, in both cases the vector v 
must have constant direction. In fact, the second case is a special case of the first case. 
Note: it is noteworthy that if a vector is constant in magnitude only then its derivative 
is perpendicular to the vector, and if it is constant in direction only then its derivative 
has the same constant direction, and if it is constant in magnitude and direction then 
its derivative is zero. 


Define “Euler characteristic” stating the equation that links it to the number of vertices, 
faces and edges of a polyhedron. 

Answer: The Euler characteristic is a parameter of closed surfaces that topologically 
characterizes these surfaces by establishing a connection between the number of vertices, 
edges and faces that identify the surface shape. For polyhedral surfaces, the Euler 
characteristic is given by: 


Y=V+H+F-E 


where y is the Euler characteristic of the surface, and V, F, € are the numbers of vertices, 
faces and edges of the polyhedron. The Euler characteristic can also be defined for more 
general types of surface as we will see in the next question. 


Explain how the Euler characteristic is defined for non-polyhedral compact orientable 
surfaces such as ellipsoids. 

Answer: The Euler characteristic of a compact orientable non-polyhedral surface, like 
ellipsoid and torus, can be obtained by polygonal decomposition based on dividing 
the entire surface into a finite number of non-overlapping curvilinear polygons which 
share at most edges or vertices, as seen in Figure 4 where an ellipsoid is polygonally 
decomposed into four non-overlapping curvilinear polygons. 


What is the topological meaning of “genus of a surface”? 
Answer: The topological genus of a surface is the number of handles or topological 
holes on the surface. 


1 
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Figure 4: Polygonal decomposition of an ellipsoid into four non-overlapping curvilinear 
polygons. 


27. 


28. 


20 


Give examples for surfaces of genus 0, 1, 2 and 3 from common geometric shapes other 
than those given in the text. 

Answer: The surface of ball is of genus 0. The surface of coffee cup (i.e. a cup with 
a single closed handle) is of genus 1. The surface of traditional trophy (i.e. what looks 
like a cup with 2 closed handles) is of genus 2. The surface of some antique jars (i.e. 
those with 3 closed handles) is of genus 3. 


By using the Euler formula, calculate the Euler characteristic y of the following surfaces: 
(a) parallelepiped (b) dodecahedron (c) icosahedron. Show your work in detail. 
Answer: 

(a) Parallelepiped: we have 8 vertices, 6 faces and 12 edges. Hence: 


X¥=V+tF-E=84+6-12=2 
(b) Dodecahedron: we have 20 vertices, 12 faces and 30 edges. Hence: 
Y=V4F-E=20412-30=2 
(c) Icosahedron: we have 12 vertices, 20 faces and 30 edges. Hence: 


X¥=Vt+F-E=124+20-30=2 


By using polygonal decomposition, calculate the Euler characteristic y of the following 
surfaces: (a) sphere (b) ellipsoid (c) torus. Show your work in detail with simple 
sketches to demonstrate the polygonal decomposition in each case. 

Answer: 

(a) Sphere: in Figure 5, a sphere is decomposed into four curvilinear polygons. As we 
see, we have 4 vertices, 4 faces and 6 edges. Hence: 


eV EF Se Stat G29 
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Figure 5: Polygonal decomposition of a sphere into four non-overlapping curvilinear poly- 


gons. 


(b) Ellipsoid: in Figure 4, an ellipsoid is decomposed into four curvilinear polygons. As 
we see, we have 4 vertices, 4 faces and 6 edges. Hence: 


Y=aVEF ao St e4-6<0 


(c) Torus: in Figure 6, a torus is decomposed into four curvilinear polygons. As we see, 
we have 4 vertices, 4 faces and 8 edges. Hence: 


X=V+F-€=444-8=0 


Figure 6: Polygonal decomposition of a torus into four non-overlapping curvilinear poly- 


gons. 


30. What is the genus of the surfaces in the previous question? 


Answer: We have: 
xX =2(1—g) 


d 


ol. 
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33. 
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where g is the genus of the surface. Hence: 


4 
= ees 
e 2 
Accordingly: 
(a) Sphere: 
x 2 
Bi Nee Oe ea} 
2 2 2 
(b) Ellipsoid: 
ee eer 
ae a 
(c) Torus: 
x 0 
ee a ea ene 
a 2 2 


What is the Cartesian form of the equation of a sphere centered at point (a,b,c) with 
radius r = d where a,b,c, d are real constants and d > 0? 
Answer: 

(c —a)’?+(y—b) +(z-c? = @? 


Explain briefly the meaning of the following terms: bicontinuous function, surface of 
class C, and sufficiently smooth curve. 

Answer: 

Bicontinuous function is a continuous function with a continuous inverse. 

Surface of class C” is a surface that is mathematically represented by a function of 
class C” (i.e. the function and all its first n partial derivatives do exist and they are 
continuous). 

Sufficiently smooth curve is a curve whose functional relation is sufficiently differentiable 
for the intended purpose, being of class C” at least where n is the minimum requirement 
for the differentiability index to satisfy the required conditions. 


Explain in detail, using equations and simple sketches, the concept of “deleted neigh- 
borhood” in 1D and 2D flat and curved spaces as seen from the ambient space.!5l 
Answer: 

1D: a deleted neighborhood of a point P on a 1D interval on a straight line is defined 
as the set of all points x € R in the interval such that: 


0< |x —azp| <e 


where xp is the coordinate of P on the real line and € is a positive real number. For a 
space curve represented by r = r(t), where r is the spatial representation of the curve 
and ¢ is a general parameter in the curve representation, the definition applies to the 
neighborhood of tp where tp is the value of t corresponding to the point P on the curve. 
This is outlined in Figure 7. 


[5 In this context, “flat” and “curved” are used in a generic rather than technical sense. 
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€ € 


—_—__9—_9—_e———_— 
LP 


a(tp—e€)  ax(tpte) 
x(tp) 


Figure 7: Deleted neighborhood on a straight line (top) and on a space curve (bottom). 
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2D: a deleted neighborhood of a point P on a 2D flat surface is defined as the set of all 
points (x,y) € R? on the surface such that: 


0< /(x — ap)? + (y— yp)? <e 


where (xp, yp) are the coordinates of P on the plane and « is a positive real number. 
For a space surface (which is not flat in general) represented by r = r(u,v), where r is 
the spatial representation of the surface and u,v are the surface coordinates on the uv 
plane that map on the surface, the definition applies to the neighborhood of (up, vp) 
where (up, up) are the coordinates on the 2D wv plane corresponding to the point P on 
the surface. This is outlined in Figure 8. 


uv Plane 


Figure 8: Deleted neighborhood on a plane (left) and on a space surface (right). 


How can we extend the concept of “deleted neighborhood” to spaces of dimensionality 
higher than 2? 

Answer: This is done by extending the neighborhood of the point to higher dimen- 
sionality where this neighborhood is defined by a sphere centered at the point with a 


1 PRELIMINARIES 21 


30. 


36. 


given radius €«. It should be obvious that for nD spaces with n > 3 the concepts of 
“sphere” and “radius” are generalizations of these concepts from their 3D meanings. 


Find the equation of a cone generated by rotating the line z = —2x around the z-axis. 
Answer: The equation of quadric cone is given by: 


It is obvious that the point (1,0,—2) is on the cone. On substituting this points into 
the above equation we obtain: 


1 4 
ae 
Co = Ae 
Hence, the above equation becomes: 
” 2 2 
oe ea) 
ae b> “Ag? 


Also, from the axial symmetry around the z-axis we should have b? = a”. Hence, the 
last equation becomes: 


a2 


On multiplying the two sides with 4a? we obtain: 
Ag? Aye? SO 
which is the required equation. 


Derive the parametric equations of a helix rotating around the z-axis, passing through 
the point (3,0,0) and climbing (or descending) 5.3 units in the z-direction as it makes 
a 4x turn around the z-axis. 

Answer: The parametric equations of helix are: 


= acosdé 


asin @ 


z = bé 


From the point (3,0,0) which correspond to 6 = 0 we conclude that a = 3. Also, from 
the fact that it climbs 5.3 units in the z-direction as it makes a 47 turn around the 
z-axis we conclude that b = 22 (ie. z= b0 — 5.3 = bdr). Hence, the parametric 


An 
equations of this helix are: 


x = 3cos6é 
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y = 3siné 
sms: 

= —9 
4 


As indicated earlier, the point (3, 0,0) corresponds to 0 = 0 while the point (3, 0, 5.3) 
corresponds to 6 = 4. 


Define “positive definite” in words and by stating the mathematical conditions for a 
quadratic expression to be positive definite. 

Answer: A variable is described as positive definite if it possesses positive values (> 0) 
over the whole of its domain. The mathematical conditions for a quadratic expression 
a,x? + 2agxry + a3y? to be positive definite is: 


a, >0 and (a1a3 — G22) > 0 


Describe orthogonal coordinate transformations and how they are characterized by their 
Jacobian. 

Answer: Orthogonal coordinate transformations are characterized by being made of 
combinations of translation, rotation and reflection of axes. The Jacobian of orthogonal 
transformations is unity, that is J = +1. 


State the difference between positive and negative orthogonal transformations. 
Answer: Positive orthogonal transformations have positive Jacobian (i.e. J = +1) 
while negative orthogonal transformations have negative Jacobian (i.e. J = —1). Also, 
positive orthogonal transformations consist solely of translation and rotation while neg- 
ative orthogonal transformations include reflection, by applying an odd number of axes 
reversal, as well. 


Find a set of parametric equations representing a cylinder generated by rotating a 
straight line parallel to the z-axis and passing through the point (2.5,0,0) around the 
z-axis. 

Answer: 

2.5 cos 6 

2.5sin 0 


anh 


where 0 < 6 < 27 and —co < t < +oo. The point (2.5,0,0) corresponds to 0 = 0 and 
t=0. 


What is the unit normal vector to the surface of a sphere, centered on the origin 
of coordinates with radius r, at a point on its surface with coordinates (xp, yp, zp)? 
Consider the possibility of having more than one normal vector at that point. 
Answer: The unit normal vector is given by: 


vpit ypjt+ zpk xpit+ ypj + zpk 


n=+ ate 


(xe)? + (ye)? + (20)? ‘ 
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where i,j,k are the Cartesian basis vectors. The + sign refers to the two possibilities 
about the direction of the vector. 


What “coordinate curves” means? What are the other names given to these curves? 
Answer: “Coordinate curves” on a surface are the map or projection of the uv curves of 
the wv grid of the parameters plane onto the space surface. Hence, they are curves along 
which only one coordinate variable (wu or v) varies while the other coordinate variable 
(v or u) remains constant. So, along the u coordinate curves v is held constant while 
along the v coordinate curves u is held constant. Coordinate curves are also known as 
parametric curves or parametric lines. 


Define regular representation of a class C” surface patch in a 3D Euclidean space stating 
its mathematical conditions. 

Answer: A regular representation of class C" (n > 0) of a surface patch S in a 3D 
Euclidean space is defined as a functional mapping of an open set 12 in the wv plane 
onto S that satisfies the following two conditions: 

e The functional mapping relation is of class C” over the entire 2. 

e The Jacobian matrix of the transformation between the representation of the surface 
in the 3D space and its 2D domain is of rank 2 for all the points in 2. 


Using a parametric representation of the elliptic paraboloid, show that it is a regular 
surface. 
Answer: The elliptic paraboloid is defined parametrically by: 


x = av€cosé 
= bv/é sind 
== Ce 


It is obvious that this representation is continuous and differentiable of all orders over 
the entire (u,v) = (€, 0) (—oo < € < +00 and —o0 < 6 < +00). Moreover, the Jacobian 
matrix is: 
OwS1 Oy Sy 

J = OnS2 OyS2 
OuS3 OyS3 
Oca Opx 
Oey Ooy 
Ogz Opz 


a (2) cosO —av/Esin@ 
b (2/é) sin@ +b,/Ecos6 
Cc 0 


which is of rank 2 over the entire (u,v) plane.!*! Hence, the elliptic paraboloid is a 


[6] We note that we should exclude the line € = 0 but this is a trivial problem since it is accidental caused 


by this particular representation. 
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regular surface. 
The problem can also be solved by using the condition FE, x Ey # 0, as indicated in the 
book. So, if we parameterize the elliptic paraboloid as (see § 6 in the book):!"I 


= U 
= “4 
ur v? 
BS aa 
then we have: 
Pal ee 2u 2u 
E, x Ey = 1 0 Pa =—ai- pitkFo 
On Ee 


As we see, E; x Ey does not vanish at any point on the (u,v) plane. 


What are the reasons for having a singular point on a space surface? 

Answer: Singularity occurs either because of an intrinsic geometric reason or because 
of the particular parametric representation of the surface. The first type of singularity 
is inherent and hence it cannot be removed, while the second type is accidental and 
hence it can be removed by changing the representation. 


A sphere centered at the origin of coordinates can be represented parametrically by: 
r(6,¢) = a(sin 0 cos ¢, sin @ sin ¢, cos@) where a > 0 is a constant (which is its radius), 
0<0<aand0<¢< 27. At what points, if any, this representation is not regular? 
Answer: This representation has continuous partial derivatives of all orders. Using 
the parameterization (u,v) = (6,¢), the cross product E, x Eg is given by: 


i j k 
E, x Ey = a’| cosécos¢ se ane — sind 
—sinésing@  sin@cos@ 0 
= @ i sin? 6 cos¢+jsin? @sind+k (cos 6 sin @ cos” @ + cos @ sin 6 sin? ¢)| 
= 4a? i sin? 6 cos¢@ + jsin? @sin ¢ + kcos 6 sin 0 (cos? é+sin? o)| 
= @ i sin’ 6 cos ¢ + jsin? sind + kcos @ sin 0 
Hence: 


IE, x E,| = a \/sin" 0 cos? # + sin’ Asin? ¢ + cos? 6 sin” 6 


= @ sin! 0 (cos? ¢@+sin? o) + cos? @ sin? 6 


= a’ / sin! 6 + cos? @ sin? 6 


I7l This representation has partial derivatives of all orders. 
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= /sin? 7 (sin? 8 + cos? 0) 


Hence, |E, x E2| = 0 when 0 = 0 and 6 = 7. Therefore, this representation is regular 
except at the two poles. 


How a mathematical correspondence can be established between points on two different 
curves and two different surfaces? 

Answer: Establishing a mathematical correspondence between the points on two 
curves with common parameterization is straightforward since the common parame- 
terization can be used to make this correspondence. However, when the two curves 
have different parameterizations then a one-to-one correspondence between the two pa- 
rameters should be established and the corresponding points then refer to two points 
with corresponding values of the two parameters. Corresponding points on two surfaces 
can be similarly defined considering that surfaces require two independent parameters 
in their characterization. 


State the mathematical conditions that are satisfied by the intrinsic distance between 
two points on a smooth connected surface. 

Answer: The intrinsic distance d between two points, P; and P:, on a smooth con- 
nected surface satisfies the following conditions: 

e Symmetry: d(P,, P2) = d(P2, P,). 

e Triangle inequality: d( Pi, P2) < d(P:, P3) + d(P2, P3) where P3 is a point on the sur- 
face. 

e Positive definiteness: d(P,,P:) > 0 with d(P,, P2) = 0 iff P, and P, are the same 
point. 


Is it guaranteed that an arc of minimum length between two specific points on a surface 
does exist and it is unique? 

Answer: No, it is not guaranteed in general (i.e. it may not exit and if it does exist 
it may not be unique) although this may be the case for certain types of surface as 
explained in the book. 


Prove the three properties of intrinsic distance, i.e. symmetry, triangle inequality, and 
positive definiteness. 

Answer: Referring to the mathematical conditions that have been stated in the answer 
of Exercise 48, we have: 

e Symmetry: the length of any regular curve connecting two given points P; and P is 
independent of the orientation of the curve. Hence, the set of all numbers representing 
the lengths of all regular curves connecting P, and P» is independent of orientation. 
Now, since the intrinsic distance d is one of these numbers (since it is the infimum 
of these numbers), then d is independent of orientation, i.e. d(P,, P2) = d(P2, P,), as 
required. 
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e Triangle inequality: it is obvious that d(P,, P2) is less than or equal to the length L 
of any regular curve C’ that connects P, and P; and passes through P3. Now, if Ly is 
the length of the segment of C’ that connects P, and P3, and Lz is the length of the 
segment of C' that connects Py and P3, then we have: 


d(P;,P,) < L 
d(P;,P2) < In+L, 


Now, since d(P;, P3) < L, and d(P:, P3) < Ly then we can express L, and Lz as: 


Ty = d( P,, P3) +r EL 
Ly d( Po, P3) rT €Q 


where €; and €2 are arbitrary positive numbers. Hence, we should have: 


d(P,, P2) < L,+1% 
d(P;, P2) d( P,, P3) + €, + d(P», P3) + €2 


s 
d(Pi,Po) < d(Pi,P3)+d(Po, Ps) +e 


where € = €; + €9. Now, since €; and € are arbitrary then € is also arbitrary and hence 
we should have: 
d(P,, Pz) < d(P,, P3) + d(P2, Ps) 


as required. 

e Positive definiteness: the length between any two distinct points is a positive number. 
Hence, the set of all numbers representing the lengths of all regular curves connecting 
P, and P, consists of positive numbers. Now, since the intrinsic distance d is one of 
these numbers (since it is the infimum of these numbers) then d is positive and it is 
zero only when P,; and P, are identical, i.e. d(P,, P2) > 0 with d(P,, P2) = 0 iff P, and 
Py, are the same point, as required. 


Show that the intrinsic distance d between two points is invariant under a local isometric 
mapping f, ie. d(f(P1), f(P2)) = d(Pi, P2). 

Answer: The defining property of isometric mapping is that it preserves distances. 
Now, if surface S; is isometrically mapped onto surface S2 then by definition the length 
L, of any regular curve C) connecting two points P; and P, on Sj; should be equal to 
the length L. of the mapped curve C, that connects the corresponding points f (P,) 
and f (P2) on Sy. This means that the set of all numbers representing the lengths of 
all regular curves that connect P; and P2 on 5S; will be mapped correspondingly onto 
the set of all numbers representing the lengths of all regular curves that connect f (P;) 
and f (P2) on Sy where the corresponding numbers in the two sets are equal. In other 
words, the two sets are identical and hence the infimum of the second set should be 
equal to the infimum of the first set, that is: 


d(f (Pi), f(P2)) = d(Pi, Po) 


as required. 
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52. Find the intrinsic distance on the unit sphere centered at the origin of coordinates 


between the point (1,0,0) and the point (Fy FR Fa: 
Answer: The intrinsic distance is the length of the smaller arc of the great circle that 


passes through these points. Now, the angle 6 (0 < 0 < m) between the two vectors 
(1,0,0) and (sy: wee a5) is given by: 


(1,0, 0) - (1/V3, 1/V3, 1/V3) 
|(1, 0, 0)| | (1/v3, 1/3, 1/3) | 


1/v3 
ae 
1 


v3 
and hence 0 ~ 0.9553 rad. Accordingly: 


cos 0 


d=ré0~ 1 x 0.9553 = 0.9553 


53. What is the intrinsic distance between the two points of the last question in a 3D Eu- 
clidean space that encloses the sphere? 
Answer: If we extend the concept of intrinsic distance to spaces of higher dimen- 
sionality than 2D, then the intrinsic distance between the point (1,0,0) and the point 
(sy wet a) in a 3D Euclidean space is the straight line segment that connects these 
two points, that is: 


= Y-aa) + 0-2) + 0-2) 


= eons 


3 3.3 


6293 
\ 3 


~ 0.9194 


r 


54. Define the basis vectors and state their roles. 

Answer: The basis vectors of a given space with a given coordinate system are vectors 
that describe how the coordinates vary with motion along trajectories in the space. 
For example, they can be tangents to the coordinate curves or gradients of coordinate 
surfaces and hence they describe and quantify the variation of coordinates at any point 
in the space. The basis vectors have crucial roles in characterizing the space and 
describing its geometry. For example, they are used in the definition and construction 
of essential abstract objects and concepts such as the metric tensor of the space. The 
basis vectors may also be used in differential geometry as a moving coordinate frame 
for the enveloping space of their underlying constructions, as described in the book. 
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Describe in detail the two main sets of space basis vectors in differential geometry re- 
lated to curves and surfaces. Are there any other sets of basis vectors? 

Answer: The differential geometry of curves and surfaces employs two main sets of 
basis vectors: 

e One set is constructed on space curves and consists of three unit vectors: the tangent 
T, the normal N and the binormal B to the curve. 

e Another set is constructed on surfaces and consists of two linearly independent vectors 
which are the tangents to the coordinate curves of the surface, E, and Eg, plus the unit 
normal vector to the surface n. 

Each one of these basis sets is defined on each regular point of the curve or the surface 
and hence the vectors in each one of these basis sets vary in general from one point to 
another, i.e. they are functions of position. 

Yes, there are other sets of basis vectors that are defined and used in differential geom- 
etry such as the Darboux basis set (d;,d2,n) as described in detail in the book (also 
see Exercises 11, 12 and 47 of § 4). 


Are the basis vectors necessarily of unit length and/or mutually orthogonal? If not, 
give examples of basis vectors which are not of unit length and/or mutually orthogonal. 
Answer: No, the basis vectors are not necessarily of unit length and/or mutually 
orthogonal. For example, the basis vectors E; and Ep, of the elliptic paraboloid of 
Exercise 44 are: 


2 
E, =i+—k and E, =j+ Sk 
a 


| 4u? Ay? 
|E,| = aoe and |E5| = DR Gar 


and hence in general they are not necessarily of unit length. Moreover: 


As we see: 


4uv 
Bi B= op 
which is not zero in general and hence they are not necessarily orthogonal. 
Another example is the basis vectors E, and Eg of the sphere of Exercise 46 which are: 


EK, = +iacos@cos¢@-+ jacos@sin ¢@ — kasiné 

E, = —iasin@sind + jasin@cos¢ 
Therefore: 

|E,| = ay/ cos? 0 cos? ¢ + cos? Osin? # + sin? 6 


ay) cos? 6 (cos? é+sin? o) + sin? 6 


= av cos?@+ sin? 6 
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=, a 
|E2| = ay/sin’ O sin? 6 + sin? 6 cos? d 
= ay/ sin” 6 (sin? ¢ + cos? ¢) 
= avsin?6 


= a|sin 0} 


Hence, E, and Ez are not necessarily of unit length. However: 


E, - E, (ia cos 0 cos ¢ + jacos@ sin ¢ — kasin@) - (—iasin 6 sin ¢ + jasin 6 cos ¢) 


—a’ cos @cos ¢sin @sin ¢ + a? cos 6 cos dsin @ sin d 
0 


and hence they are orthogonal. 
On the other hand, the basis vectors of the orthonormal Cartesian system (i.e. i,j,k) 
are orthogonal and of unit length, that is: 


i-j=i-k=j-k=0 and ijk hea 


Define, in mathematical terms, flat and curved spaces giving examples for each. 
Answer: A space is flat if it is possible to find a coordinate system for the space with 
a diagonal metric tensor whose all diagonal elements are +1; otherwise the space is 
curved. In mathematical terms, an nD space is flat 2ff it is possible to find a coordinate 
system for which the line element ds is given by: 


(ds)” = ¢i(dax")* + Co(da*)? +... + Gn(da")? = Ds ¢i(der')? 


where the indexed ¢ are +1, the indexed x are the coordinates of the space and the 
above condition applies over the entire space. Examples of flat space are plane and 3D 
Euclidean space. Examples of curved space are sphere and ellipsoid. 


State a sufficient and necessary condition for an nD space to be flat. 

Answer: It is the condition that we stated in the answer of the previous question, i.e. 
the space is flat off it can be coordinated by a system whose metric tensor is diagonal 
with all the diagonal elements being +1 or —1 and hence the line element ds is given 
by (ds)? = 30", G:(dz')? throughout the space. 


Is it necessary that an nD curved space possesses universally constant curvature? If 
not, give an example of a space with variable curvature in sign and magnitude. 
Answer: No. A curved space can have constant curvature such as sphere whose 
curvature is 1/R? (where R is the radius) throughout the space and can have variable 
curvature such as torus whose curvature varies in sign and magnitude from point to 
point over the surface and hence it has points with positive curvature, points with 
negative curvature and points with zero curvature (see Exercise 85 of § 4). 
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What is the locus of the points (if any) which are shared between the xy plane and 
the following surfaces: (a) a sphere centered at (0,0,5) with radius r = 6 (b) a sphere 
centered at (1,1, 1) with radius r = 1.5 (c) a plane passing through the point (5, —9.6, 0) 
with a unit normal vector (0,0,—1)? 

Answer: 

(a) The equation of a sphere centered at (0, 0,5) with radius r = 6 is 2?+y?+(z —5)? = 
36 while the equation of the ry plane is z = 0. On substituting from the second equation 
into the first equation, we obtain: 


SEO 5) S86 


ety? +25 = 36 
eae =. Ut 


and hence the locus is a circle in the xy plane that is centered on the origin with radius 


r=VI11. 

(b) The equation of a sphere centered at (1,1,1) with radius r = 1.5 is (x — 1)? + 
(y —1)? + (z—1)? = 2.25 while the equation of the xy plane is z = 0. On substituting 
from the second equation into the first equation, we obtain: 


(2-1) +(y-17+(0-1)? = 2.25 


(x —1)?+(y—1)?41 2.25 
(c—1)?+(y—1)? = 1.25 


and hence the locus is a circle in the xy plane that is centered on the point (1,1,0) with 
radius r = V/1.25. 

(c) The equation of a plane passing through the point (5, —9.6,0) with a unit normal 
vector (0,0, —1) is: 


O(a —5)+0(y+9.6) -—1(z-0) = 


ya = 
and the equation of the xy plane is also z = 0. Hence, the two planes are identical. 


Describe the commonly used approach for investigating the Riemannian geometry of 
curved manifolds. 

Answer: The common approach is to embed the manifold in a Euclidean space of 
higher dimensionality and inspect the properties of the manifold from this perspective. 
For example, the geometry of curved surfaces (2D spaces) is investigated by immersing 
the surfaces in a 3D Euclidean space and examining their properties from this external 
enveloping 3D space. 


Give a brief definition of homogeneous coordinate systems giving a common example 
of such systems. 
Answer: Homogeneous coordinate system is a system associated with the unity tensor 
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(i.e. diagonal with all the diagonal elements being +1) as the metric of its underly- 
ing space. The common example of homogeneous coordinate systems is orthonormal 
Cartesian systems in 2D or 3D spaces. 


What is the relation between the Christoffel symbols of the first kind and the Christoffel 
symbols of the second kind? 

Answer: The Christoffel symbols of the second kind are obtained from the Christoffel 
symbols of the first kind by raising the third index of the first kind, that is: 


Mi = 9" [i5,0 
where [i7,/] and rs are the Christoffel symbols of the first and second kind and g” is 
the contravariant metric tensor. Hence, the Christoffel symbols of the first kind are 


obtained from the Christoffel symbols of the second kind by lowering that index, that 
is: 


where gx; is the covariant metric tensor. 
Find the mathematical expressions for the symbols [12, 1] and T°}, of a surface in terms 


of the coefficients of the surface metric tensor. 
Answer: The Christoffel symbols of the first and second kind are given by: 


1 
lap, 7 tae 9 (Ogaay an On Gp-y = OyGop) 
7 a” 
Te = eae (Ogdas + Oo.0,36 > O5Ga) 


where the indexed a are the coefficients of the surface metric tensor. Hence: 
1 1 1 
[12, 1] = 9 (Ona11 + O1a91 = 01412) =, 5 Ona — planet 


where the symmetry of the metric tensor is used in the second equality. Similarly: 


15 
Lees > (O2a25 + O2a25 — O5a22) 
qi 
= Hs (202a25 = O5a22) 
qt 12 


= ou (202421 — O1d22) + > (20,a22 r=e O2A22) 


2a" A2a21 _ a0, a22 2a Ara29 _ 670s G59 


= 2 2 2 2 
= D6. Onder a0, a22 a? Ontte. 
7 2 2 2 


Now, since the contravariant metric tensor is the inverse of the covariant metric tensor 
then we have: 


d 


65. 


PRELIMINARIES 32 


where a is the determinant of the surface covariant metric tensor. On substituting from 
the last equation into the previous equation we obtain: 


2a! Aoa21 a0,a29 a! Aza22 


eae ear eel 
_ 22202021 _ 2201 422 - 1202022 
= 2a 2a 2a 
= 20220421 — A220uA22 — 0120,A22 
= 2a 


Using the definition of the Christoffel symbols of the first kind and the rules of tensors, 
derive the following equations: 


On E, 
[11,2] = Oya - a = a. 

O22 Ga 
292 1 — v —_— — i oe 
) | OyAy2 5) 9 


Answer: The Christoffel symbols of the first kind are given by: 


1 
[ap, 7 = 9 (Ogdey + OnGpy = 0A) 
where the indexed a are the coefficients of the surface covariant metric tensor. Hence: 


1 
| 5 (O1a12 + O1a12 — 02441) 


1 
a 5 (20, a2 = 02411) 


02011 


= O\a12 —- 


Similarly: 
1 
22d We a= 5 (Oga21 + Oga21 — O1a22) 


1 
= 5 (20,421 = 01 a2) 


O29 
2 
0,022 


= O2a21 _ 


= Oyay2 = 


where the symmetry of the metric tensor is used in line 4. 
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66. Using the definition of the Christoffel symbols of the second kind and the rules of 
tensors, derive the following equations: 


rm = 1104422 — 4420,011 _ BG, = FE, —[? 
Me 2a 2a a 
re. = 11022 — 20120,012 + A120y022 — EG, —2FF,+ FG, 
7 = 
2a 2a 


Answer: The Christoffel symbols of the second kind are given by: 


av 
nee = oF (Ogdas + OnGB5 = O5a3) 
where the indexed a are the coefficients of the surface metric tensor. Hence: 


26 
Le = Se (Oza15 + O1a95 — 0512) 


21 422 
= — (Ooa11 + O1a21 — O\a12) + > (Oga12 + O1a22 — O2a42) 


q?! q?! q?! az? 22 az? 


= oy 02014 5 O1a21 — 5 Oi a12 4 5 02012 4 5 O\A29 — FZ O2ti2 


q?! az? 


i 5) O2041 5) O29 
a? Aya11 + a72d, a9 
2 
= 02102011 + 4110; 29 
2a 
110yA22 — A120y014 


where the symmetry of the metric tensor is used in lines 4 and 7 while the fact that 
the contravariant and covariant forms of the metric tensor are inverses of each other is 
used in line 6 (see Exercise 64). The equality [?, = I, is based on the symmetry of 
the Christoffel symbols in their paired indices. 


Similarly: 
26 
2. a 
V55 — 2 (Ona25 + Oza25 — 05422) 
q2t a22 
_ 2 (Oza21 + O2a21 — 01.422) + oe (Ona22 + 02422 — 02422) 
2a?! q2t q22 
ae} Pare _ 
5) O2a21 5) O1A22 5) 02022 


d 
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2a"! Ooa91 = a?" O,a29 te a? Ooa20 


2 
= 22102421 + 42101422 + 41102022 
7 2a 
_ 1102022 — 249102421 + 42101422 
= 2a 
= 11 0yA22 — 24120,412 + 442022 
7 2a 

EG, =2P hice l' Ge 


2a 
where line 5 is justified by the fact that the contravariant and covariant forms of the 
metric tensor are inverses of each other (see Exercise 64) while line 7 is justified by the 
symmetry of the metric tensor. 


State the mathematical relations that correlate the Christoffel symbols of the first and 
second kind to the surface basis vectors and their derivatives. 
Answer: They are: 


OE, 
[aB, y| = Aue -E, 
OE 
oe a. 
Tae = ye P 


where a, 8, y = 1,2. 


What is the relation between the Riemann-Christoffel curvature tensor and the Gaussian 
curvature of a surface? 
Answer: It is: 

Rapys = Ke, Eqs 


where Ragys is the Riemann-Christoffel curvature tensor, K is the Gaussian curvature, 
€,g and €,5 are the absolute permutation tensor for surface, and a, 6, 7,0 = 1,2. 


How many independent non-vanishing components the 2D Riemann-Christoffel curva- 
ture tensor possesses? 
Answer: It possesses only one independent non-vanishing component. 


What is the significance of having an identically vanishing Riemann-Christoffel curva- 
ture tensor on a 2D surface? 

Answer: The significance is that the surface is intrinsically flat and hence it is a plane 
or isometric to plane. 


Show that the Riemann-Christoffel curvature tensor of the first kind is anti-symmetric 
in its first two indices and in its last two indices and block symmetric with respect to 
these two sets of indices. 

Answer: Riemann-Christoffel curvature tensor of the first kind is given by: 


Deel = O;, [7l, @] = 0; Lik, 2 + [il, r] Dip = [¢k, r] 
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1 
= 5 (O;,0; 9 + O10; 95% = OpOi951 i O10; 9ki) + g” cas r| Lik, S| = [ik, r| [l, s]) (4) 


where the second equality is justified in the text books of tensor calculus.!*! Hence, if 
we take Eq. 4 as definition for the Riemann-Christoffel curvature tensor of the first 
kind then we have: 

e Anti-symmetry in the first two indices: 


1 ; : ; ; 
Ryiri 2 (O,.0;.91; + O10; Jik _ OnO; Git aad O10; ) ay ([7l, r| lik, s| — |jk, r [2d, s}) 


i i ; , ; 
Fa E (On0; 9:1 oy O0;.9kj = Oni 91; -_ O}0;9ik) a ia ( jkr [20, s|— [jl, r| [ik, § ) 


i) 
= E (O10; 91: + O10; 95 = OpO;9 51 = O10; Iki ) aan ie ( al, s| gk, 7) = th, 5] gl, r ) 


1 ; 
— E (Ox; 911 + HO:gjr — OvOigg — HO; Gni) + 9” ([el, 7] [7k, 5] — [tk, r] [yl, s ) 
= —Rijri 
where line 1 is obtained from the given definition (i.e Eq. 4) with exchanging the indices 
ij, line 2 is obtained by taking a common factor of —1, line 3 is based on the symmetry 
of metric tensor plus reordering, line 4 is relabeling of dummy indices, and line 5 is the 


definition of Rij”; as given by Eq. 4. 
e Anti-symmetry in the last two indices: 


1 . ; . i 
Rij = 5) (O10; 9Ki a On0; 951 = OO 95k = O,0; 911) +g" (2k, r| 7, s| 0h, r| 7k, s}) 


= — E (O,0;9 jx + OO; Gu — 10; 9%: — O-0:9;1) + 9"° ([él, r] 7k, 8] — [ik, r] (91, 5) 


1 ; 
= a E (O10; 91 + 1019p 000.050 = O10 9x:i) + g™ ([2l, 7] [7k, 8] — [tk, r] |g, 5) 
= —Rizni 
where line | is obtained from the given definition (i.e Eq. 4) with exchanging the indices 
kl, line 2 is obtained by taking a common factor of —1, line 3 is reordering of terms, 


and line 4 is the definition of Rj;,; as given by Eq. 4. 
e Block symmetry: 


1 
Rig = 5 (O;O1gj% + O;Oxgu — O:Ongiy — 9;Agix) + 9"* ([kI, 7] [l2, s] — [ki, r] [L7, s]) 
1 . ; ; ; 
= 3 (O10;95% +r OnO5 Hi = O,0;.91; = 010; ik) oar i ([kJ, r| [Z2, s| = [kz, r| 3, s]) 


1 
= (O05 91 + A0:9;k — On0igi; — 0; Gin) + 9° (li, 8] [k7, 7] — [ki, r] [Ly, s]) 


[8] See for example: Principles of Tensor Calculus by the author. 
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eas 


1 
= (0.0; 911 + O10:9;% — OnOigj1 — 10;9%i) + 9" ([él, s] (9k, 7] — [2k, 7] Yl, s]) 
1 ; . ; : 
= 3 (O,0; 91 +r O09 jk > O,0;951 = O10; Iki) gr ({i, r| [7k, | = tk, 7] ah s|) 
= Rijet 


where line 1 is obtained from the given definition (i.e Eq. 4) with relabeling the indices 
(ijkl — klij), line 2 is the commutativity of partial differential operators, line 3 is 
reordering of terms and factors, line 4 is based on the symmetry of the metric tensor 
and the symmetry of the Christoffel symbols in their paired indices, line 5 is relabeling 
of dummy indices plus the symmetry of the metric tensor, and line 6 is the definition 
of Rij~ as given by Eq. 4. 


Prove the following equations: 


of.) = Ss -w, 
ae = ee EY 
Answer: 
e First equation: 
aB,y] = ; (Opday + Jaag7 — Oy Aa) 
2 |a8,4| = OgGay + O,ap4 — Oyaap 
2[a6,y| = O06 (Ea: E,) + 0. (Eg - E,) — 0, (Eq - Eg) 
2[a68,y] = (OgEq)- Ey + Eg - (OgE,) + (0.Eg) -E, + 
Bg : (0.E,) = (0,Eq) : Kz — KE, - (0,Es) 
2[aB,y) = (OgEq) , E, + Ea - (OsE,) oly (OgEq) , E, TE 
Eg : (O.E,) ~~ (0.E,) , Kz — E,- (OsE,) 
2[a8,y| = 2(0sE,)-E, 
af,y| = (0sE,)-E, 
— OEa 
aB,y] = Bub ‘Ky, 


where equality 1 is the definition of the Riemann-Christoffel curvature tensor of the first 
kind, equality 3 is based on the relation between the coefficients of the metric tensor 
and the basis vectors, equality 4 is the product rule of differentiation, and equality 5 is 
based on the identity 0,Eg = OgE, which can be justified as follows: 


0..Eg = OO gr = Og0o¥ = OpEa 


while the remaining equalities are simple algebraic manipulation and notation. 
e Second equation: 


M3 = a” [aB, 6] 


d 
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OEa 
= q? E Es 


where equality 1 is the definition of the Riemann-Christoffel curvature tensor of the 
second kind, equality 2 is based on the first equation of this question which was proved 
in the first part, and equality 3 is an index raising operation. 


What is the rank of the Ricci curvature tensor? 
Answer: It is 2. 


State the mathematical relation that links the Ricci curvature tensor of the first kind 
to the Christoffel symbols of the second kind and their partial derivatives. 
Answer: It is: 

Ri = OAT, = OT, + Pee = | ies ibe 


bj~ ta ba~ ig 


where f;; is the Ricci curvature tensor of the first kind and the indexed I’ are the 
Christoffel symbols of the second kind. 


What is the relation between the elements of the Ricci curvature tensor of the first kind 
and the Gaussian curvature? 
Answer: It is: 

Ri Ry Ry Roy 


ai a12 a21 a22 


=e 


where the indexed R are the elements of the Ricci curvature tensor of the first kind, 
the indexed a are the elements of the covariant metric tensor and K is the Gaussian 
curvature. 


How do you obtain the Ricci scalar from the Riemann-Christoffel curvature tensor of 
the first kind? Explain your answer step by step. 
Answer: We do the following: 
(a) We obtain the Riemann-Christoffel curvature tensor of the second kind by raising 
the first index of the Riemann-Christoffel curvature tensor of the first kind, that is: 
Re opy = a? Reap 

(b) We obtain the Ricci curvature tensor of the first kind by contracting the contravari- 
ant index with the last covariant index of the Riemann-Christoffel curvature tensor of 
the second kind, that is: 

Rag = OCLs aby a EOC yas 


(c) We obtain the Ricci curvature tensor of the second kind by raising the first index 
of the Ricci curvature tensor of the first kind, that is: 
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(d) We obtain the Ricci curvature scalar R by contracting the indices of the Ricci 
curvature tensor of the second kind, that is: 


— sh — pe 
REN HR, 


Chapter 2 
Curves in Space 


1. State the technical definition of space curve outlining the difference between a curve 
and its trace. 
Answer: Space curve is technically defined as a differentiable parameterized mapping 
between an interval of the real line and a connected subset of the embedding space, 
that is: 


C(t) : I>R"” 


where C’ represents a space curve defined on the interval JC R and parameterized by 
the variable t € I. 

The difference between a curve and its trace is that the curve is a mathematical relation 
(or mapping) while the trace is the image of this mapping in the embedding space. 


2. What is the most common way of defining space curves mathematically? Give an ex- 
ample from simple curves like circle and helix. 
Answer: The most common way of defining space curves mathematically is by pa- 
rameterization. For example, a circle in the xy plane centered on the origin is defined 
parametrically as: 


ee) = cos? 
y(0) = Rsiné 
210). 0 


where R is a constant (i.e. radius) while @ (0 < 6 < 27) isa real parameter (which may 
be seen as an angle of rotation). 
Similarly, a regular helix spinning around the z-axis may be defined parametrically as: 


x(t) = acost 
y(t) = asint 
Ah) St 


where a and 6 are non-zero real constants while t (—oo < t < +00) is a real parameter. 


3. Make a clear distinction between general and natural parameterization of space curves. 
Answer: Natural parameterization of a curve is parameterization by arc length while 
general parameterization is parameterization by any legitimate parameter whether arc 
length or not. General parameterization may also be restricted to parameterization by 
parameters other than arc length. 


39 
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4. State a mathematical condition for a space curve to be parameterized naturally. 
Answer: The condition for a space curve C(t) : I + R® (where t € J is the curve 
parameter and J C R is an interval over which the curve is defined) to be parameterized 
naturally is that for all values of t we have: 


dr 


—|=1 
dt 


where r(t) is the position vector representing the curve in the ambient space. 


5. What is the relation between two natural parameters of a given space curve? 
Answer: The relation between two natural parameters, s and §, is: 


§=+8s+c 
where c is a real constant. 
6. The following equation: r(t) = (4. —§, 45) is a parametric representation of a space 


curve. Is this a natural parameterization? Justify your answer. 
Answer: The condition for natural parameterization is: 


dr = 
dt| 
Hence: 
dr (t) _ d t ot t 
de No lds ROP O79 


Therefore, this a natural parameterization. 


7. Prove that two natural parameters, s and 5, of a curve are related by the equation 
§ = +s +c where c is a real constant. 
Answer: If we correlate § to s [i-e. s=s (s)] then by the chain rule of differentiation 
we have: 
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10. 


Hence: 
dr dr||ds 


ds ds||ds 


But since s and § are natural parameters then we have: 


dr dr 
de =1 and Ae =] 
Therefore: 
de] __|de| jas 
ds ds||ds 
ds 
i 2S> — 
ds 
ds 
pad ee | 
ds 
ds 
2S =) SEL 
ds 
§ = +s+¢ 


where c is a real constant, as required. 


. Using tensor notation, write down the equation of the tangent vector to a surface curve 


represented parametrically by C(u'(t), u?(t)) where ¢ is a general parameter. 
Answer: It is: 


dat , due 
SS 2 
dt edt 
where x’ represent spatial coordinates, x’, = oe is the surface basis vector, and 27 = 


23 andy 12. 


. What is the meaning of having “regular curve at a specific point”? What “regular curve” 


means? 

Answer: A space curve C(t) : J > R® (where J C R and t € J is a general parameter) 
is described as “regular curve at a specific point” P iff £(to) exists and r(to) 4 O where 
r(t) is the spatial representation of C’, the overdot stands for differentiation with respect 
to the general parameter t, and tg is the value of the parameter corresponding to the 
specific point P. The curve is described as “regular curve” iff it is regular at each 
interior point in I. 


Prove that the parametric representation: r(t) = (t?,e’,¢t+1) of a space curve is regular 
for all t. 
Answer: We have: q 
r 
f=] = (Orel 
a ) 
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and hence fr exists for all t (—oo < t < +00). Moreover: 
t = (2t,e',1) £4 (0,0,0) =0 


for any t. Hence, the parametric representation of this space curve is regular for all t, 
as required. 


11. State the condition for a vector to be tangent to a regular surface at a given point on 
the surface. 
Answer: A vector v is described as tangent to a regular surface S at a given point P 
on S if there is a regular curve C on S' passing through P such that v = a2 where a 


“dt 
a(t is evaluated at P. 


is a non-zero scalar, r(t) is the spatial representation of C' and 


12. Find the unit tangent vector, T(t), for a space curve represented by: r(t) = (¢?,¢, sint). 
Answer: The tangent of this space curve is: 


dr 
— = (2t,1 
a (2t, 1, cost) 


Hence: 
(2t, 1, cost) (2t, 1, cost) 


~ ((2t,1,cost)| — \/4t2 + 14+ cos? t 


13. Find the arc length of a space curve given by: r(t) = (5t, 7cosht, 2sinht) for 1 <t < 4. 
Answer: If L is the required arc length and I is the interval [1, 4] then we have: 


al; 


I 
a 
a 


va 


4 
= i \(5, 7sinh t, 2 cosh t)| dt 
1 


= i 25 + 49 sinh? t + 4 cosh? ¢ dt 
~ 188.995 
where the last step is obtained by numerical integration." 
14. Find the curvature, as a function of t, of a space curve represented by: 
r(t) = (cost — 1,sint + t,t?) 


Answer: We have: 


d 
= = = (—sint, cost + 1, 2t) 


Il Tt may also be obtained analytically using elliptic integrals of the second kind. 
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ar 
¥ = — = (-cost,-—sint,2 
a ( ) 
t-r = sin?t+cos?t+2cost+1+4t? =2+4+2cost + 4t? 
t-* = cos*t+sin?t+4=5 
r-r = sintcost —sintcost —sint+4t = —sint+4t 


Hence, the curvature k is: 


/@-8) (B-#) — (8? 


K = 
(¢-7)*” 
(2 + Qeost + 422) (5) — (—sint + 4t)? 
7 (2+ 2cost + 4t?)*/? 


(10 + 10 cost + 2082) — (sin? t — 8tsint + 16¢2) 


(2+ 2cost + 4t2)9/? 
/10 + 10cost + 20t2 — sin? t + 8tsint — 16¢? 
(2+ 2cost + 4t2)°/ 
/10 + 10cost + 4t2 — sin? t + 8tsint 
(2+ 2cost + 4t?)?” 


15. Define “periodic curve” giving two common examples other than those given in the text. 
Answer: A curve C is described as periodic if it can be represented parametrically by 
a continuous function of the form r(t + 7) = r(t) where r is the spatial representation 
of C, t is a general parameter and T’ is a constant called the function period. 
Polar curves provide many common examples of periodic curves. One example!!! is 
rose curves which are defined parametrically by: 


p = Acos(n@) or p = Asin (n@) 


where p and ¢ are plane polar coordinates, A is a constant (represents the magnitude 
of petals) and n is an integer that determines the number of petals!""! (see Figure 9). 
Common types of limacon are also good examples of periodic curves. 


16. Should a periodic curve be a plane curve? 
Answer: No. For example, a curve defined parametrically by r (0) = (cos 6, 2sin 0,3 sin? 0) 
is a periodic curve (with period T = 27) but it is not a plane curve (see Figure 10). 


17. Should a periodic continuous curve be a closed curve? Should a periodic smooth curve 
be a closed curve? 


[101 Tn fact, this is a group of examples. 
[11] The number of petals is n for odd n and 2n for even n. 
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Figure 9: Examples of periodic rose curves: (a) the polar curve p = 2cos(2@) which is 
of period T = 27 and (b) the polar curve p = 2sin(3é) which is of period T = 7. The 
numbers on the perimeter are the polar angle @ in degrees. 


Answer: Yes, a continuous periodic curve should be a closed curve (assuming it is 
defined over a minimum of one period). 

Yes, a periodic smooth curve should be a closed curve (assuming it is defined over a 
minimum of one period). 


18. A plane curve called cissoid of Diocles is given in polar coordinates by: p = 2 sing tan ¢.|! 
Find the equation of the curve in a rectangular Cartesian coordinate system. 
Answer: We have: 


p = 2singtang 
p = 2sin aul 
cos @ 
2 
=o sin* @ 
cos @ 
pcos @ 2sin? d 
gx = 2sin’¢ 
i= y 
sale ae 


x (x? + y°) = 2y 


where in line 5 we used the polar to Cartesian transformation x = pcos @ while in line 


[!21Tn fact, this curve in its more general form is given by p = 2Asin¢tan@ where A is a constant and 
hence the form given in this question is a special case corresponding to A = 1. 
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19. 


20. 


24, 


3 
2 
N 
0 
2 
5 
0 
y : 
=e 


Figure 10: The periodic twisted curve r (0) = (cos 6, 2sin 9,3 sin’ 6). 


6 we used the polar to Cartesian transformation y = psin¢ (i.e. sing = y/p) plus the 
Cartesian to polar transformation p = \/x? + y?. 


Sketch the curve of the previous question for 0 < |¢| < | (notice the two branches). 
Answer: The polar plot of this curve is shown in Figure 11. 


Show that for a curve represented spatially by r and parameterized naturally by s and 
generally by t, the relation between s and t is given by: | = |= : 
Answer: If we correlate s to t then we have s = s(t) and hence: 


dr drds 
dt ds dt 
dr dr | | ds 
dt ds| | dt 
dr| {ds 
dt| —| dt 


where line 1 is justified by the chain rule of differentiation while line 3 is justified by 
the identity || = 1 since s is a natural parameter. 


Define Frenet frame with a simple sketch showing the basis vectors at a given point on 
an arbitrary space curve. 

Answer: Frenet frame is a set of orthonormal basis vectors for the embedding space 
that consists of the triad T,N,B which are the unit tangent, the unit normal and the 
unit binormal vectors of the space curve to which the frame belongs. The required 
sketch should be similar to Figure 12. 
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15 


180 


-90 


Figure 11: The polar plot of the cissoid of Diocles curve p = 2sin@tan@ for polar angle 
0 < |¢| < 4. The numbers on the perimeter are the polar angle ¢ in degrees. 


22. Write down the mathematical equations of the unit vectors T, N, B for a curve param- 
eterized by a general parameter ¢ and a natural parameter s. 
Answer: For a curve parameterized by a general parameter ¢t we have: 


T= — 
| 
N = oe) 
J] tx F| 
_ xr 
lb x #| 


where r = r(t) is the spatial representation of the curve and the overdot represents 
derivative with respect to t. 
For a curve parameterized by a natural parameter s we have: 


i ae (5) 
sN = T (6) 
TB = KT+N’ (7) 


where r = r(s) is the spatial representation of the curve, « and 7 are the curvature and 
torsion of the curve and the prime represents derivative with respect to s. 
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Figure 12: Frenet frame that consists of the basis vectors T,N,B at point P on a space 
curve C. 


23. State the mathematical definition of the curvature « and the torsion 7 of an s-parameterized 
space curve. 
Answer: 


t= N-T 
N’-B 


where T,N,B are the unit tangent, the unit normal and the unit binormal vectors to 
the curve and the prime represents derivative with respect to s. 


24. Show that the sufficient and necessary condition for a space curve to be a plane curve 
is that its torsion vanishes identically. 
Answer: Let Assume first that the space curve is naturally parameterized by s. We 
have two parts to this proof: 
(a) If the torsion vanishes identically then the space curve is a plane curve: since T, N, B 
are orthonormal right handed vector set then we have: 


B=TxN 
On taking the derivative with respect to s we get: 


B = (T’xN)+(TXN’) (8) 
= (KN xN)+(TxN’) 
= 04+(TxN’ 
=o 
= Tx (7B-a&«T) 
= (TP <7B) eK (Ex T) 
= (Tx7B)—0 
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25. 


= TTxB 
= —TN 


where line 1 is the product rule of differentiation, line 2 is from Eq. 6, line 3 is the 
fact that the cross product of parallel vectors is zero, line 5 is from Eq. 7, line 6 is the 
distributivity of cross product over sum, and line 9 is because T, N, B are orthonormal 
right handed vector set. Accordingly, if 7 = 0 identically then B’ = 0 identically and 
hence B is a constant vector, say B, where the subscript indicates its constancy. Now, 
since the curve is represented spatially by r(s) then we have: 


< (¢-B,) = r-B.4+r-B, 
= r’-B.+0 
= r’-B. 
— T-.B. 
=. 0 


where line 4 is from Eq. 5 while line 5 is because T and B, are orthogonal. Hence: 
r-B.=d 


where d is a constant. As we see, this equation looks like an equation of a plane 
represented spatially by r with a normal vector B, (refer to Exercise 8) and hence the 
curve should be confined to a plane (which is the osculating plane of the curve), i.e. 
the curve is a plane curve, as required. 

(b) If the space curve is a plane curve then the torsion vanishes identically: since 
the space curve is a plane curve then T and N are confined to a plane and hence B 
(= T x N) is constant because it is a unit vector normal to the plane.!*! Accordingly: 


B’ = 0 
—T™N = 
T = 0 


where line 2 is from Eq. 8 which is obtained in part (a) while line 3 is because N 4 0 
in general for a twisted curve. 


What are the curvature « and torsion 7 of (a) a straight line (b) a circle with radius 
R= 3.2 (c) a curve parameterized by: r(t) = (3cost, 3sint, 1.9t)? 

Answer: 

(a) Straight line: « = 0 and 7 = 0. 


13] Being unit vector means it is constant in magnitude while being normal to a plane means it is constant 


in direction and hence it is constant vector since it is constant in magnitude and direction. 
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(b) Circle with radius R = 3.2: « = 1/R = 0.3125 and t = 0. 
(c) Curve parameterized by r(t) = (3cost,3sint, 1.9t): we have: 


d 
— a (—3 sin t, 3cost, 1.9) 
cen OE apes Bane D) 
LS, cos sin 
os: di 
PS = (3sint, —3cos t, 0) 


—3cost —3sint 


ae —3 oa =(00;.9) 


3sint —3cost 


Stor 3S 


dt 
k 
hoor = mer ee 1.9 | = (5.7sint, —5.7 cost, 9) 


Hence: 


lr x F| 


jz” 
(32.49 sin? t + 32.49 cos? t + 81) /” 
(9 sin? t + 9cos?t + 3.61) 
(113.49)1/? 


(12.61)? 
0.2379 


I2 


é- (Bx ¥) 

(—3sint, 3cost, 1.9) - (0,0, 9) 

32.49 sin? t + 32.49 cos? t + 81 
10 


113.49 
~ 0.1507 


We should remark that from the given parametric equation of the curve we can easily 
see that this curve is a helix with a = 3 and b = 1.9 and hence we can easily find the 
curvature and torsion from the formulae: 


a 

K = Tig Slag. 0.2379 
b 1.9 

a ripe = 41 ~ 0.1507 


However, we preferred to use the lengthy method for demonstration and verification. 
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26. Find the curvature and torsion, as functions of t, of (a) a curve represented by: 


50 


r(t) = 


(sint + t,cost — 3,t +2) (b) a curve represented by: r(t) = (t,2t?,t?) (c) a curve 


represented by: r(t) = (at, bt?, ct?) where a,b,c are non-vanishing real constants. 


Answer: 


(a) We have: 


dr 
i = (cost + 1, —sint, 1) 
= (—sint, — cost, 0) 


= (— cost, sint, 0) 


—sint —cost 0 

k 
a: sg 0 | = (0,0, —-1) 
—cost sint 0 


i: 
x 
ier 
I 


dt 
a 
dt 
di 
dt 
j k 
Per = aa —sint 1 | =(cost,—sint,—1— cost) 


Hence: 


lr x £| 
jel" 


(cos? t + sin? t + 1 + 2cost + cos? t)” 


(cos? t + 2cost + 1+sin?¢+ iy 
(2 + 2cost + cos? t)!/” 
(2 cost + ae 


r- (fx rT) 
Jt x #|? 
(cost + 1, —sint, 1) - (0,0, —1) 


cos? ¢t + sin? # + 1+2cost + cos? t 
—l 


2+2cost+ cos?t 


(b) We have: 
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Hence: 


(c) We have: 


Hence: 


rxr 


rxr= 


dr 


t 
dt 
t 


dt 
dr 
d 
dr 
d 


ij k 
1 4t 3t? | = (1207, -6t, 4) 
0 4 6t 
ij k 
0 4 6t | =(24,0,0) 
0 6 
_ (bx ie 
lel" 


(144¢4 + 3642 + 16)” 


(1 + 16t? + 9¢4)?? 


é-(# x ¥) 


jt x #]? 
(1, 4t, 3t?) - (24, 0,0) 


144¢* + 362? + 16 
24 


144¢4 + 36¢? + 16 
6 


36t4 + 91? 4+ 4 


= (a, 3bt?, 2ct) 
=(0,6b8,26) 


= (0, 60, 0) 

hea 

a 3bt? 2ct | = (—6bct?, —2ac, 6abt) 
0 6bt 2c 

ae a” 

0 6bt 2c | = (—12bc, 0,0) 

0 6b O 


lr x £| 
jel” 
(3602744 + 4a2c? + 36a2b222)/ 
(a? + 9b7t4 + 4c2t2)>/? 


51 
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r- (fx rT) 
Jt x #|? 
(a, 3bt?, 2ct) - (—12bc, 0, 0) 


36b2c2t4 + 4a2c? + 36a2b2t2 
_ —12abc 
3620244 + 4a2c2 + 36a2b2t2 
—3abec 


9b2c2t4 + a2c? + 9a2b2t? 


27. What are the mathematical conditions that represent the fact that the vectors T,N,B 
are mutually orthogonal and of unit length? 


Answer: 

Orthogonality: 
T-N = 
BS 
N-B = 

Unit length: 
4 eae eam | 
N-N = 1 
BB = 4 


28. Prove the theorem of Lancret which states that a space curve of class C? with non- 
vanishing curvature is a helix iff the ratio of its torsion to its curvature is constant 
along the curve. 

Answer: There are two parts to this proof: 
(a) If the curve is a helix then the ratio of torsion to curvature is constant: a circular 
helix is generally parameterized by: 


r (t) = (acost, asint, bt) 


where a and 0 are real constants and t is a general real parameter. Accordingly: 


d 

—_ Ga (~asint, acost, b) 
di 

PS i = (—acost, —asint, 0) 
dt 


ey = (asint, —acost, 0) 


dt 

j k 

ee a | on acost b = (absint, —ab cost, a”) 
—acost —asint 0 
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i j k 
ror. = —acost —asint 0 | = (0,0, a”) 
asint —acost 0 
Hence: 
lr x £| 
“= OP io 
_ (a?b? sin? t + a2b? cos? t + a‘) He 
(a? sin? t + a? cos? t + b?) ee 
(a2b? +a')'? 
(a2 +)? 
a (b2 + a2)'/? 
(a2 +829? 
= a 
a2 +b 
te. <7) 
7 ae om 
_ (-asint,acost, b) - (0,0, a?) 
~— a2b? sin? t + a2b? cos? t + a4 
= ba? 
~ a2b2 + a4 
7 b 
a2 +h 
Therefore: 
ee b 
kK a 


which is constant (since a and 6 are constants), as required. 

(b) If the ratio of torsion to curvature is constant then the curve is a helix: in this part 
of the proof we use the defining property of circular helix that is its tangent makes a 
constant angle with its axis of rotation (see Exercise 16 of § 6), i.e. a space curve is a 
helix iff its tangent makes a constant angle with a given straight line. For simplicity, 
let assume (with no loss of generality) that the curve is naturally parameterized and 
hence it is represented by r(s). Now, for a naturally parameterized curve we have: 


tT = N’-B=\|N'||B|cos¢ = |N’|cos¢ 
kK = —N’-T=-—|N'||T|cos6é = —|N’|cos6 
where ¢ is the angle between N’ and B and 6 is the angle between N’ and T and where 
the last equalities are because B and T are unit vectors. Hence: 
T |N’| cos @ cos 
KR |N’| cos 6 ~ C080 
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Now, since N’ is a linear combination of B and T (i.e. N’ = 7B — «T, see Eq. 7), and 
B and T are orthonormal then cos @ = sin @ and hence: 


T cos @ 


Ki sin @ 


Now, because the ratio of torsion to curvature is constant then @ should be constant, 


that is: 
T COS Ge 


Ki sin @. 


where the subscript c indicates its constancy. Accordingly: 


Tsing. +KCOSd. = 
TNsing. + KN cos ¢, 
—B’ sind, + T’ cos d, 

—Bsing.+ Tcos@. = 


| 
4 (So eS 


where in line 2 we multiplied both sides by N, in line 3 we used Eqs. 8 and 6, and in 
line 4 we integrated both sides (with v being the constant of integration). Now, since 
B and T are orthonormal then v is of unity magnitude, i.e. v is a constant unit vector. 
On inner multiplying both sides of the last equation with T we obtain: 


—(T-B)sing.+(T-T)cos¢@. = T-v 
cos@, = T-v 
T-v = constant 


where line 2 is because T and B are orthogonal and T is a unit vector, while line 3 is 
because ¢, is constant. The last equality (i.e. T-v = constant) is the defining property 
of circular helix where T is its tangent, v is the unit vector that defines the orientation 
of its axis of rotation and ¢, is the constant angle between its tangent and its axis. 


Show that if two space curves, which have an injective association, possess parallel 
tangent vectors at their corresponding points, then their normal and binormal vectors 
at these points are parallel as well. 

Answer: Let the curves be represented as r; (s1) and r2g(s2) where s; is a natural 
parameter for r; and sg is a natural parameter for rz. Now, since T; and T>2 are 
parallel at their corresponding points and they are unit vectors then we have T; = T») 
and hence: 


dT; — aT, 
ds; sy. 
dT, _ AT 2 ds 
ds, i” ds» ds 1 
ds» 


kiN, = K2N2— 
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ol. 


(where we used the chain rule in line 2 and Eq. 6 in line 3) and hence their principal 
normal vectors are also parallel. Now, since B = T x N and T, is parallel to T) and 
N, is parallel to Ny then B, must also be parallel to Bo. 


Prove the following equation: |Kk7| = |'T’ - B’). 
Answer: From Eqs. 6 and 8 we have: 


T’ = «KN 
B’ = —7N 
Hence: 
T’-B’ = -«KN-7N 
T’-B’ = -«7rN-N 
T’.-B’ = —-«r 
TB] = |e 


Give a parametric representation of a circular helix using a natural parameter s. 
Answer: A circular helix is generally parameterized by: 


r (t) = (acost, asint, bt) 


where a and b are real constants and ¢ is a general parameter. Now, it was shown in 
Exercise 20 that for a curve represented spatially by r and parameterized naturally by 


s and generally by t the relation between s and t is given by | 42 | = | . Hence: 

ds| fdr 

dt| — | dt 

d 
7 = Mae (a cos tasint.0 

d 
T = |(—asint,acost, b)| 

ds = 
aCe Va? sin? t + a2 cos? t + b? 
ds xT 

ae = Vart+ b 

ds MET 

dt = + Vart+ b 


s = ttVve?4+h+c 


where c is a constant. Now, if we take only the positive root and assume c = 0 then we 


have: 
8 


Vet 
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On substituting from the last equation into the above parametric equation of helix we 
get: 


8 8 bs 
r(s) = | acos ———, asin ; 11 
(s) ( a2 +b Va? + b? va) a) 
As we see: 
bag — (- 7 sin : = cos z 2 ) 
ds Jaz + B? Jaz + b2’ Ja? + B? Ja? + 62’ Jaz + B? 


in 


{ 
O+e Ve tP erp VetP a+P 


a2 b2 1/2 
= Eee ar 
1 


2 2 2 1/2 
a si a ss b | 


ae oe a 1/2 


a2 + b2 


as it should be. 


32. For a plane curve in a 3D space given by the equation: y = 2x? —x+3 (0 <x < 10), 
find the equations of the osculating, normal and rectifying planes at point (1,4). 
Answer: This curve can be represented by r (t) = (t, 2? — t + 3,0). Hence: 


dr 
Per = (api 
f= J = (4-10) 


pr. £__(14t-1,0) 
(Rl (o/16#? — 8 +2 

B: k= (0, 0,1) 

(144130) 


V16t? — 8+ 2 


The osculating plane is the plane passing through the point (1, 4,0) with normal vector 
B, that is: 


N = BxT= 


(0, 0,1) : Ce 1,y —4,, z) 
fo — 
i.e. it is the xy plane which should be obvious. 
The normal plane is the plane passing through the point (1,4,0) with normal vector T 
corresponding to t = 1, that is: 
(1, 3, 0) 
Vv 10 


Ag Le ke) = 0 
Spe 5H 
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34. 


r+3y = 13 


The rectifying plane is the plane passing through the point (1, 4,0) with normal vector 
N corresponding to t = 1, that is: 


—3,1,0 
a ent 4.2) = 0 
—3r+3+y—4 = 0 

il 


—3r+y = 


For a space curve parameterized as: (2, y,z) = (t,t?,3t?), find the equations of the 
tangent, principal normal and binormal lines passing through the point (1, 1,3) on the 
curve. 

Answer: the point (1, 1,3) corresponds to t = 1 and hence we have: 


dr 
PS S238 6 = 1136 
i Taal ) = (1, 3,6) 
dt 
i = —=(0,6t,6) = (0,6,6 
r dt (0, ? ) (0, 9 ) 
tx = (-18,-6,6) 
i 1 
T —= Pee 1,3,6 
MN ye?) 
rxr 1 
B = ——= —18, —6,6 
jt x F| 7306 | ) 
ig 
N = Bx T=——— (-54, 114, —48) 


V 18216 


The tangent line is the line passing through the point (1,1,3) and oriented along T, 
that is: 
(c—1,y—1,z-3) =’. (1,3,6) 


where A; is a real parameter. 
The principal normal line is the line passing through the point (1,1,3) and oriented 
along N, that is: 

(ce —1,y—1,z-—3) =A, (—54, 114, —48) 


where A, is a real parameter. 
The binormal line is the line passing through the point (1,1,3) and oriented along B, 
that is: 

(c —1,y—1,z-—3) =, (—18, —6,6) 


where X, is a real parameter. 


Give an example of a non-planar space curve whose principal normal vector at all points 
of the curve is parallel to a particular plane. 
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Answer: Circular helix. This can be demonstrated by a circular helix whose axis of 
rotation is the z-axis and hence it is t-parameterized by: 

r (t) = (acost, asint, bt) 


where a and 0 are real constants and t is a general real parameter. Accordingly: 


dr 
r = — =(-—asint,acost,b 
a ) 
dt 
r = — = (—acost, —asint,0 
po ) 
i j k 
io a —acost —asint 0 = (—absint, ab cos t, —a”) 
—asint acost b 
i j k 
rxtx Tr) = —asint acost  b 


—absint abcost —a? 


= (—a® cost — ab* cost, —ab” sint — a’ sint, 0) 
N = cx (éxf) 


= iC (—a® cost — ab” cost, —ab’ sint — a? sint, 0) 


where c = |t x (# x ¢)|~*. Now, since the z component of N is zero then it is parallel 
to the zy plane (and indeed to any plane parallel to the zy plane). So, we can conclude 
that the principal normal vector of circular helix (which is not a plane curve) at any 
point of the curve is parallel to any plane perpendicular to its axis of rotation. 


35. For a space curve parameterized as: (x,y, z) = (cost, sin t, 5t), find the equations of the 
osculating, rectifying and normal planes at the point on the curve with t = 1.3. 
Answer: We have: 


: dr 
ea te = (—sint, cost, 5) 
is dt 
ES ce — sin t, 0) 
k 
ae ie sd me 5 | = (5sint, —5 cost, 1) 

=cost —6int- 0 

= rt (—sint, cost, 5) 
| v'26 

BE tx — (5sin¢t, —5cost, 1) 


jt xz] /26 


= Bx T = (-cost, —sint,0) 
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The osculating plane is the plane passing through the point (cos 1.3, sin 1.3, 6.5) [i-e. 
the point corresponding to t = 1.3] with a normal vector B corresponding to t = 1.8, 


that is: 


(5 sin 1.3, —5 cos 1.3, 1) 
26 


- (x — cos 1.3, y — sin 1.3, z — 6.5) 


5sin 1.3 (2 — cos 1.3) — 5cos 1.3 (y — sin 1.3) + (z — 6.5) 

5x sin 1.38 — 5sin1.3cos 1.3 — 5ycos1.3 + 5cos1.3sin 1.3 + z — 6.5 
5x sin 1.3 — 5y cos 1.3 + z 

4.8178x — 1.3375y + z 


0 


0 
0 
6.5 
6.5 


The rectifying plane is the plane passing through the point (cos 1.3, sin 1.3,6.5) with a 


normal vector N corresponding to t = 1.3, that is: 


(— cos 1.3, — sin 1.3, 0) - (v7 — cos 1.3, y — sin 1.3, z — 6.5 


= 


— cos 1.3 (« — cos 1.3) — sin1.3(y—sin1.3)+0 = 
—x cos 1.3 + cos* 1.3 — ysin1.3+sin?1.3 = 
xcos1.3+ysin1.3 = 

0.26752 + 0.9636y ~ 


ee Oo CO OO 


The normal plane is the plane passing through the point(cos 1.3, sin 1.3,6.5) with a 


normal vector T corresponding to t = 1.3, that is: 


(— sin 1.3, cos 1.3, 5) 
Vv 26 


— sin 1.3 (2 — cos 1.3) + cos 1.3 (y — sin1.3) + 5(z— 


- (x — cos 1.3, y — sin 1.3, z — 


6.5) 
6.5) 


—xsin 1.3 +sin1.3cos1.3 + ycos1.3 — cos1.3sin1.3 + 5z — 32.5 


—xsin1.3+ycos 1.34 
—0.9636z + 0.2675y 4 


+ BZ 
+ OZ 


32.5 
32.5 


36. Which of the three vectors T, N,B is not affected by reversing the sense of traversing 


the space curve? 
Answer: It is N. 


37. What are the tangent vector T, the principal normal vector N and the binormal vector 


B of a helix represented by: r(t) = (3cost, 3sint, 3t)? 
Answer: We have: 


d 

r= Fz = (~3sint, 3cost, 3) 
di 

r= = (—3 cost, —3 sin t, 0) 


Z 
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i j k 
rx¢f = —3sint 3cost 3 | = (9sint, —9cost,9) 
—3cost —3sint 0 
rt (—sint, cost, 1) 
i VB 
tx¥  (sint,—cost, 1) 
Fx CW 
N = Bx T= (-cost, —sint,0) 


B = 


38. Find the three vectors T, N, B along a curve represented by: r(t) = (2t—3, t?+t,5—??). 


39. 


40. 


Al. 


Answer: We have: 


: dr 3 
r= a = (2, 3¢? + 1, —2¢) 
ee re = (0,6¢,—2) 
k 
rx = 2 a! vn —2t | = (6t? — 2,4, 12t) 
—2 
a i . an 
|z| 9t4 + 1042 +5 
ae POEs. (3t? — 1, 2, 6t) 
jz x ¥| 94 + 30t2 + 5 
ee (—18¢? — 10t, 6t? + 10t, 9¢* — 5) 


/ (9t4 + 304? + 5) (9t4 + 10t? +5) 


Make a simple sketch for the osculating, rectifying and normal planes at a point on an 
arbitrary space curve. Use a computer graphic package if convenient. 
Answer: The sketch should look like Figure 13. 


Write down the equation of Lancret that is related to the third curvature of space curves 
and discuss its significance. 
Answer: The equation of Lancret states that: 


(dsx)” = (dsp)? + (dsp)? 


where dsn, ds and dsg are the lengths of the line element components in the principal 
normal direction, the tangent direction and the binormal direction. Its significance is 


that it determines the third curvature V (dsy)” + (dsp)? of the curve and links it to 


one of the line element components (i.e. dsx) of the curve. 


Discuss, in detail, the fundamental theorem of space curves in differential geometry 
outlining its application and significance. 
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Osculating plane 


Figure 13: Osculating, rectifying and normal planes at a point on a space curve C. 


Answer: The essence of the fundamental theorem of space curves in differential ge- 
ometry is that any space curve is completely determined by its curvature and torsion. 
In technical terms, given a real interval J CR and two differentiable real functions: 
k(s) > 0 and 7(s) where s € J, there is a uniquely defined parameterized regular space 
curve C(s): I + R? of class C? with «(s) and 7(s) being the curvature and torsion of 
C' respectively and s is its arc length. Hence, any other curve meeting these conditions 
will be different from C' only by a rigid motion transformation (i.e. translation and 
rotation) which determines its position and orientation in space. On the other hand, 
any curve with the above-described properties possesses uniquely defined «(s) and T(s). 
The significance of the fundamental theorem of space curves is that it provides the ex- 
istence and uniqueness conditions for curves. Apart from its theoretical significance 
and value it can have practical applications such as determining and identifying space 
curves from their characteristics. 


42. Given that the curvature of a plane curve is given by: k = ims where s > 0 is a natural 
parameter, find the equation of this curve. 
Answer: Because it is a plane curve then its torsion is zero, i.e. T = 0. So, let assume 
(with no loss of generality) that the curve is confined to the zy plane and its tangent 
and normal vectors are given by: 


T = (cos¢,sin ¢,0) 
N = (-sin¢,cos @¢,0) 


where @ is the angle that T makes with the z-axis. On differentiating these equations 
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with respect to s using the chain rule we obtain: 


T’ = (-sing,cos¢,0)¢' = ¢'N 
N’ = (-—cos¢,-—sin¢,0) ¢’ = —¢'T 


Now, since T = 0 then from Eqs. 6 and 7 we get: 


T’ = «N 
N = —-a«T 


On comparing the last two equations with the previous two equations we conclude: 


gar 

a [0s 
ds 

a= Ce 

; In (3s + 5) 


3 


where we assumed the constant of integration to be zero. Now, from Eq. 5 we get: 


r = T 


f= [ts 
=f (oo (2B) an #08) oa 


r = (fe+ci, fy + C2, ¢3) 
where _ oe 5) sin € a 2) carte Goze) 
gg Sa [ fs (2E+*)) ae Gea) 


and cy, C2, C3 are real constants. 


Write down the Frenet-Serret formulae of a space curve in a rectangular Cartesian 
coordinate system explaining all the symbols involved. 


Answer: 
dT* 
— ,«N 
ds 7 
d = 7TB’—k«T" 


ds 
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dB’ 


= —7N 
ds " 


where 7", N’, B’ are the i” (i = 1, 2,3) components of the tangent, normal and binormal 
vectors T, N, B of a space curve, s is a natural parameter and « and 7 are the curvature 
and torsion of the curve. These equations may also be given in a more compact vector 
form by: 


=) aN (12) 
N = tB-«T (13) 
B’ = —7N (14) 


where the prime symbolizes derivative with respect to s. 


By integrating the Frenet-Serret formulae, obtain the solution of a space curve with 
k = Aand 7 = B where A, B > 0 are real constants. 
Answer: 
T’ = «KN 
T’ = _* pl 
e 
T = -“B+¢ 
t 
/ 
es hal (- + *) Cc 
T - 
K2 Biase 
I+ | f= =-SNSee 
:E € 
K U K / 
1+ Gejl ey a C 
K2 K 
€ T 


I 


A2\'f A 


where in line 1 we use Eq. 12, in line 2 we use Eq. 14, in line 3 we integrate the two 
sides with respect to s and C is a constant, in line 4 we substitute for B using Eq. 13, 
line 5 is a simple algebraic manipulation, in line 6 we use Eq. 5, in line 7 we integrate 
the two sides with respect to s and D is a constant, and in line 8 we give r (which is 
the spatial representation of the curve) in terms of A, B and other curve parameters. 

Now, D can be dropped with no loss of generality because it is just a rigid translation 
in space. Also, from line 3 we can see that C has no component along N and hence 
it is perpendicular to N. So, if C is oriented along the z axis then N must be parallel 
to the xy plane and hence it can be represented as (cos 6, sin 8,0) where 6 is the angle 
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between the N orientation and the x-axis. Accordingly, the equation of the last line 
becomes: 


Be A 
r= (= = wi) -F (cos, sin8,0) + 5(0,0,<) 
= B? ay. ; =A. ; 
ae Br 0089, pe sing, sc 


—A 9 —A nd cB? 
a Bw? cos Pap sin PR 


where c is a constant. On comparing this equation with Eq. 11 which we obtained in 
Exercise 31 we see that this is a helix with: 


—A 
ve A2 + B? 
fe: +acB? 
(A? + Be? - 2B 
S 
6 = ee 
Va? +? 


45. Identify the type of the curve in the previous question. 
Answer: It is circular helix. 


46. What are the “intrinsic” or “natural” equations of a curve? 
Answer: They are the equations of the curvature & and torsion 7 as functions of a 
natural parameter of the curve, that is: 


K = k(s) and q S76) 
where s is a natural parameter of the curve. 


47. Find the intrinsic equations of the catenary defined by the equations: 


t 
a cosh (5) 
a 


i | 


x 


where a is a positive constant and ¢ is a general parameter. 
Answer: : We have: 


dr od 
rer (acosh (t/a) ,0,t) = (sinh (t/a) , 0, 1) 


sa oe dt (= ae) 0,0) 
dt a 
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j k 
r x r = sinh (¢ 0 1 _— (0 =o] 
mee 0 0 a 
el = om (t/a) + 1 = \/cosh? (t/a) = cosh (t/a) 
ee cosh? (t/a) __ cosh (t/a) 
7 a? 7 a 
— jt x¥]  cosh(t/a) 1 


|z|° acosh® (t/a)  acosh? (t/a) 


Now, it was shown in Exercise 20 that for a curve represented spatially by r and 
parameterized naturally by s and generally by ¢ the relation between s and ¢ is given 
by | S| = = |= . Hence: 


ds| __ | 

dt| | dt 

Bo) os Were (hay 0.1) 
dt > ae) 
ds Las 

a = \/sinh (t/a) +1 
ds 

wad h 

7 cosh (t/a) 

ds 

— = +cosh 

ht cosh (t/a) 


s = tasinh(t/a)+c 


where c is the constant of integration. If we ignore the negative part and set c = 0 then 
we have: 


s = asinh (t/a) 


s* = a’sinh’ (t/a) 
s?+a* = a’sinh?(t/a)+a° 
si+a® = @ (sinh? (t/a) + 1) 
s?+a? = a? cosh? (t/a) 
Hence: 
1 a a 


~ acosh? (t/a) a2cosh? (t/a) 2 +. a? 
Regarding the torsion, the catenary is a plane curve and hence its torsion is zero. 
Therefore, the intrinsic equations of the given catenary are: 
a 


BE Sacae and 7 (s)—=0 
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48. Find the parametric representation of a curve with the following intrinsic equations: 
k= c/s and 7 = 0 where c > 0 is a real constant and s > 0 is a natural parameter. 
Answer: The curve is plane because T = 0. So, if we repeat the method that we used 
in Exercise 42 then we have: 


dak 


oO = [ves 
6 = | vejsas 


@ = 2Ves 


where we assumed the constant of integration to be zero. Hence, from Eq. 5 we get: 


r’ T 


—— [ts 


ee i: (cos (24/e8) , ain (2/68) ,0) ds 


r = (fe+e1, fy + C2, ¢3) 


where 
f 2,/cs sin (2,/cs) + cos (2\/cs) 
-s 2 
p= sin (2,/cs) — te (2,/cs) 


2c 


and c1, C2, C3 are real constants. 


49. Prove that the curvature of a t-parameterized space curve is given by: 


lr x F| 
K = —3 
|7| 
Answer: We have: 
pa @_ ads yy, 
~ de ds dE 
i dt _dsd (dr\ | drd’s_ _ ds d (dr\ ds | dr d?s 
~ dt dtdt\ds) ° dsdt2 dtds \ds/} dt ' ds dt? 
_ (ds * Pr —drd’s | (a)2e" 4 ae’ 
~ \dt}) ds? ' ds dt? — 
PX? = rex [(s)” r” + gr'] = (8)? (r’ x r") 


jex#] = |s[? [rx r”| 
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vee = ES as) 
Now: 
jr Kar" | = [| lr" | sin? 
where @ is the angle between r’ and r” and hence: 
be 2"| = |" 
since r’ (= T) and r” (= T’ = KN) are orthogonal. Also: 
eC =-(fi=1 
be IT =« 
and hence: 
fe <a Se (16) 
Moreover: : i 
‘ S r . 
sl =|S) =|] =e (17) 
as we found in Exercise 20. Hence: 
ir’ ¥% r" = lz ae 
[5| 
_ (rx? 
je|° 


where line 1 is from Eq. 15 while line 2 is from Eqs. 16 and 17. 


50. Prove that the torsion of a t-parameterized space curve with non-vanishing curvature 
is given by: 
EEE) 
Jz x #/° 


Answer: We have: 


F dr _drdt_, 


Eo ee ade 
a dr dtd dr _drd’t dtd dr \ dt | dr d?t 
pe Vee ea a ae dae” dee deeds ade 
dt\? @r dr dt Re 
= (=) wo ae 


W 
rs dr d 


ds 


dt\? @r 
ds) dt2— 


dr rs 


dt ds? 
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Therefore: 


that is: 


68 
@r ( (td (ar dr d (dt 
dt2 < (F ' ds2ds \ dt) ° dt ds \ ds? 
( | . = d (ar dt | d’t d (dr \ dt _ dr dt 
e dt \ dt2] ds ds2dt \ dt) ds | dt ds® 
dt oe d?t (d’r\ dt _ dr dt 
i “ ds) dt? ds? \dt2.) ds | dt ds? 
d?r dt 3 By dr Pt 
i dt? ds} dt? ~~ dt ds? 
3t . REY PET 
yr’ 7 (r” x r”) 
vt. [{@ye+ete} x {3i't’# + (¢ oe +i%\ 
tt l(e’) i x {3't"t a a oe imi} + tt x {3¢'t" + (tPF + ve} | 
tle. | 0+ (tx TF) + (2 4" (# x i)} 
+ {30 (e"Y xB) +0" (CP x #) +0} | 
tlt le)” x P)+ (eye Exe +3 (e’yY ex*B+e" x ¥)| 
(t')°r- (2x F)+04040 
Coben ars 
V(r" xr”) =(t/)°k- (Ex ¥) (18) 


Now, r’ = T (Eq. 5), r’ = T’ = KN (Eq. 6) and 


where Eqs. 
Hence: 


yr” — TT 
= «N4 
= «N4 
= «N4 


= «N+ 
= *«N=—ar(N xT) +x 


= «N4 


+ KN’ 
L «(Bx T)’ 
tK(B’ x T)4+K( 


LKTB— KT 


B x T’) 


(B x N) 


K(—-TN x T)+4«(B x KN) 


re(e" xr”) = T- (KN x [K’N+47B —4«7T]) 


6 and 8 are used plus the fact that T,N,B are right handed vector set. 


(19) 
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= T-(0+«°7{N x B} — x? {N x T}) 
= Ds («°rT + «°B) 

= «°r(T-T)+«°(T-B) 

= «*r+0 


KEE 


Moreover: 


or (2) = (ata) ~ (ata) ~ (ata) -(R)-a 


where we used the result of Exercise 20. 
On substituting from Eqs. 19 and 20 into Eq. 18 we obtain: 


re(r" xr”) = (t)°t- x F) 

Serer 

os ee) 
7 

ia 

a r Le ) 
K? |B 

b-(# x ¥) 

ae ar ere a 
(« |E|") 
ieee 

re a - eo) 
lr x £| 


_ lex? 


where in the last line we used the equation & Bu 


which we obtained in the previous 
exercise. 


Which of the two main curve parameters, « and 7, is necessarily non-negative and why? 
Answer: It is the curvature « because it is the magnitude of a vector (i.e. & = |r|) 
according to our convention. 


Show that along an s-parameterized curve r(s), the following relation holds true: 
r’ . (r” x r’”) = K2T 
Answer: This was done in Exercise 50 (see Eq. 19). 


Can we obtain the curvature and torsion of circle as a special case of the curvature and 
torsion of helix? If yes, how? Is this consistent with the definition of helix as given in 
the book? 

Answer: Yes. As stated in the book, the circle can be seen as a degenerate form of 
helix corresponding to b = 0. Hence the parametric equations of helix become: 


x = acosé 
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asin @ 
z = 0 


which are the parametric equations of a circle confined to the xy plane with radius a. 
Now, the curvature and torsion of helix are given by (see Eqs. 9 and 10 in Exercise 28): 


_ @ q te 
8 PEP - 7 @EP 


Hence, when 6 = 0 they become: 


and 7=0 


1 
ee 
a 


which are the curvature and torsion of a circle with radius a. So, it is consistent with 
the definition of helix as given in the book. 


Find the curvature and torsion of a space curve represented by: r(t) = (t?,t + 1, —t?) 
at the point with t = 2.4. 
Answer: We have: 


rxé = | 3 1 —2¢ | = (—2,-6t?, -6t) 


Hence: 


lt x ¢| 
lk 


|r 
V4 + 36t4 + 36¢? 
(9t4 + 1 + 402)? 
/36t4 + 36t? + 4 
(9t4 + 40? +1)?” 


é-(# x ¥) 


T = 
jt x #7 
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56. 


57. 


58. 


59. 


(3t?, 1, —2t) - (0, —12, 0) 
36t4 + 36t2 + 4 
—12 


36¢* + 36¢? + 4 
—3 
94 + 9 +1 


At the point with t = 2.4 we have: 


1/36 (2.4)* + 36 (2.4)? +4 


(9 (2.4)¢ +4 (2.4)? +1)” 


~3 
= ; =— ~ —0.00854 
9 (2.4)'+9(2.4)? +1 


~ 0.00647 


Give an example of a space curve whose curvature and torsion are variables. 
Answer: The curve of the previous exercise is a good example. The curves of Exercise 
26 are also good examples. 


Investigate the relation between the curvature and torsion at corresponding points of 
two space curves which are mirror-reflection of each other with respect to a given plane. 
Answer: It is obvious that the curvature and torsion at the corresponding points of 
the two curves are equal in magnitude. Moreover, since the curvature is non-negative 
(see Exercise 51) then the two curvatures are equal. However, the torsions should be 
of opposite sign on the two curves. This is because according to Eq. 19 we have: 
v= r-(r” x r”)/kK? and since the handedness of the r’,r”,r’” vectors will change by 
reflection then the sign of r’- (r” x r’”) will change and hence the sign of 7 will also 
change. 


Investigate the relation between the curvature and torsion at corresponding points of 
two space curves which are symmetric with respect to a given point. 

Answer: This is the same as the previous exercise apart from the fact that the r’, r”, r” 
vectors will not change their handedness and hence the two curves should have equal 
curvatures and equal torsions. 


Discuss, in detail, the concept of “1D inhabitant” in the context of classifying the 
properties of space curves. 

Answer: The concept of “1D inhabitant” in its relation to curves is the same as the 
concept of “2D inhabitant” in its relation to surfaces. So, the idea is that such a creature 
is confined to his 1D world (or 1D space which is the curve) and hence his perception 
is restricted to the intrinsic properties of this 1D space since it has no access to an 
embedding space of higher dimensionality (such as 2D surface or 3D ordinary space) to 
have an external view to this 1D space or have any notion about its extrinsic properties. 


Establish a correspondence between the two main parameters of space curve (i.e. cur- 
vature and torsion) and the first and second fundamental forms of space surface. 
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Answer: The curvature and torsion uniquely characterize space curve according to the 
fundamental theorem of curves. Similarly, the first and second fundamental forms of 
space surface characterize space surface (although within certain restrictions) according 
to the fundamental theorem of surfaces. Hence, the curvature and torsion in curves play 
a similar role to the role of the first and second fundamental forms in surfaces. 

Also, the curvature and torsion play in the Frenet-Serret formulae for space curves a 
similar role to the role of the coefficients of the first and second fundamental forms in 
the Gauss-Weingarten equations for space surfaces. 


Discuss the resemblance between « and 7 of space curve and the curvature tensor of 
space surface. 

Answer: It may be claimed that « and 7 of space curve characterize and quantify 
(from an external perspective) the “distortion” that is suffered by the space curve from 
its “ideal” straight and plane state situation since & = 0 for straight line and 7 = 0 for 
plane curve. Similarly, the curvature tensor of space surface characterizes and quantifies 
(from an external perspective) the “distortion” that is suffered by the space surface from 
its “ideal” plane state situation since bag = 0 for plane surface. 


State, in words, the mathematical relation: T = eS, N, SNe using technical terms for 


all the notations and symbols used in this equation. 

Answer: In general curvilinear coordinate systems, the torsion of an s-parameterized 
curve is equal to the scalar triple product of the tangent vector, the normal vector and 
the absolute derivative of the normal vector with respect to s. In the above equation, T 
is the torsion, ¢* is the 3D contravariant absolute permutation tensor, T; is the tangent 
vector, N; is the normal vector, 6N;,/6s is the absolute derivative of the normal vector 
with respect to s, and s is a natural parameter. 


What is the significance of the curvature and torsion of space curves as measures of 
their variation in the embedding space? 

Answer: The curvature « of space curve is a measure of its deviation from its straight 
state and hence « = 0 for straight line. The torsion 7 of space curve is a measure of its 
deviation from its plane state and hence rt = 0 for plane curve. 


What is the relation between the curvature and the radius of curvature of a space curve? 
Is there an advantage in using one of these or the other as the main concept? 
Answer: They are the reciprocal of each other, that is: 


where Rf, is the radius of curvature and « (¥# 0) is the curvature. 

It may be claimed that there is an advantage in using the concept of “curvature” as the 
principal concept instead of “radius of curvature” since the curvature can be defined 
at all points of a smooth curve where a tangent vector is defined, including those with 
vanishing curvature, while the radius of curvature is defined only at those points with 
non-vanishing curvature. 
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Outline the physical significance of the relation: « = |r”. 


Answer: It means that the curvature of a space curve is equal to the magnitude of the 
acceleration along the curve when the time is represented by a natural parameter. 


Express « in terms of r and its first and second derivatives where r is a spatial repre- 
sentation of a curve parameterized by a general parameter tf. 
Answer: ont as 
lr x F| 
K = —3 
Z| 


Express 7 in terms of N’ and B of a naturally parameterized curve. 
Answer: 
7T=N’-B 


Express 7 in terms of r and its first, second and third derivatives where r is a spatial 
representation of a curve parameterized by a general parameter t. 
Answer: an ee 
Pe(EX F) 

Jt x #|? 
What is the relation between the torsion and the radius of torsion of a space curve? 
Answer: The radius of torsion is the absolute value of the reciprocal of torsion, that 
is: 
| 


T 


R,= 


where #, is the radius of torsion and 7 ( 0) is the torsion. 


Define geodesic torsion in words and state its mathematical relation to r and n and 
their derivatives. 

Answer: The geodesic torsion of a surface curve C’ at a given point P is the torsion 
of the geodesic curve that passes through P in the tangent direction of C at P. The 
geodesic torsion T, of a surface curve represented spatially by r(s) is given by the 
following scalar triple product: 


Ty =n: (n' xr’) 


where n is the unit normal vector to the surface and the primes represent differentiation 
with respect to the natural parameter s. 


What is the significance of the relation: tT, = 7 — 42 and what the symbols in this 


relation mean? - 

Answer: This relation, which is known as the Bonnet formula, expresses the geodesic 
torsion 7, in terms of the torsion 7 of the curve and the derivative of ¢ with respect to 
the natural parameter s where ¢ is the angle between the unit normal vector n to the 
surface and the principal normal vector N of the curve. So, when this angle is constant 
(e.g. when n and N are collinear along the curve as it is the case in geodesic curves) 
the geodesic torsion becomes equal to the torsion of the curve. 
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71. What is the condition for the torsion and the geodesic torsion of a space curve to be 


equal? 
Answer: The condition (according to the relation: ig t= which we discussed in 
the previous exercise) is “ — 


72. Prove that along a sufficiently smooth curve represented by r(t), the vector ¥ at a given 
point P on the curve is parallel to the osculating plane at P. 
Answer: We have: 


dr _drds ts 
a ded 


a di _dsd (dr _drd’s — ds d dr ds | drd?s 
dt  dtdt\ds)  dsdt2 dtds \ds/ dt ds dt? 


ds\7 dr | dr d?s ed aes 
= I ae aaa ae a) 


Now, r’ = T (Eq. 5) and r’ = T’ = KN (Eq. 6). Hence: 


i = (8)? r" + ar’ = (8)? KN+8T 


i.e. F is a linear combination of T and N and hence it is parallel to the osculating plane 
since the osculating plane is the span of T and N (or in other words the osculating 
plane is perpendicular to B). 


73. Obtain the equation of the osculating plane of a curve represented parametrically by: 
r(t) = (3cost,2sint,cost + 5sint) at a general point on the curve. 
Answer: We have: 


F dr : : 
— GH = (~Ssint, 2cost, — sint + 5 cost) 
z, dt 
BS (—3 cost, —2sint, — cost — 5sin t) 
i j k 
rxr = —3sint 2cost —sint+5cost | = (—2,—15,6) 


—3cost —2sint —cost—5sint 


B = Per _U(- 215,60) 
lt x 7 /265 
The osculating plane is the plane passing through the point (3 cost, 2sint, cost + 5sint) 
[i-e. the point corresponding to a given t| with normal vector B, that is: 


(—2, —15, 6) 
265 

—2 (x — 3cost) — 15(y — 2sint) + 6 (z — cost — 5sint) 

—2x + 6cost — 15y + 30sint + 6z — 6cost — 30sint 

—27 —15y+6z = 


-(x — 3cost,y — 2sint,z—cost—5sint) = 0 
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Derive the second of the Frenet-Serret formulae using the other two formulae (see Ex- 
ercise 43). 
Answer: 

N = BxT 

N’ = (B’xT)+(BxT’) 

N’ = (-7TN x T)+(Bx KN) 

N = -—7T(NxT)+«(BxN) 

N = -7(-B)+«(-T) 


N’ = 7B-xT 


where line 1 is because T, N,B are orthonormal right handed vector set, line 2 is the 
product rule of differentiation, line 3 is based on using the other two of Frenet-Serret 
formulae, and line 5 is because T, N,B are orthonormal right handed vector set. 


Define Darboux vector d and hence verify that the following relations are valid: 
Te dscL N’=dxN B’/=dxB 
Answer: Darboux vector d is defined by the equation: 
d=7T+«B 


where 7 and « are the torsion and curvature while T and B are the tangent and binormal 
unit vectors. Hence: 


= se or 
= (7T+«B)xT 
(7T x T) + (KB x T) 
0+ (KN) 
= KN 


which is the first of Frenet-Serret formulae (Eq. 12). 


N’ = dxN 

= (71T+«B)xN 
(7*T x N) + (KB x N) 
TB-KT 


which is the second of Frenet-Serret formulae (Eq. 13). 


B’ dxB 


= (7T+«B)xB 
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= (TT x B)+(KB x B) 
(—7TN) +0 
= —TN 


which is the third of Frenet-Serret formulae (Eq. 14). 
76. Explain all the symbols and notations used in the following relation: 
r-(¥ x TY) 
(f-#) (&-#) — (&-¥)? 
Answer: T is the curve torsion, r is the curve spatial representation, the single, double 
and triple overdots represent the first, second and third order derivative of r with respect 


to t where t is a general parameter of the curve in its r(t) representation, the dot (i.e. 
-) is the dot product operator and the cross (i.e. x) is the cross product operator. 


77. Prove that for a curve with helical shape, the Darboux vector is constant along the 
curve. 


Answer: Circular helix is generally parameterized by: 
r (t) = (acost, asint, bt) 


where a and 0 are real constants and ¢ is a general parameter. Accordingly: 


_— _ = (—asint, acost, b) 
ii dr 
Be ae (—acost, —asin t, 0) 
i j k 
ror i= —asint acost b |= (ab sin t, —ab cos t, a”) 


—acost —asint 0 


r (—asint, acost, b) 


tT — % — 
|r| Vaz + b? 
B = rx — (absint,—abcost,a*) — (bsint, —bcost,a) 


jt xe] ava? + b? 7 Va? + b? 


Also, for helix « = =o and 7 = ae (see Eqs. 9 and 10 in Exercise 28). Hence: 


d = 71T+«B 
b  (—asint,acost,b) a _(bsint, —bcost, a) 
a? + b2 Vaz +b? e+ atte 
(—absint,abcost,b?) | (absint, —abcost, a”) 
(2+ Bye (a2 + b2)9/? 
(0, 0, a? + 6?) 
(a2 + 82)3? 
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(0,0, 1) 

Va? + b? 
Now, since a and 6 are constants then the Darboux vector is constant along the curve, 
as required. 


State the Frenet-Serret formulae in a single equation using the Darboux vector. 
Answer: 
(T’, N’,B’) =d x (T,N,B) 


Write down the Frenet-Serret formulae assuming a general curvilinear coordinate sys- 
tem. 


Answer: 

sT! aT’ da 

6s ~ ds | Lig ds maa 

SN? dN? PG ; 

= —4]I",N?—=7B T" 

Os ds tik ds . . 
6B" i sn cate” : 

i a ge 


Give a brief explanation of why the solution of a space curve cannot be obtained in 
general by a direct integration of the Frenet-Serret equations. 

Answer: Direct integration is a very primitive method for obtaining a solution for a 
system of differential equations, and hence it can be useful only for special cases. So, 
in general we need more sophisticated mathematical methods to obtain a solution for 
a system of differential equations like the Frenet-Serret equations. 


Give a brief definition for the osculating circle and the osculating sphere of a space 
curve. 

Answer: The osculating circle of a smooth space curve C' at a given point P on the 
curve is defined as the circle whose radius is the radius of curvature of C at P, it is 
tangent to C' at P, and it is confined to the osculating plane of C’ at P. 

The osculating sphere of a smooth space curve C' at a given point P on the curve is 
defined as the limit of a sphere passing through P and three neighboring points on the 
curve as these three points converge to P. 


How can the osculating circle and the osculating sphere of a space curve be defined 
using the concept of limit? 

Answer: Following the manner of defining the tangent line to a curve as a limit of 
the secant line, the osculating circle to a curve at a given point P may be defined 
geometrically as the limit of a circle passing through P and two other points on the 
curve as these two points converge to P while staying on the curve. The definition of 
the osculating sphere as a limit was given in the answer of the previous question. 
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83. Prove that for a given space curve C’, the binormal lines of C' and the tangent lines to 


84. 


the locus of the centers of spherical curvature of C' are parallel at their corresponding 
points. 
Answer: The equation of the center of spherical curvature of a curve C' at a given 
point P is: 
rs =—Prp -+ aN = —_B 

K TK 
where rg is the position of the center of spherical curvature of C' at P, rp is the position 
of P, B and N are the binormal and principal normal vectors of C' at P, & and 7 are 
the curvature and torsion of C' at P, and the prime symbolizes derivative with respect 
to a natural parameter s of C’. On differentiating this equation with respect to s we 


get: 
dr g ‘ ly : Ke B ; 
iota — r => i — = =e 
ds = K TK 


anid NN! KO! ki! B 
ae K2 K K2 TK 
Ki Ki kK! 
= LS ae +—(7TB—K«Tp)—- =] — — 2 (-TN) 
/ / / 
= Pe Na BS Ta =] B+—N 
K K TK 
T Ki 1! 
[el 
K TK 


rl 
, 
a7 
| 
| res | 
2 )a 
iw) 
_————— 
NY 
ve) 


where in line 2 we use the product rule of differentiation, while in line 4 we use Eqs. 5, 
13 and 14. 

The last line means that the tangent vector as to the locus of the centers of spherical 
curvature of C' is along the orientation of B and hence the binormal lines of C (which 
are along B) and the tangent lines to the locus of the centers of spherical curvature of 
C (which are along as) are parallel at their corresponding points, as required. 


Derive an expression for the position of the center of curvature of a t-parameterized 
twisted curve represented spatially by r(t) in terms of r and its derivatives. 
Answer: The equation of the center of curvature of a curve C' at a given point P is: 


1 
ro =rp+—N 
K 


where rg is the position of the center of curvature of C' at P, rp is the position of P, k 
is the curvature of C' at P, and N is the principal normal vector of C' at P. Now, for a 
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t-parameterized twisted curve represented spatially by r(t) we have: 


_ (kx? 


(REx F] RP 


Hence, the position of the center of curvature rc is given in terms of r (which is sub- 
scripted with P to indicate its association with a given point on C’) and its derivatives 


by: 
2 ( ltp|* ae 
fo = frp 7 os 7 = 


lt p x #p| lt p| |fp x rp| 


7 Ble 2 Vee te fink 
= rp 7m 73 | IP x (fp x rp) 
ip x Tp| 


85. Find the spatial coordinates of the center of the osculating circle of a space curve 
represented by: r(t) = (t, t,t?) at the point with t = 2.6. 
Answer: We have: 


1 
a 1, —~, 2t 
. ( 2vt 
ss ail 
tp = 0, Far? 


ij k 
—3 1 
oo x ° = 0 oA]; 2 = ae 9) AS 
ie emia a ae (i ar) 
Wet 
1 j 1 
: ee 1 
rp (fp Tp) as ie ; & t, — vi, v a) 
Wt 43/2 


Using the formula that we obtained in the previous exercise with rp being the point on 
the curve corresponding to t = 2.6, we get: 


| he oe eee 
Yo = Yrpor = 19) tp X (Ep X fp) 


|p x Tp| 
= 2G, 6, 2.67) + 
124) D = ( ieee OE terrier tame 3V2 6,2 + ——— 
75) + 44 Tene 8 (2.6) 4 (2.6) 4 (2.6) 6) 


I 


(—57.39, —26.69, 19.98) 


86. What is the relation between the osculating circle and the osculating plane at a given 
point of a space curve? 
Answer: The osculating circle lies in the osculating plane. 
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Explain all the symbols involved in the equation: rg = rp + R,N + sgn(rT) R, RIB 
which is related to the center of the osculating sphere. 

Answer: rg is the position vector of the center of the osculating sphere, rp is the 
position vector of the point of the curve to which the osculating sphere belongs, R,, and 
R, are the radius of curvature and the radius of torsion of the curve at the given point, 
N and B are the principal normal and the binormal vectors of the curve at the given 
point, the prime symbolizes differentiation with respect to a natural parameter of the 
curve, and sgn (7) is the sign function of the torsion of the curve. 


Write down the formula for the radius of the osculating sphere explaining all the symbols 
used. 
Answer: 


Irs —rp| = \/ R2 + (RR) 


The symbols are explained in the answer of the previous exercise. 


What is the difference between the concept of parallelism in Euclidean and non-Euclidean 
spaces? 

Answer: In Euclidean spaces parallelism is an absolute property as it is defined with- 
out reference to a peripheral object, while in non-Euclidean spaces parallelism is defined 
in reference to a given curve. 


State the mathematical condition for a vector field to be parallel along a given surface 
curve in terms of its absolute derivative. 

Answer: The necessary and sufficient condition for a vector field A® to be parallel 
along a surface curve u? = u4(t) is that its absolute derivative along the curve vanishes 
identically, that is: 


What is the meaning of describing parallel propagation as path dependent? What are 
the consequences of this dependency? 

Answer: It means that parallel propagation and its implications are dependent on the 
specific curve (or path) along which the propagation takes place. This path dependency 
is more clarified in the following. 

Some consequences of this dependency are: 

e Given two points P,; and P, on a surface, the vector obtained at P) by parallel 
propagation of a vector from P,; along a given surface curve C' connecting P; to P, 
depends on the curve C’. 

e Starting from a given point P on a closed surface curve C’ enclosing a simply connected 
region on the surface, parallel propagation of a vector field around C' starting from P 
does not necessarily result in the same vector field when arriving at P. 


Chapter 3 
Surfaces in Space 


1. Give the mathematical definition of space surface and explain the difference between a 
surface and its trace according to this definition. 
Answer: A surface in a 3D manifold is a mapping from a subset of the parameters 
plane to a 3D space, that is S : Q — R?, where () is a subset of R? plane and S is a 
sufficiently smooth injective function. The image of this mapping in R® is known as 
the trace of the surface. So, the surface technically is a mathematical function while its 
trace is the image of this function in the target space. 


2. What is the mathematical condition for a surface to be regular at a particular point in 
terms of its basis vectors? 
Answer: The condition is that its basis vectors, E; and Ey», at that point are not 
collinear, i.e. E, x E,) 4 0. 


3. State the three main mathematical methods for defining a space surface and compare 
them explaining any advantages or disadvantages in using one of these methods or the 
others in various contexts. 

Answer: A surface embedded in a 3D space can be defined explicitly as z = f(z, y), 
or implicitly as F(z, y, z) =0, or parametrically as x(u!,u?), y(u',u?), z(u', u2) where 
u' and u? are the coordinates on the parameters plane. 

The first method is the most explicit, intuitive and straightforward and hence it should 
be preferred as a first choice when there is no other factor dictating or favoring the use 
of the other methods. The main limitation of this method is that it is rather simple 
and technically primitive and hence it does not lend itself to sophisticated mathematical 
manipulation and management. Moreover, it is not available always since the mathe- 
matical relation that represents the surface may not lend itself to this explicit form. 
The second method is second in the aforementioned factors and hence it may be pre- 
ferred as a second choice when the first method is not available. 

The third method is the most sophisticated and general method and hence it lends 
itself to mathematical manipulation and management more easily and naturally and 
can deal with more complex mathematical situations that the other two methods may 
not be capable to do. 


4. Classify the three methods of the last question into two main categories and discuss 
these categories. 
Answer: The three methods can be classified as direct (which includes the first and 
second methods) and indirect (which includes the third method). In the first category 
the space surface is described directly by the three spatial coordinates of the surface 
points according to a given 3D coordinate system where these coordinates are linked by 
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a single functional relation, while in the second category the space surface is described 
parametrically using two independent parameters to determine the three spatial coor- 
dinates of the surface points according to a given 3D coordinate system and hence three 
functional relations are needed, i.e. one parametric relation for each coordinate. 


5. What “coordinate patch of class C”’ means? What are the mathematical conditions 
that should be satisfied by such a patch? 
Answer: A coordinate patch of a surface is an injective, bicontinuous, regular, para- 
metric representation of a part of the surface.!'41 Technically, a coordinate patch of 
class C” (n > 0) on a space surface S is a functional mapping of an open set 2 in the 
uv parameters plane onto S that satisfies the following conditions: 
e The functional mapping relation is of class C” over 2. 
e The mapping is one-to-one and bicontinuous over 2). 
e E, x E, 4 0 at any point in 2 where EF, and Ez are the surface basis vectors. 


6. Show that a Monge patch of the form r(u, v) = (u,v, f(u, v)) is regular of class C” if f 
is of this class. 
Answer: By definition, r(u,v) = (u,v, f(u,v)) is of class C” since f is of this class. 
So, what we need is to show that it is regular. Now: 


EF, = Our = (1, 0, Ouf) 
E» = Opt = (0, 1, Ovf) 
E, x E» = (-Ouf, —Orf, 1) # 0 


and hence it is regular. 


7. Give a rigorous definition of “tangent vector” of a surface curve at a particular point on 
the surface. 
Answer: A tangent vector v of a surface curve C' at a particular point P on the surface 
S is given mathematically by: 


where c is a real constant (c # 0), r = r(t) is the spatial parametric representation 
of the curve with t being a general parameter, and the subscript P indicates that the 
derivative belongs to the point P where the curve is assumed regular there. In terms 
of the surface coordinates, the above equation can be expressed as: 


7 Or p du Orpdv\ | du dv 
vae( = dt © Ov z) =0(EG +g | 


where the spatial representation of C’ is parameterized as r(u(t), v(t)) and E, and E, 
are the surface basis vectors at P. Accordingly, v is a linear combination of the surface 
basis vectors at P and hence it belongs to the tangent space of S' at P. 


[14] The patch may include the entire surface as a special case when the whole surface can be represented 
by a single patch. 
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8. How is the tangent plane of a surface at a particular point related to the basis vectors 


10. 


of the surface at that point? 
Answer: The tangent plane is a linear combination of the surface basis vectors, E, 
and Eg, at that point. In other words, the tangent plane is the span of E, and Ey. 


. Find the equation of the tangent plane to the ellipsoid that is represented parametrically 


by: r(6,¢) = (2sin@ cos ¢, 1.5sin@ sin ¢, 0.5cos@) at the point with @ = 1.3 and ¢ = 
0.72. 
Answer: We have: 


E, = Osr = (2cos6@cos@, 1.5cos@sin ¢, —0.5sin 6) 
E, Ogr = (—2sin@ sin ¢, 1.5 sin 6 cos ¢, 0) 
E, x Ey = (0.75 sin’ 6 cos ¢, sin? @ sin ¢, 3. cos @ sin 0) 


The tangent plane is the plane passing through the given point (i.e. the point with 
6 = 1.3 and @ = 0.72 which we can label as P) and having a normal vector E, x E» 
corresponding to 6 = 1.3 and ¢ = 0.72, that is: 


(r—rp):-(E, x E,) = 0 
r- (BE, x Ey) —rp-(E, x Eo) = 0 
r-(E, x FE.) = rp-(E; x Ep) 
£0.75 sin? @cos¢+ ysin?@sind+ z3cos@sind = 1.5sin0 
£0.75 sin” 1.3 cos 0.72 + ysin? 1.3sin 0.72 + 23cos1.3sinl1.3 = 1.5sin1.3 
0.52352 + 0.6122y + 0.77332 ~ 1.4453 


Find the equation of the tangent plane of a surface represented parametrically by: 
r(u,v) = (6v, 2u, 1.4u? + 6) at the point with u = 1.2 and v = 3.6. 
Answer: We have: 
E, = Oy = (0,2, 2.8u) 
EF, Ope = (6,0;0) 
E, x E, = (0,16.8u,—12) 


The tangent plane is the plane passing through the given point (i.e. the point with 
wu = 1.2 and v = 3.6 which we can label as P) and having a normal vector E; x Eg 
corresponding to u = 1.2 and v = 3.6, that is: 


(r—rp)-(E, x Ey) = 0 
r-(E, x Ey) —rp- (BE, x Ey) = 0 
r-(E, x Ey) = rp-(E; x Ey) 
y16.8u — 12z 16.8u? — 72 
y16.8 (1.2) — 122 16.8 (1.2) = 72 
20.16y—12z2 = —47.808 
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Show that for a circular cone the tangent plane at all points of any one of its generators 
is the same. 
Answer: A cone is represented parametrically in a 3D space by: 


r(p,d) = (pcos ¢, psin ¢, cp) 


where p,@ are polar coordinates (p > 0 and 0 < @ < 27) and c is a positive constant. 
Hence, we have: 


E, = 0,r = (cos 4@, sing, c) 


E, = Ogr = (—psin ¢, pcos ¢, 0) 
BE, x E, = (=¢p cos @, —cp sin ¢, p) 
|E, x Ey) = 1 2p? cos? 6 + 2p? sin? b + p? =pvC7+1 
E, x Eo (—ccos ¢, —csin @, 1) 
n — — 
[Ey x Ep| ce+1 


Now, along a generator of a circular cone only p varies. Moreover, the above equation 
shows that n is independent of p which means that n is constant along the generator. 
In more technical terms, along the generator Ogn = 0 (since ¢ is constant) and 0,n = 0 
(since n is independent of p) and hence n is constant. Therefore, the tangent plane 
(which is determined by n) along any generator of cone is the same, as required. 


Discuss the following statement explaining its meaning in simple words: “The tangent 
space at a specific point P of a surface is a property of the surface at P and hence it is 
independent of the patch that contains P”. 

Answer: It simply means that the tangent plane is determined by the local properties of 
the surface, namely the properties of the point to which the tangent plane belongs, and 
hence it does not depend on the patch to which the point belongs, i.e. it is independent 
of any local or global extension over the surface. 


Does the tangent space of a surface at a given point depend on the particular parame- 
terization of the surface? 

Answer: No, it does not depend on the particular parameterization of the surface 
because it is a property of the surface at the specific point and not a property of the 
particular parameterization. 


Find the equation of the plane that passes through the point (—1,3,—9) and spanned 
by the two vectors (3, 0.5, 1.2) and (0.9, 3, 6.8). 

Answer: The normal vector to the plane is given by the cross product of the two 
vectors, that is: 


(3, 0.5, 1.2) x (0.9, 3, 6.8) = (—0.2, —19.32, 8.55) 
Hence, the equation of the plane is given by: 


[(z, y, 2) — (—1,3, —9)] - (—0.2, -19.32,8.55) = 0 
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(x,y, 2) « (—0.2, —19.32, 8.55) — (—1,3, —9) - (—0.2, -19.32,8.55) = 0 
~0.27 — 19.32y + 8.552 +134.71 = 0 


Define, mathematically, the normal unit vector n of a surface at a given point in terms 
of the two basis vectors of the surface at that point. 


Answer: It is given by: 
Ey x Eo 


n= —— 
|E, x Eo| 
where E; and Ez are the surface basis vectors at the given point. 
Calculate, symbolically, the normal unit vector n at a general point of a surface defined 


by: S(x,y) = (x,y, f) where f = f(x,y) is a differentiable function. 
Answer: We have: 


EF, oa 0,8 = (1,0, 0zf) 


E» = 0,8 =a (0, 1, Oyf) 
E, x E» = (=05f, =0,5, 1) 
— E, x EK, = (-Ozf, —0,f,1) 


Br Bal [anf) + Of)? +1 


Find the equation of the normal line of a hyperboloid of one sheet given by: r(&,@) = 
(1.6 cosh€ cos, 2.1 cosh€ sin@, 0.4sinh€) at the point with € = 3.2 and 0 = 1.5. 
Answer: We have: 


E, = Or = (1.6sinh€cos6, 2.1sinh€ sin, 0.4 cosh €) 
E2 Oor = (—1.6 cosh € sin 0, 2.1 cosh € cos 0, 0) 
E, x Ey = (—0.84 cosh? € cos 6, —0.64 cosh? € sin 6, 3.36 sinh € cosh é) 


The equation of the normal line is given by: 


r= rp+k(E, x E,), 
(x,y,z) = (1.6cosh3.2 cos 1.5, 2.1 cosh3.2 sin 1.5, 0.4sinh3.2) + 
k; (—0.84 cosh? 3.2 cos 1.5, —0.64 cosh? 3.2 sin 1.5, 3.36 sinh 3.2 cosh 3.2) 
(x,y,z) ~& (1.3906 — 8.9700k, 25.7373 — 96.3734k, 4.8984 + 505.5484k) 
where r is the position of an arbitrary point on the normal line, rp is the position of 


the given point on the surface (i.e. the point with € = 3.2 and @ = 1.5), k is a real 
parameter (—co < k < oo), and the subscript P refers to the given point. 


Find the equation of the normal line of a surface represented by: r(u,v) = (3u, u?+v, 5v) 
at the point with wu = 2.5 and v = —-1.8. 
Answer: We have: 


E, = d,r = (3, 2u,0) 
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E, = 0,r =(0,1,5) 
E, x Ep (10u, —15, 3) 


The equation of the normal line is given by: 


r= rp +k(E, x E,), 
(x,y,z) = (3x 2.5,2.5? — 1.8, -5 x 1.8) +k (10 x 2.5, -15, 3) 
(x,y,z) = (7.5,4.45, -—9) + k (25, —15, 3) 
(x,y,z) = (7.5+ 25k, 4.45 — 15k, —9 + 3k) 
where r is the position of an arbitrary point on the normal line, rp is the position of 


the given point on the surface (i.e. the point with u = 2.5 and v = —1.8), k is a real 
parameter (—co < k < oo), and the subscript P refers to the given point. 


Define “Monge patch” giving its three forms. Which of these forms is the most common 
in use? 

Answer: Monge patch is a coordinate patch in a 3D space defined parametrically by 
one of the following three forms: 


r(u,v) = (f(u,v), u,v) 
r(u, v) (u, f(u, Vv), v) 
(u,v, f(u, v)) 


where f is a differentiable function of u and v. The most common form in use is the 
third form. 


r(u, v) 


Define, briefly, the following terms with some examples representing these concepts: 
simple surface, simply connected region on a surface, closed surface, compact surface, 
elementary surface, oriented surface and developable surface. 

Answer:!!51 

Simple surface is a continuously deformed plane by compression, stretching and bending 
such as cylinders and cones. 

Simply connected region on a surface is a region with no holes or gaps that separate its 
parts such as the region identified by -3 <x <9 and 5 <y < 11 on the zy plane. 
Closed surface is a simple surface with no open edges such as spheres and ellipsoids. 
Compact surface is a surface which is bounded and closed such as tori and ellipsoids. 
Elementary surface is a simple surface that possesses a single coordinate patch basis, 
and hence it is an orientable surface which can be mapped bicontinuously to an open set 
in the plane. Examples of elementary surface are planes, cones and elliptic paraboloids. 
Oriented surface is an orientable surface over which the direction of the normal vector 
is determined such as spheres or cylinders with outward normal vectors. 

Developable surface is a surface that can be flattened into a plane by unfolding without 
local distortion by compression or stretching such as cylinders and cones. 


[15] The purpose of these definitions is to provide a general idea about these concepts. For rigorous and 


technical definitions the reader should consult the specialized literature. 
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Which of the following is a simple surface and which is not: cylinder, hyperboloid of 
two sheets, torus, Klein bottle, and elliptic paraboloid? 

Answer: 

Cylinder, hyperboloid of two sheets, torus and elliptic paraboloid are simple. Klein 
bottle is not simple. 


Is the surface represented by the equation: x? + y? + z? = 9 compact? What about the 
surface represented by: x? — y? — 22 = 4? 

Answer: The first surface is a sphere and hence it is compact. The second surface is 
a hyperboloid of two sheets and hence it is not compact. 


Why the Mobius strip is not an orientable surface? Give another example of a non- 
orientable surface. 

Answer: Because a normal vector moved continuously around the Mobius strip from 
a given point will return, following a complete round, to that point in the opposite 
direction. Another example of a non-orientable surface is Klein bottle. 


What is conformal mapping? What is direct and inverse conformal mapping? 
Answer: Conformal mapping is a differentiable regular mapping between two surfaces 
that preserves the size of the angles between oriented intersecting curves on the surfaces. 
Conformal mapping is described as direct if it preserves the sense of the angles and 
inverse if it reverses it. 


Describe stereographic mapping making a simple sketch representing this type of map- 
ping. 

Answer: Stereographic mapping is a projection of the unit sphere onto a plane where 
each point of the sphere is projected, through the line connecting this point to the north 
pole of the sphere, onto the point of intersection of that line with the plane. This plane 
is the tangent plane to the sphere at its south pole. A simple sketch of stereographic 
mapping is shown in Figure 14. 


Prove that stereographic mapping is conformal. 

Answer:!'*l The essence of the following proof is to show that if C, and Cy are two 
arbitrary curves on the stereographic sphere S, where C; and C, intersect at a given 
point P on S, then the angle a between their tangents 7, and T> at P is equal to the 
angle a@ of intersection of the stereographic images of these tangents on the stereographic 
plane II,. We rely in this on the intuitive premise that the tangent to a given curve C’ on 
S, at a given point P is stereographically projected on the tangent of the stereographic 
image of C at the stereographic image P of P. Accordingly, if the angle between the 
two tangents on S, is equal to the angle between their images on II, then the angle 
between the two curves on S, should also be equal to the angle between their images 


[16] There are different ways for proving the conformality of stereographic mapping. The proof that we 


present here is rather simple. We also rely in some steps on intuition or known geometric facts whose 
proof can be found in the literature. 
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Figure 14: A simple sketch of stereographic mapping where the points P,; and P, on 
the unit sphere are projected respectively on the points P, and P; on the plane with N 
representing the north pole of the sphere. 


on II,. 

So, let start by claiming that if PA is a straight line segment that is tangent to S, at 
P and meets H, at point A then the length of PA (where P is the stereographic image 
of P) is equal to the length of PA itself (this claim is justified in the upcoming note). 
Also let assume that 7, and 7) meet II, at points A and B. Now, the tangent triangle 
PAB and the image triangle PAB have a common side AB; moreover, PA and PA are 
equal in length and PB and PB are also equal in length. Therefore, the two triangles 
are identical due to the equality of their three sides and hence the angle APB and the 
angle APB are equal (i.e. a = @), as required. 

Note: in this note we justify the claim that if PA is a straight line segment that is 
tangent to S, at P and meets II, at point A then the length of PA is equal to the 
length of PA. First, let stat from a simple case where the tangent is along a meridian 
of the sphere and for the sake of simplicity (with no loss of generality) we can assume 
that this meridian is contained in the xz plane. Referring to Figure 15 (left frame) we 
note the following:!"7] 

ZNPS = 7/2 because it subtends the diameter. Hence, 7SPP = 1/2. 

ASAP is isosceles because AP and AS are tangents to S, and hence AS = AP. 
Therefore, ZPSA = ZSPA. 

ZPPA+ZPSA = 1/2 because ASPP is aright triangle. Also, ZPPA+ZSPA = 71/2 
because ZSPP = 7/2. Hence, ZPPA = ZPPA because ZPSA = ZSPA. Therefore, 
APAP is isosceles and PA = PA. Accordingly, the above claim (ie. “if PA is a 


[17] Here, we use Z for angle and A for triangle. Also, for simplicity we use equalities like AS = AP to 
mean the equality of the lengths of these segments. 
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Figure 15: The left frame is a 2D plot of the stereographic device where the stereographic 
sphere S, is represented by a great circle (with N and S representing its north and south 
poles), the stereographic plane II, is represented by the horizontal line (i.e. x-axis), and 
PA is a tangent segment to S, at P (along the meridian that passes through P) with P 
being the stereographic image of P. The right frame is a 3D plot of the stereographic 
device where PA is a tangent segment to S, at P with P being the stereographic image of 
P while point B is the midpoint of the segment SP and hence point B in the right frame 
corresponds to point A in the left frame. 


straight line segment ... etc.”) is justified in this simple case. We should also note that 
since AS = AP and AP = AP then AS = AP and hence A is the midpoint of the 
segment SP. 

Now, let generalize this simple case by having a tangent to S, at P that is not along 
the meridian. Such a tangent should lie in the tangent plane of S, at P and for the 
sake of simplicity (with no loss of generality) we can assume that P is in the xz plane 
and hence the tangent plane of S at P is parallel to the y-axis. Referring to Figure 15 
(right frame noting that B in this frame corresponds to A in the left frame) we note 
the following: 

AB is a common side to AABP and AABP. 

PB = PB according to our finding earlier in the simple case where B here corresponds 
to A there. 

ZABP = 7/2 because AB is the intersection of the xy plane with the tangent plane 
(which is parallel to the y-axis) and BP is the intersection of the xz plane with the 
tangent plane (which is parallel to the y-axis). 

ZABP = 7/2 because AB is the intersection of the xy plane with the tangent plane 
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(which is parallel to the y-axis) and BP is the intersection of the xz plane with the ry 
plane (which contains the y-axis). Hence, ZABP = ZABP. 

Therefore, the two triangles (i.e. AABP and AABP) are identical due to the equality 
of two corresponding sides and the angle between and hence PA = PA, as required. 


Define isometric mapping giving an example of such mapping between two types of 
surface. 

Answer: Isometric mapping is a one-to-one mapping between two surfaces that pre- 
serves distances. An example of isometric mapping is the projection of a rectangular 
plane sheet onto a cylinder. 


What are the mathematical conditions for two surfaces to be isometric? Does isometry 
relate to the intrinsic or extrinsic properties of the surface and why? 

Answer: The necessary and sufficient condition for a mapping from surface S' to surface 
S to be isometric is that the coefficients of the first fundamental form for any patch 
on S' are identical to the corresponding coefficients of the first fundamental form of its 
image on S, that is: 


E=f pike ob G=G (21) 


where LE, F,G and E, F,G are the coefficients of the first fundamental form of S and S$ 
respectively at their corresponding points. Isometry relates to the intrinsic properties 
of the surface because the defining conditions of isometry are based on the coefficients 
of the first fundamental form of the surface. 


What is the distinctive property of an isometric relation between two surfaces in terms 
of angles, arc lengths and areas defined on the two surfaces? 
Answer: Isometric mapping preserves angles, arc lengths and areas. 


What is the relation between conformal mapping and isometric mapping? 

Answer: Isometric mapping is a subset of conformal mapping because every isometric 
mapping is conformal (since it preserves angles) but not every conformal mapping is 
isometric (since preserving angles does not necessarily mean preserving distances). 


What is local isometry? What is the difference between local isometry and global 
isometry? 

Answer: Local isometry is a mapping that preserves distances but it is not injective. 
Global isometry is injective but local isometry is not. 


Show that Eq. 21 applies to local isometric mapping. 

Answer: Global and local isometry are identical apart from being injective or not 
(which is an extensive attribute since it is based on the relation between the two surfaces 
on a large scale). Now, the conditions in Eq. 21 are entirely related to the intrinsic 
properties of the surfaces at the individual points with no indication to any extensive 
attribute over the surface (such as being injective or not) and hence if they apply to 
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global isometry (as they do) they should also apply to local isometry. Accordingly, Eq. 
21 applies to local isometry as to global isometry. The reader is also referred to Exercise 
81. 


A surface S$; is mapped isometrically onto another surface Sj. How will the intrinsic 
properties of S$, be affected by this mapping? 

Answer: The intrinsic properties are invariant under isometric mapping and hence the 
intrinsic properties of S; will not be affected by this mapping. 


Make a clear distinction between the tangent surface of a curve and the tangent plane 
of a surface describing each of these briefly. 

Answer: The tangent surface of a space curve is a surface generated by the assembly 
of all the tangent lines to the curve while the tangent plane is a plane made of all the 
tangent vectors to the surface at a given point on the surface. We note the following 
differences between the two: 

e Tangent surface belongs to a curve while tangent plane belongs to a surface. 

e Tangent surface is a surface and hence it is twisted in general while tangent plane is 
a plane. 

e Tangent surface belongs to the curve as a whole and hence there is a single tangent 
surface to a given curve while tangent plane belongs to a point on a surface and hence 
there are infinitely many tangent planes to a given surface. 


What is the meaning of “branch of the tangent surface of a curve C’ at a given point P 
on the curve”? 
Answer: It is the tangent line of C’ at P. 


Give a brief definition of involute and evolute. 

Answer: Involute is a space curve C; embedded in the tangent surface of another space 
curve C, and it is orthogonal to all the tangent lines of C, at their intersection points. 
The curve C, is described as the evolute of the curve C;, i.e. C; is an involute of C. 
and C;, is an evolute of C;. 


Write down a general mathematical relation representing the position vector of a point 
P on a space surface as a function of the surface coordinates, u! and u?, where the 
surface is embedded in a 3D Euclidean space coordinated by a rectangular Cartesian 
system. 
Answer: 

r(u',u’) = 2(u', ue, + y(u', u7)eo + z(u’, u”)eg 


where r is the position vector of a point on the surface as a function of the surface 
coordinates u! and u?, x,y,z are the Cartesian coordinates of the point which are also 
functions of the surface coordinates, and e;, e2,e3 are the Cartesian basis vectors. 


Describe, in detail, how a coordinate grid is constructed on a space surface with a clear 
definition of the coordinate curves used to build this grid. 
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Answer: We start by adopting a coordinate plane identified by two mutually indepen- 
dent coordinates, say u' and u?. This coordinate plane corresponds to the surface by a 
given mapping and hence any point on the surface can be identified by two coordinates 
from the coordinate plane. We then construct a surface grid serving as a curvilinear 
positioning system for the surface by constructing coordinate curves where one of the 
surface coordinate variables is held fixed in turn while the other is varied. Hence, each 
one of the following two surface functions: 


r(u', ca) and r(c1,u’) 


defines a coordinate curve for the surface, where c, and cy are given real constants. 
These two coordinate curves meet at the common surface point (c;,c2). The grid is 
then generated by varying c,; and c2 uniformly to obtain coordinate curves at regular 
intervals in its domain. 


39. Make a simple and fully labeled sketch of a space surface coordinated by a curvilinear 
erid with the two covariant surface basis vectors and the unit normal vector to the 
surface at one point. 

Answer: The sketch should be similar to Figure 16. 


Figure 16: A space surface identified by a coordinate grid with the surface covariant basis 
vectors, E; and Ez, and the normal vector to the surface n at a particular point on the 
surface. 


40. A surface is represented spatially by: r(u,v) = (u,5,2v). Discuss the type and the 
main properties of this surface. 
Answer: This is obviously a plane as can be easily verified by noting that: 


E, = 0,r = (1,0,0) 


E, = OQr= (0, 0, 2) 
E, x Ey = (0, —2,0) 
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i.e. the normal vector to the surface is constant over the entire surface and hence the 
surface must be a plane. We also note that since the y coordinate of r is constant then 
the surface is parallel to the xz plane. This can also be easily concluded from the fact 
that the normal vector to the surface has only a y component. So in brief, this surface 
is a plane parallel to the xz plane. 


Define, symbolically, the covariant basis vectors of a space surface in terms of the 
coordinates of the ambient space x’ and the coordinates of the surface u®. 
Answer: 

Ox" 
= aye 
where E,, represents covariant basis vectors of the surface, e; represents basis vectors 
of the ambient space, and 2 = 1,2,3 and a = 1,2. 


E, 


Give the symbol used in tensor notation to represent the surface basis vectors Eq. 
From analyzing this symbol, describe how the surface basis vectors can be regarded as 
covariant and contravariant vectors at the same time. 
Answer: The symbol is x’, which can be defined as: 


Ox* : 
dum = [ al 


Ly 
where the symbols are explained in the previous question. Accordingly, the surface 
basis vectors, as defined by this symbol, can be seen as 2D covariant surface vectors (by 


noting their a index) or as 3D contravariant space vectors (by noting their 7 index). 


Write, in full tensor notation, the equation representing the covariant form of the unit 
normal vector to a space surface. 
Answer: 

y= Be Cin POt 
where n, is the covariant form of the unit normal vector n, €®’ is the absolute con- 
travariant permutation tensor for the surface, €;,;, is the absolute covariant permutation 
tensor for the space, and x/, = Ox) /Ou* and xs = 0x /du? are surface basis vectors. 
The Latin indices range over 1,2,3 while the Greek indices range over 1,2. 


Although E, and Fy are linearly independent at the regular points of the surface they are 
not necessarily orthogonal or of unit length. Is it possible to construct an orthonormal 
set of basis vectors from E, and E,? If so, how? 

Answer: Yes, it is possible to construct an orthonormal set of basis vectors from EF, 
and Ey, by orthonormalization, that is: 


Ei EF, E 041 B2 — ay2E, 


= 7 = and = 
= |E; | fA11 4 1/114 


where a is the determinant of the surface covariant metric tensor, the indexed a are the 
coefficients of this tensor, and E, and E, are orthonormal surface basis vectors. 
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45. 


46. 


AT. 


Following a transformation from an unbarred surface coordinate system to a barred 
surface coordinate system, what are the mathematical expressions representing the 
barred basis set, E, and Es, in terms of the unbarred basis set, E, and E,? Give these 
expressions in vector and tensor notations. 

Answer: They are: 


_ Or Ou® 
E, = —=E,— 

2 due ue 
Oue Ou? Ou 


where r is the spatial representation of the surface, the indexed u are the surface coor- 
dinates, x’ is the 7” spatial coordinate, and a, 8 = 1,2 and i = 1,2,3 with summation 
over (3. 


Define, descriptively and mathematically, the set of contravariant basis vectors for a 
space surface discussing how these vectors can be regarded as covariant and contravari- 
ant vectors simultaneously. 
Answer: The contravariant basis vectors E® for a space surface are defined as the 
gradient of the surface coordinate curves with respect to the spatial coordinates, that 
is: 
E* = Vu" 

where V = ena (with x’ being the i” spatial coordinate) and u® is the a” surface 
coordinate. From the tensor notation of these vectors which is given by: 

Ou 


[E*|, = Fal (eS? and: 4,253) 


we can see that these vectors are covariant space vectors considering their 2 index and 
contravariant surface vectors considering their a index. 


How can the covariant and contravariant basis sets of a space surface be obtained from 
each other? State this in words and mathematically defining all the symbols involved. 
Answer: The surface covariant basis vectors are obtained from the surface contravari- 
ant basis vectors by using the index lowering operator (which is the surface covariant 
metric tensor) while the surface contravariant basis vectors are obtained from the sur- 
face covariant basis vectors by using the index raising operator (which is the surface 
contravariant metric tensor), that is: 


Ey = op? and | ie a*’ Eg 


where E, and Eg are the surface covariant basis vectors, E®° and E® are the surface 
contravariant basis vectors, and agg and a°? are the covariant and contravariant forms 
of the surface metric tensor. 
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48. 


49. 


50. 


5. 


What is the significance of the following relation involving the covariant and contravari- 
ant surface basis vectors and the Kronecker delta: E, - E® = 68? 

Answer: It represents the fact that the covariant and contravariant forms of the sur- 
face basis vectors are reciprocal vector sets, i.e the dot product of their corresponding 
vectors is unity while the dot product of their non-corresponding vectors is zero which 
means they are orthogonal. 


Define, mathematically, the coefficients of the surface covariant metric tensor in terms 
of the surface covariant basis vectors in Euclidean and Riemannian spaces. 
Answer: They are given in Euclidean and Riemannian spaces respectively by: 


= Oi> JOR 00 Or 

~ Ou® due due due 

_ Or Or _ Oz' Oz! 

= Bue Bub ~ 9 9ue Ow 

where @qg are the coefficients of the surface covariant metric tensor, E, and Eg are the 
surface covariant basis vectors, r is the spatial representation of the surface, u® and 


aap = Eia* Bg 


aap = EK. - Eg 


u® are the surface coordinates, x’ and 2 are the space coordinates, g;; is the space 
covariant metric tensor, and a, G = 1,2 while 7,7 = 1, 2,3. 


Give the fundamental relation that provides the important link between the metric 
tensor of a surface and the metric tensor of its enveloping space. 
Answer: It is: 

ap = Jig TyXs (22) 
where dag is the surface covariant metric tensor, g;; is the space covariant metric tensor, 
x’ and x are the coordinates of the enveloping space, the subscripts a and 3 symbolize 
partial derivatives with respect to the surface coordinates u® and u°, and a, 3 = 1,2 
while 7,7 = 1,2,3. As explained earlier, x’, and a represent surface basis vectors in 
tensor notation. It should be obvious that this equation is the same as the second 
equation in the previous question with minor notational difference. 


Find the surface basis vectors, E, and Ey, and the coefficients of the first fundamental 
form of a surface parameterized by: r(u,v) = (awcosv, busin v, cu”) where a,b,c are 
constants. 

Answer: We have: 


E, = O,r = (acosy, bsinv, 2cu) 
E, = Or = (—ausinv, bu cos v, 0) 
E = E,-E, =a’ cos*v+ b’ sin? v + 4c?u? 


F 
G =7 E2 - Ey 


= —a*u cos usin v + b?u sin v COS U 


Tl 

Ass 

iS 
| 


a7u? sin? v + b7u? cos? v 
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52. Find, symbolically, the first fundamental form of a surface represented by: r(u,v) = 
(fi(u), fo(u),v) where f; and fg are continuous functions of the given coordinate. 
Answer: We have: 


E, = Or= (Oufi, Oufe, 0) 

Ee = opr = (0, 0, 1) 

E = Ey E, = (0uft)? + (Oufo)” 
F = E,:-E.=0 

G = Ey-Eo=1 


Hence, the first fundamental form of the surface is: 


Ig = E(du)? + 2F dudv + G(dv)? 
= [(Ouft)” + (Oufe)*] (du)? + 0 + (dv)? 
= (dud,f,)’ + (dudufo)? + (dv)? 


53. Given the fact that for 3D Cartesian systems: Ig = (dx')? + (dx?)? + (dx)? plus the 
transformation equations from spherical to Cartesian coordinates in 3D, derive Is for 
spherical coordinate systems. 

Answer: The transformation equations from spherical to Cartesian are: 


x = rsin@ cos ¢ x? =rsinésind x? =rcosé 


Hence: 


dz) = (Sars Fa a4 D6 7d) rin e086 


Or 
= sin @cos oo + rcos6 cos dd — r sin @ sin ddd 
O 0 
9 . : 
da = (Fares = r sin ésin@ 
= sin@sin a +rcos@sin ¢dé + rsin @ cos ¢d@ 
O 0 
3 
i = (Sart 55 H+ Jao) r cos @ 


= cos@dr —rsinédé 
Hence, Is for spherical coordinate systems is: 


Is = (de!) + (de®)” + (da*)” 
= (sin@cos¢dr +r cos cos ¢dé — r sin é sin odo)” + 
(sin @ sin ¢édr + r cos @ sin éd@ + r sin @ cos odd)? + 
ce 6dr — r sin 6d0)” 
sin? 0 cos? ¢ (dr)” + 2r cos 6 sin 6 cos? ¢drd@ — 2r sin? 6 sin ¢ cos ddrdd + 
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r? cos? 6 cos” ¢ (d0)” — 2r? sin 0 cos @ sin ¢ cos ddOd¢ + 
r? sin? @ sin? 6 (dd)? + 
sin? @ sin? (dr)? + 2r sin @cos@ sin? ddrd6 + 2r sin? 6 cos ¢ sin ddrdd + 
r? cos? 0 sin” ¢ (d0)” + 2r? sin 6 cos 0 cos ¢ sin ddOdd + 
r? sin? 6 cos? ¢ (d¢)* + 
cos? @ (dr)? — 2r cos @ sin Odrd@ + r? sin? 6 (d0)” 

= (dr)? +r? (d0)? +r? sin? 6 (dd)” 


which is the well known expression for the square of line element [i-e. (ds)?| in spherical 
coordinate systems. 


54. Given the fact that for 3D Cartesian systems: Is = (dx')? + (dx?)? + (dx*)? plus the 
transformation equations between general curvilinear and Cartesian coordinate systems 
in 3D, prove that for general curvilinear systems: Is = dagdudu?. 

Answer: In this answer, we label the general curvilinear coordinates with q',q’, q° 
while the Cartesian coordinates are already labeled with x!,x?,xv°. We also use r = 
(x!,a?,2°) and hence dr = (dz',dx?,dx*). The transformation equations between 
general curvilinear and Cartesian coordinate systems in 3D are: 
On 12: Or, 
= —d¢’ or dr = —dq’ 
Og : Oqi 4 

where 7,7 = 1,2,3. Now, from the definition of the surface covariant metric tensor aq 

we have: 


dx' 


aap = E, ‘ Ez 
(E, - Eg) dudu? 


= & : =) du“du® 


dogduedu? 


= (da dar da”) : (dx', dx”, dx*) 
= (dx')’ + (da?)* “+ (da?)* 
ee 


55. Define, mathematically, each of the following vectors: x), x7, x3, x‘, vi. Also, discuss 
their attributes as space and surface vectors and their variance type. 
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56. 


57. 


58. 


Answer: We have:!!®| 


; On 0G! 3 OF 0 4 Oe Or" 
era (eee ee sa eee | 
is Ou!’ Ou? = Ou!’ Ou? - Ou!’ du? 
did On On 0r* fe! On) (On. 0r" 

: Ou!’ Ou!’ dul 2 Ou?’ Ou?’ Ou? 


Hence, x1, x2, x® can be seen as three space vectors which are covariantly-transformed 


with respect to the two surface coordinates u® while x}, 2} can be seen as two surface 
vectors which are contravariantly-transformed with respect to the three space coordi- 
nates x’. 


Discuss how a surface vector can also be considered as a space vector stating the math- 
ematical link between the surface and space representations. Are these representations 
equivalent? If so, how? 
Answer: A surface vector A® (a = 1,2), defined as a linear combination of the surface 
basis vectors E, and Ez, can also be considered as a space vector A’ (i = 1, 2,3) where 
the two representations are linked through the relation: 

On 


At = ——A®*% = 2 A® 23 
Ou Ley ( ) 


The two representations are equivalent because: 
An pA° A? = 9ij%',27, AX AP = gig, A°a, AP = gi A’ A? 
where Eq. 22 is used in the first equality while Eq. 23 is used in the last equality. 


Write down, using tensor notation, the mathematical relation that correlates the surface 
basis vectors to the unit normal vector to the surface. 

Answer: 

= ee. acon 


a 
Lo 


where x’, and ne represent the covariant and contravariant surface basis vectors, ¢’* 


is the space contravariant absolute permutation tensor, €,, is the surface covariant 
absolute permutation tensor, and nz is the unit normal vector to the surface. 


What is the significance of the following relation which involves the surface contravari- 
ant and covariant metric tensors and the Kronecker delta: a°7 ayg = 0%? 

Answer: It means that the contravariant surface metric tensor and the covariant sur- 
face metric tensor are inverses of each other. 


[18] We note that there may be an abuse of notation in the following equalities. However, our objective is 


to interpret these symbols rather than setting equalities. An equivalence symbol, i.e. =, may be more 
appropriate than an equality symbol. 
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59. 


60. 


61. 


62. 


63. 


64. 


Give the matrix [a*? | that represents the contravariant form of the surface metric tensor 
in terms of the coefficients of the first fundamental form. 


Answer: 
EG-—F?|-—-F £E 


where E, F,G are the coefficients of the first fundamental form. 


Give the matrix [a3] that represents the mixed form of the surface metric tensor. 
Answer: 
0 
[ag] = 01 | 


Write down the relation that represents the transformation of the covariant metric 
tensor between unbarred and barred surface coordinate systems. 
Answer: 

7 Ou? Ou? 

HBS 8 Bia Bue 
where Gg and ays are the surface covariant metric tensor in the barred and unbarred 
systems while the indexed wu and uw are the surface coordinates in these systems. 


How are the determinants of the surface covariant metric tensor of two transformed 
coordinate systems of a given surface linked? 
Answer: They are linked by the following relation: 


a= Ja 


where a and a are the determinants of the covariant form of the surface metric tensor in 
the barred and unbarred systems and J is the Jacobian of the transformation between 
the two surface systems. 


Express the Christoffel symbols of the first kind |a{,y] for a surface in terms of the 
surface covariant basis vectors and their partial derivatives. 


Answer: OE 
[aB, | =e Bue : 


where the indexed E are surface covariant basis vectors and u® is surface coordinate. 


BE, 


Derive the mathematical relation between the partial derivative of the surface metric 
tensor Oza, 7 and the Christoffel symbols of the first kind for the surface. 
Answer: From the definition of the Christoffel symbols of the first kind we have: 

1 
5 (Osday + Jatpy — Oy Aes) 
1 
2 


[aB, | 
[y8,e] = 


(Opaya + OyAga — OaAyg) 
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65. 


66. 


67. 


68. 


where the second equation is obtained from the first by exchanging a and y. On adding 
the two sides of these equations we obtain: 


ii 
[8,7] + [y8,o] = 3 (Opaay + Oatley — Oy Aap + OgAya + OA pa — AaB) 
il 
= v5 (Opaay + Oatipy — OyAap + Ogday + OyGag — OaMg) 
1 
= (Ogaay + Osa) 
= Be, 


where the second line is justified by the symmetry of the metric tensor. 


How will the coefficients of the surface metric tensor be affected by scaling the surface 
up or down by a constant positive scalar factor? 

Answer: The coefficients of the surface metric tensor will be scaled by the square of 
the scaling factor. 


Give the covariant and contravariant types of the surface metric tensor for a Monge 
patch of the form r(u, v) = (u,v, f(u, v)). 


Answer: 
2 
[aos] = eo (24) 
a — 1 1+ f? —fule 
lee os 


where the subscripts u and v stand for partial derivatives of f with respect to these 
surface coordinates. 


Discuss how the concept of “length of straight segment” is extended to the length of a 
polygonal arc. Also discuss how the concept of “length of polygonal arc” is extended to 
the length of an arc of a twisted space curve. 

Answer: The concept of length of straight segment is extended to the length of a 
polygonal arc by taking the sum of the lengths of the segments that make the polygonal 
arc. The concept of length of polygonal arc is extended to the length of an arc of a 
twisted space curve by taking the limit of the length of an asymptotic polygonal arc as 
the length of the longest straight line segment of the asymptotic polygonal arc tends to 
Zero. 


Derive the following relation which links the length ds of an element of arc of a curve 
residing on a 2D surface to the covariant metric tensor dag of the surface: (ds)? = 
dogdu*du’. 

Answer: We have: 


(ds)? = dr-dr 
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69. 


70. 


71. 


due dub 
E, - Eg du*du? 
= dogdudu? 


where line 1 is based on the definition of ds from first principles, line 2 is the chain rule 
in multi-variable differentiation, line 3 is based on the definition of dot product, line 
4 is based on the definition of the surface covariant basis vectors, and line 5 is based 
on the relation between the covariant basis vectors and the coefficients of the covariant 
metric tensor. 


Is the length of a surface curve an intrinsic or extrinsic property and why? 

Answer: It is intrinsic because it depends only on the coefficients of the metric tensor 
(or the coefficients of the first fundamental form) as can be seen from the relation that 
we derived in the previous exercise. 


Give the formula for the length, L, of a segment of a t-parameterized surface curve in 
terms of the coefficients of the first fundamental form of the surface. 


Answer: 
ke du! \? du! du? du2\? 
Ls E + 2F + G dt 
[i fe(B) +288 +0(#) 
where E,F,G are the coefficients of the first fundamental form, u! and u? are the 


surface coordinates, and t; and t2 are the values of the parameter t that correspond to 
the start and end points of the segment. 


Using the metric tensor, verify the following relation where f represents a Monge patch 
of the form r(u, v) = (u,v, f(u, v)): 


ds = \/(1+ f2) dudu + 2f, f,dudv + (1 + f?) dudv 


Answer: The metric tensor of a Monge patch of the form r(u,v) = (u,v, f(u, v)) is: 


[ans] = | a ees fife | ees Fics | 


G1 22 fife 1+f2 fufo 14+f? 


where the subscripts 1,2,u,v mean partial derivative with respect to u',u?,u,v and 
(u’, wu?) = (u,v). Hence: 
(ds)? = dggdu%du® 
= aydu'du' + aj.du'du? + ag,du7du! + agdu7du? 
(1+ f7) dutdu’ + fi fodu'du? + fi fodu*du! + (1+ f3) du?du? 
(1 -- a du'du’ + 2f; fodubdu? + (1 + ea) du?du? 
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(1+ fi) dudu + 2f,f,dudv + (1+ f2) dudv 
ds = J/(1+ f2) dudu + 2f,f,dudv + (1+ f2) dudv 


72. Develop an analytical expression for the length of an element of arc, ds, of the catenary 
parameterized by the equations: x = a cosh 6) and z = €. 
Answer: We have: 


ds (dx)? + (dz)? 


da\* (dz\’ 

' (z) +(z) « 
iin (5) +1dé 

a 

cosh? (£) d& 

a 

cosh (<) d& 
a 


73. Discuss how the concept of “area of polygonal plane fragment” is extended to the area of 

a surface consisting of polygonal plane fragments. Also discuss how the concept of “area 
of surface made of polygonal plane fragments” is extended to the area of a generalized 
twisted space surface. 
Answer: The concept of area of polygonal plane fragment is extended to the area of 
a surface consisting of polygonal plane fragments by taking the sum of the areas of the 
fragments that make the surface. The concept of area of surface made of polygonal 
plane fragments is extended to the area of a generalized twisted space surface by taking 
the limit of the area of its asymptotic polygonal surface as the area of the largest of its 
polygonal fragments tends to zero. 


74. Derive the mathematical expression for the area do of an infinitesimal element of a 
surface and the expression for the area o of a surface patch. 
Answer: Regarding the first part, we have: 


do = dr, x dr | 


= EF, x E,| du'du? 
= \/|Pi/? (Bal? - (B, - By)? dua 
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Jonas — (Gig) du'du? 
Jadu du? 


where line 1 is based on the definition of vector cross product and its relation to the 
area of the parallelogram that is defined by the vectors, line 2 is the chain rule in 
multi-variable differentiation, line 3 is based on the definition of cross product plus the 
assumption that du! and du? are positive, line 4 is based on the definition of the surface 
covariant basis vectors, line 5 is a well known identity,!"*! line 6 is based on the relation 
between the covariant basis vectors and the coefficients of the covariant metric tensor 
(i.e. Gag = Eq - Eg), and line 7 is based on the definition of determinant plus the fact 
that the metric tensor is symmetric (i.e. a2; = a2). 

Regarding the second part, we have: 


oe = [a 
2 
I Vana = (ais) du'du? 
Q 


= I Vadu'du? 


where line 1 is a definition based on the integral as a limit of sum of infinitesimal area 
elements, while line 2 and line 3 are from the result of the first part. 


75. Derive the following equation o = ff, ./1+ 2+ f?dudv for the surface area of a 
Monge patch of the form r(u,v) = (u,v, f(u, v)). 
Answer: The covariant metric tensor for this form of Monge patch is given by: 


2 
w= [2E 


Hence, its determinant is: 


a= (1+ 2) (1+f0) — ufo) =14+ +f 


Using the result of the previous exercise, we have: 


C= |f veaetaue 
Q 


[19] This identity can be easily shown as follows: 


|E,|?|E2|> = |Ey|? |E2|? x 1 
= |B, (7 |E./ (sin? 6 + cos? @) 
= |E,|?|Eo|* sin? 6 + |E,|? |E2|* cos? 


= E; x E,|? + (Bi: E2|? 
|E, x E,|° = Ey E» ‘ oa (Ey “Ep? 
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76. 


where line 2 is justified by the fact (u’, u?) = (u,v). 


I Jadudv 


= ff iF RF Raut 


104 


A cone is represented parametrically in a 3D space by: r(p,¢) = (pcos ¢, psin®, cp) 
where p,@ are polar coordinates (p > 0 and 0 < @ < 27) and c is a positive constant. 
Find the area!°l of the part of the cone corresponding to 0 < p < A where A is a given 


positive constant. 
Answer: We have: 


Hence: 


O,v = (cos ¢, sin @, c) 


= Or = (—psin¢, pcos ¢, 0) 


= (—cp cos @, —cpsin ¢, p) 


= Ver cos? @ + 22 sin? d + p? 


= pver+l1 


[a 
Q 


I |E, x E,| du'du? 
Q 


=0 


A? C2 1 
2 = 
APV/c2 +1. son 
mer 
ARVE+1 
= 27 
2 


rArVe+1 


veri f a - 


o=27 pp=A 
| i pvc? + ldpdo 
co) p=0 


A 


201 We mean the curved part only (i.e. without the area of the base). 
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77. Derive the mathematical expression: cos@ = g;;A'B! for the angle 6 between two unit 


78. 


19: 


surface vectors, A and B, where g;; is the space covariant metric tensor. Also give the 
mathematical expression of sin for the angle between A and B. 
Answer: We have: 
A-B 
|A| |B] 
= A-B 
= A°E,: B’E, 
= (E,-E,) A°B® 
= AopA° B® 
= gig va), A° BP 
= gij A’ BI 


cos0 = 


where line | is based on the definition of the dot product, line 2 is justified by the fact 
that A and B are unit vectors, line 3 is the definition of surface vector, line 5 is based 
on the relation between the covariant basis vectors and the covariant metric tensor, line 
6 is based on the equation dag = 9452107, which is given and verified in the book, and 
line 7 is based on the equation A’ = ',A® which is given and verified in the book (also 
see Exercise 56). 

The mathematical expression of sin@ for the angle between A and B is: 


sin? = Ege A° BP 


where €,g is the surface covariant absolute permutation tensor. 


Give two mathematical expressions for the coefficients of the surface covariant curvature 
tensor bag. 
Answer: 
On 
bap = —E, : Bue 
fee = OE, 
ree Tas 


where E, is surface basis vector, n is normal unit vector to the surface and u® is surface 
coordinate. 


Using a spherical coordinates representation, find the determinant of the surface covari- 
ant curvature tensor of a sphere. 

Answer: A sphere centered at the origin of coordinates is represented parametrically 
in spherical coordinates by: r(6,¢) = a(sin@cos ¢,sin@sin¢,cos@) where a > 0 is a 
constant (which is its radius), 0 <0 <7 and 0 < @ < 27. Hence: 


E,; = Or = a(cos@cos ¢, cos @ sin ¢, — sin 8) 
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E, = dOgr =a(-—sin@sin ¢, sin 6 cos ¢, 0) 


i j k 

FE, x Ey, = acos@ cos @ acos@sing  —asiné 
—asin@ésing asinécos@ 0 
= @ (sin? 6 cos ¢, sin? 6 sin ¢, cos 6 sin 0) 

|E, x E,| = a?\/sin! 6 cos? ¢ + sin’ sin? ¢ + cos? 6 sin? 6 = a’ sind 
FE, x E, : : ’ 
n = — — = (sinécos 4, sin @ sin ¢, cos 0 
IE, x Es] ( d d ) 


Using the equation beg = —Ea - a where (u+, u?) = (0, d) we get: 
On 


"Out 
= —a(cos0cos ¢, cos @ sin ¢, — sin 8) - Og (sin 8 cos ¢, sin 0 sin ¢, cos 8) 


bit = —E, 


= —a(cos0@cos ¢, cos 6 sin ¢, — sin 8) - (cos @ cos ¢, cos @ sin ¢, — sin 8) 
—a (cos? 6 cos” ¢ + cos” @ sin? ¢ + sin? 0) 
= -a 


On 
big = —E, 


* Ou2 
cos @ cos ¢, cos @ sin @, — sin @) - Og (sin @ cos ¢, sin @ sin @, cos 8) 


= —a(cos0@cos ¢, cos 6 sin ¢, — sin 8) - (— sin sin ¢, sin 6 cos ¢, 0) 


— sin @cos6@ sin ¢ cos ¢ + sin 6 cos 6 sin ¢ cos ¢ — 0) 


“ul 


—a(—sin@ sin ¢, sin @ cos ¢, 0) - Op (sin 6 cos ¢, sin 6 sin @, cos 0) 
= —a(—sin@sin ¢, sin cos ¢, 0) - (cos @ cos , cos 6 sin @, — sin 0) 
—a ( 


— sin @cos@ sin ¢ cos ¢ + sin 6 cos 6 sin ¢ cos ¢ — 0) 


“Ou? 
= -—a(—sin@sin ¢, sin 6 cos ¢, 0) - Og (sin 4 cos ¢, sin 6 sin ¢, cos 8) 


= —a(—sin@sin@, sin cos ¢,0) - (—sin@sin @, sin 6 cos ¢, 0) 
= -a (sin? O sin? ¢ + sin? 6 cos? @ + 0) 
= —asin’6 


Hence, the determinant of the surface covariant curvature tensor of a sphere is: 


b= b11b09 >= byabe1 = a’ sin? 7 


80. Show that 0gE, = 0,Eg. 
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81. 


82. 


Answer: We have: 


Obes... 0 Or 
Be ~ Dub (ss 
O’r 
Ou%Ou% 
O’r 
Ou*0uP 
_ oO or 
= a (se) 
OEgz 
Ou 
where line 1 and line 5 are based on the definition of the surface basis vectors while line 
3 is based on the commutativity of the partial differential operators. 


Prove that if two surfaces, S; and Sj, are mapped isometrically one on the other then 
they have identical first fundamental form coefficients at their corresponding points, i.e. 
Fy = Eo, F = Fy and Gy = Go. 

Answer: Assume that S; is mapped isometrically onto Sy and we have an arbitrary 
curve C, on S$; with an arbitrary start point A and an arbitrary end point B and C; 
passes through an arbitrary point P,. We also assume that the coordinate curves are 
t-parameterized, i.e. u(t) and v (t). So, the curve C; will be mapped onto a curve C2 on 
S2 and the point P; will be mapped on point P, on C2. Since the mapping is isometric 
then the length L; of C, is equal to the length Ly of C2, that is: 


‘B =) ; du dv du\? 
EB + QF’ _ 
a ja(s ( “dt dt a (Z) e 
du dv dv\? 
EB e 2F: 
a fe(% ( “dt dt o(F) ao 


Now, since everything is arbitrary (ie. the curve C1, its start and end points, the 


Ly 


Ly 


t-parameterization of the surface coordinates) then we should have: 
Fy = Ep FF, = Fy G, = Go 


at any corresponding points on the curves including the point P, (which is also an 
arbitrary point and hence it can be any point on 5S) and its image P, on Cp. In 
other words, the two surfaces have identical first fundamental form coefficients at their 
corresponding points, as required. 


Give the matrix [B°? | which represents the contravariant form of the surface curvature 
tensor in terms of the coefficients of the first and second fundamental forms. 
Answer: 
[oe] = = eG? —2fFG+ gF? fEG—eFG—gEF+ fF? 
- fEG—eFG—gEF+ fF? gE? —2fEF + eF? 
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83. 


84. 


89. 


where EF, F,G and e, f,g are the coefficients of the first and second fundamental forms 
and a (= EG — F”) is the determinant of the surface covariant metric tensor. 


Discuss and justify the relation b = J?b explaining all the symbols involved. 
Answer: The transformation equation of the surface curvature tensor from unbarred 
to barred coordinate systems is given in tensor notation by: 


Ou? Ou® 


bap = bye a ae 


where bap and b,5 are the surface covariant curvature tensor in the barred and unbarred 
systems while the indexed wu and wu are the surface coordinates in the two systems. On 
taking the determinant of the two sides of this equation we obtain: 


b= Ib 


where 6 and b are the determinants of the surface covariant curvature tensor in the 
barred and unbarred coordinate systems and J is the Jacobian of the transformation 
between the two systems. 


What are the other symbols used by some authors to label the coefficients of the second 
fundamental form e, f,g? Discuss the advantages and disadvantages of using each 
one of these sets of symbols. Also, write the mathematical expression for the second 
fundamental form using the alternative symbols. 
Answer: They are L, M,N. 
The advantage of using e, f,g is that they correspond intuitively to the coefficients of 
the first fundamental form EF, F,G making the formulae involving the coefficients of 
the first and second fundamental forms more symmetric and memorable. However, this 
notation may cause confusion in writing and reciting since the corresponding coefficients 
pronounce identically unless certain precautions are taken. On the other side, the use 
of L, M,N is advantageous when reciting formulae especially if the formulae contain 
the coefficients of both fundamental forms; moreover, it is less susceptible to errors in 
the writing and typing of these formulae. However, the symmetry and correspondence 
between these coefficients in the formulae that involve them will become less obvious. 
The mathematical expression for the second fundamental form using the alternative 
symbols is: 

IIs = L(du')? + 2M du'du? + N(du’*)? 


How can we obtain the mixed form of the surface curvature tensor 6°, from the covariant 
form of this tensor bag? 
Answer: By raising the first index of bag using the surface contravariant metric tensor, 
that is: 

5°, = a bag 


3 SURFACES IN SPACE 109 


86. 


87. 


88. 


89. 


90. 


oh 


92. 


Express the mean curvature H and the Gaussian curvature K of a surface in terms of 
the mixed form of the surface curvature tensor 6%. 
Answer: 


ees 


K a) det (b%,) 

where tr stands for trace and det stands for determinant. 

Explain, in details, all the symbols and notations involved in the following relation: 
Be bes — bday = OWT 35 — O5V'g, + TV esP oy — Vie Pos 


Answer: 0°, and b% symbolize mixed curvature tensor, bg5 and bg, symbolize covariant 
curvature tensor, the indexed [ symbolize the Christoffel symbols of the second kind, 
and all these symbols belong to 2D surface. All the indices represent surface coordinates 
and hence they range over 1,2. The symbols 0, and 05 represent partial differential oper- 
ators with respect to the 7" and 6” surface coordinates, and the summation convention 


applies to the dummy index w. 


Write down the matrix form of the surface covariant curvature tensor for a Monge patch 
of the form r(u, v) = (u,v, f(u, v)). 


Answer: ‘ ed 
tool= Fees | ie | (26) 


where the subscripts u and v stand for partial derivatives of f with respect to these 
surface coordinates. 


What is the relation between the Riemann-Christoffel curvature tensor of the second 
kind and the curvature tensor of a surface? 
Answer: It is: 

Rays = b° bas — b%bp-y 
where R®%.; is the Riemann-Christoffel curvature tensor of the second kind and the 
indexed b are the mixed and covariant forms of the surface curvature tensor. 


Give all the coefficients of the Riemann-Christoffel curvature tensor and the coefficients 
of the curvature tensor for a plane surface. 
Answer: All these coefficients are identically zero. 


On a space surface, how many independent non-vanishing components the Riemann- 
Christoffel curvature tensor possesses? 
Answer: It possesses only one independent non-vanishing component. 


Explain the relation between the coefficients of the covariant metric tensor of a surface 
and the coefficients of its first fundamental form stating the necessary equations. 
Answer: These coefficients are correspondingly identical, that is: 


B= ay F = ay = aa G = ag 


3 


93. 


94, 


95. 


96. 
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where E, F,G are the coefficients of the first fundamental form while ajj, a12, a21, a22 
are the coefficients of the surface covariant metric tensor. 


Derive the mathematical formula for Js in terms of the coefficients of the first funda- 
mental form. 

Answer: In Exercise 68 we derived Js in terms of the surface covariant metric tensor, 
that is: 


Ts (ds)” 
= Aogdu*du? 
= aydu'du! + ayodu'du? + ag,du7du' + ag2du7du? 


= ayy (du)? 2aj2du'du? + a22 (du?)* 


where the last line is justified by the symmetry of the metric tensor. Now, since we 
have F = ay, F = aj and G = agp (see the previous exercise), then we should have: 


Is = E (du!)” + 2Fdu'du? + G (du?)” 


Express the determinant of the surface covariant metric tensor as a function of the 
coefficients of the first fundamental form FE, F,G. 


Answer: 
a= EG — F? 


Express F, F',G as dot products of the covariant basis vectors of the surface and relate 
this to the space metric tensor. 
Answer: 


_ Or Or Ox’ Ox 


ne BE oa oul Oa) 
Or Or Ox’ Ox! 

RD 2o We op ee eee 
ee Bul Au? Fi By Ou2 

a J 

on ae Or Or Ox’ Ox 


Ou ae "Oud Ju 
where gj; is the space covariant metric tensor and the other symbols are as explained 
earlier. 


Does the first fundamental form provide a unique characterization of the space surface 
as seen internally by a 2D inhabitant? Explain why. 

Answer: Yes, because all the intrinsic properties are represented by the first funda- 
mental form and all the extrinsic properties are represented by something else. Hence, 
the first fundamental form (which encompasses all the properties of the surface that 
can be detected by a 2D inhabitant) provides a unique characterization of the surface 
in the eye of a 2D inhabitant. 

We note that “unique characterization” means that all the properties that can be seen 
from the given perspective are included while all the other properties are excluded. 
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te 


98. 


gg: 


100. 


101. 


102, 


Does the first fundamental form provide a unique characterization of the space surface 
as seen from the external ambient space? Explain why. 

Answer: No, because the extrinsic properties of the surface (which provide extra 
characterization to the surface that can be seen from an external perspective in addition 
to the characterization provided by the first fundamental form) are not represented by 
the first fundamental form. 


State the mathematical conditions for the provision of positive definiteness of the first 
fundamental form. 
Answer: They are: 


E>0O and HGH? SO 


Give the mathematical conditions that apply to the coefficients of the covariant metric 
tensor of two isometric surfaces at their corresponding points. 

Answer: If we label the two surfaces as starred and non-starred (i.e. S* and S) then 
we should have: 


ok ok ok ok 
ay, = a1 Ayn = Ag, = G12 = Gai O22 ~ O22 


where the starred and non-starred coefficients of the metric tensor belong to S* and S 
respectively. 


Explain how the second fundamental form characterizes the surface from the ambient 
space perspective and how the unit normal vector to the surface is employed in this 
characterization. 

Answer: The second fundamental form characterizes the surface from the ambient 
space perspective by embedding in its definition the variation of an entity that belongs 
to the ambient space and hence it can characterize the surface from an external view. 
This entity is the unit normal vector to the surface which can only be observed externally 
from outside the surface by an observer that resides in the space that envelops the 
surface. Accordingly, the variation of the unit normal vector as it moves around the 
surface is used as an indicator to characterize the surface shape from an external point 
of view and that is how this indicator is exploited in the second fundamental form to 
represent the extrinsic geometry of the surface. 


Express the determinant of the surface covariant curvature tensor as a function of the 
coefficients of the second fundamental form e, f, g. 
Answer: 


b= eg — f? 


Derive the mathematical relation of the second fundamental form J/J5 in terms of the 
coefficients e, f,g. Also provide the main mathematical definitions for the coefficients 
e, f,g in terms of the surface basis vectors and the unit normal vector to the surface. 
Answer: Regarding the first part we have: 


IIs = -—dr-dn 


3 


103. 


104. 


105. 
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Or On 
=e a). [ 2 4,8 
ie (faa ) (5 ae ) 


Or On 
ao tf $e) ae dae 
(= a) nee 
a bogdu*du? 


= by du'dul + bioduldu? + bo:du7du! + bedu?du* 
= by (dut)* + 2bjpdutdu? + by» (du?) 
e(du')? + 2f du'du? + g(du?)? 


where line 1 is a basic definition of the second fundamental form, line 2 is the chain 
rule in multi-variable differentiation, line 3 is based on the definition of dot product, 
line 4 is based on the definition of the covariant curvature tensor, line 6 is based on 
the symmetry of the covariant curvature tensor, and line 7 is based on the identities: 
bi — wen bie = Fi and boo = g. 

Regarding the second part of the question, the answer can be found in the first part, 
that is: 


_ _O On _ on 
= du! dul — ‘dul 
Or On On 

— So. es Se —EK ——, 

t Ou! Ou? Au? 
— Or On | = On 

7 Ou? Ou? 2" Ou? 


What is the relation between the second fundamental form Js and the second order 
differential of the position vector d?r of a surface? 

Answer: The relation is JJ = d?r-n which means that the second fundamental form 
is the projection of d’r in the direction of the normal unit vector to the surface. 


State the mathematical relations between the coefficients of the second fundamental 
form and the coefficients of the surface covariant curvature tensor. 
Answer: They are: 


e=by f = dip = bay g = bo 


where e, f,g are the coefficients of the second fundamental form while 611, by2, b21, b22 
are the coefficients of the surface covariant curvature tensor. 


Express, in full tensor notation, the second fundamental form in terms of the coefficients 
of the surface covariant curvature tensor and link this to the expression involving the 
coefficients e, f, g. 


Answer: It is: 
IIg = boagdu*du? 
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106. 


107. 


108. 


109. 


ie. [Ig = bi,dutdu! + bygdu'du? + bo du2du! + boodu?du?. 
The expression involving the coefficients e, f, g is: 


IIg = e(du*)? + 2f du'du? + g(du?)? 
The two expressions are identical noting that e = bi, f = bj2 = bg; and g = by». 


Explain the following relation which provides a bridge between the first and second 
fundamental forms: IIs = k,Js. 

Answer: This relation means that the second fundamental form I/s of the surface at 
a given point and in a given direction is equal to the first fundamental form Is at that 
point and in that direction times the normal curvature &,, of the surface at that point 
and in that direction. 


Derive the following relation where f is a functional representation of a Monge patch 
of the form r(u, v) = (u,v, f(u, v)): 


= fuududu + 2 fuydudu + frydudv 


Vit ees 


Answer: We have (refer to Exercise 88): 


nie 


[b = bi bia | a 1 tae Fas | 
FI | bar be Jit f2+ f2 | fou foo 
Hence: 


IIg = bydu'dut + 2b;9du'du? + boodu7du? 
fuydudu + 2f,,dudu + fyydudy 


Discuss how the first and second fundamental forms represent the intrinsic and extrinsic 
geometry of the surface. 

Answer: The first fundamental form is based on the metric of the surface and hence it 
represents the characterization of the surface geometry from an interior perspective. On 
the other hand, the second fundamental form is based on the curvature of the surface 
and hence it represents the characterization of the surface geometry from an exterior 
perspective. 


If two surfaces have identical first and second fundamental forms, should they be con- 
eruent? 

Answer: Yes. The existence of these surfaces should ensure that the first and second 
fundamental forms satisfy the required extra compatibility conditions. 
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110. 


TL 


i172; 


113. 


114. 


What are the compatibility conditions linking the first and second fundamental forms 
which are needed to fully identify a surface associated with specific first and second 
fundamental forms and secure its existence? 

Answer: The compatibility conditions are given by the Codazzi-Mainardi equations 
plus the following equation: 


Ol232. 40k 
eg-f = F/B - Sh srirt rir] + 
or} or 
B) 52 - S28 arhrh +ThTh - PhP -The 


State, using mathematical technical terms, the fundamental theorem of space surfaces. 
Answer: Given six sufficiently smooth functions E, F,G,e, f,g on a subset of R? sat- 
isfying the following conditions: 

e E,G>0and EG — F? > 0, and 

e E, F,G,e, f,g satisfy the compatibility conditions of the previous question, 

then there is a unique surface with FE, F,G as its first fundamental form coefficients and 
e, f,g as its second fundamental form coefficients. 


Give a brief definition of Dupin indicatrix and state its significance and usage in differ- 
ential geometry. 

Answer: Dupin indicatrix is an indicator of the departure of the surface from the tan- 
gent plane in the close proximity of the point of tangency. In quantitative terms, Dupin 
indicatrix is the family of conic sections given by the following quadratic equation: 


eu? + 2fuv+ gv? =+1 


where e, f,g are the coefficients of the second fundamental form at the point with the 
coordinates u and v. The significance of the Dupin indicatrix is that it characterizes the 
local shape of the surface in the neighborhood of a point and hence it is used to classify 
the surface points with respect to the local shape as elliptic, parabolic, hyperbolic or 
flat. 


What is the shape of Dupin indicatrix at elliptic, parabolic and hyperbolic points on a 
smooth surface? What is the shape of Dupin indicatrix at flat points? 

Answer: It is ellipse or circle at elliptic points. It is two parallel lines at parabolic 
points. It is two conjugate hyperbolas at hyperbolic points. It is not defined at flat 
points. 


Make a simple sketch to illustrate Dupin indicatrix at an elliptic point, a parabolic 
point and a hyperbolic point on a surface marking the two principal directions in each 
case. 

Answer: The sketch should be similar to Figure 17. 
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do de 


dy 


dy dy 
dy 


(a) (b) (c) 


Figure 17: Dupin indicatrix at (a) elliptic point, (b) parabolic point and (c) hyperbolic 
point. The principal directions are labeled as d; and dy. 


115. Write down the mathematical expression for the third fundamental form //Jgs in terms 
of the unit normal vector to the surface n and in terms of the coefficients cag. 
Answer: 

IIIs = dn-dn = Cogdu*du? 


116. Express the coefficients of the third fundamental form as a function of the coefficients 
of the surface metric and curvature tensors. 
Answer: 
Cap = a” baybps 
where Cag are the coefficients of the third fundamental form, a? is the surface con- 
travariant metric tensor and the indexed b are the coefficients of the surface covariant 
curvature tensor. 


117. Explain all the symbols involved in the following equation: K Is — 2H IIs + IIIs = 0. 
Answer: Is, [Is and IIIg are the first, second and third fundamental forms, K is the 
Gaussian curvature and H is the mean curvature. 


118. Derive the equation in the last question using the Weingarten equations. 
Answer: According to the definition of the third fundamental form, we have: 


IIIy = dn-dn 
= (n,du+n,dv) - (n,du + n,dv) 
= (n,-n,) dudu + 2(n,-n,) dudv + (n, - n,) dvdu 


where the subscripts u,v mean partial derivative with respect to these surface coordi- 
nates. Using Weingarten equations we have: 


ia, = (Gp, Pa IFp,) (Pep, FI.) 


a a a a 
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Nn, * Ny 


Ny Ny 


(eF — fE) 


(fF- eG) _2(efF? — PEF — FG + ef EG) 


a? a2 


F+ 
e27 EG? + 2efF? — f*EF? — e? F’G —2efEFG + f?7E’G 


a2 
(eG — 2efF + f?E) (EG — F?) 
fe 


eG —efF + fE 


a 
e°G —2efF + f*-E+egE —egE 
a 
(egE — 2efF + eG) + (f?E — egE) 
a 
(gE -2fF +eG)e—(eg—f?)E 
a 
(QB 2fF +eG) (ea~P) 
a 


a 
2He- KE 


(A—e, | as] (fn, 7 an] 
a a a 


a 


CE eG) (gl 2G) GP eG ii =¢g8) 


E F- 
a? a? 
(CF - fE)(gF ~ fG) , , (CF - FEN LF - 9) 
2 2 
a a 
—f°EFG + ef EG’ + fF? —efF°G 
a | 
egF? — fgEF* —egEFG + fgE’G 
A 
(fgE — f?F +efG — egF) (EG — F”) 
ne 


fgoE —f?F +efG—egF 


a 
fgoE -2f°?F +efG—egF + f?F 
a 
(Gh S2pP eG) i (eg ape 


2Hf—KF 


(4p, | as, ) (4-5, | a5, ) 


a a a 


Cai ics pO TOS oF) gi 


a 


(fF — gE)’ 


G 


a? a? a2 


2 


116 


G 
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fPEG? +2fgF°? — f?F°G — g EF? —2fgEFG+ g°E’G 
ae 
(9° E — 2fgF + f?G) (EG — F?) 
a 


GE -—2foF + f?G 


a 
gE —2fgF + f?G + egG — egG 
a 
(gk =2fF + eG)g—(eg—f7)G 
a 


= 2Hg—KG 


IlIg = (n,-n,) dudu + 2 (n,-n,) dudv + (n, - n,) dudu 

(2He — KE) dudu+ 2 (2H f — KF) dudu + (2Hg — KG) dudv 

2H (edudu + 2f dudv + gdvdv) — K (E dudu + 2F dudv + G dvdv) 
2H IIg — K Ig 


that is: 
KlIg —2H IIy5+ IIIs =0 


Starting from the equation: Kdgg — 2Hbeg + Cag = 0, derive, with full explanation, the 
following relation: tr (c2) = 4H? — 2K. 
Answer: 


Kaog —2Hbap + Cop = 0 
Kagga®’ — 2Hbaga°” + Copa? = 0 
Ka® —2Hb +c = 0 
ce 2Hb? — Kae 
2H (2H) — Kae 
= AM =2K 


C 
tr (c8 


(e7 
(a4 
(e7 


where in line 2 the two sides are multiplied by a’, in lin3 a®’ is used as an index raising 
operator, in line 5 the relation H = a is used, and in line 6 the definition of trace and 


the relation a% = 6% = 6} + 63 = 1+ 1= 2 are used. 


Explain the correspondence between the Frenet-Serret formulae for space curves and 
the equations of Gauss and Weingarten for space surfaces. 

Answer: The Frenet-Serret formulae express the derivatives of T, N, B as combinations 
of these vectors using & and 7 as coefficients. Similarly, the equations of Gauss and 
Weingarten express the derivatives of E,,E2,n as combinations of these vectors with 
coefficients based on the first and second fundamental forms. 
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121. Why the partial derivatives of the surface basis vectors, E, and Ep, and the unit normal 

vector to the surface, n, with respect to the surface coordinates, u’ and u?, can be 
expressed as combinations of these vectors? 
Answer: Because E,, Ey and n form a set of linearly independent vectors that can serve 
as a basis for the 3D embedding space, and hence any vector in this pace, (including 
the partial derivatives of these vectors which are also vectors in the embedding space) 
can be expressed as a combination of this set of basis vectors. 


122. Prove the following equation using the Weingarten equations: 


On On eg — f? 
Bul x aa = EG ope i x Be) = K (Ex FE) 


Answer: We have: 


oe : os z (F-“s, | F-iFy,) 2 (fs, | F-iy,) 

=, UES ee) GE IO ore IES ag) (GP 9F)p B+ 
(eF — ee Hf) Ex E, (eF — ets = gE) oe 

io oe) GR cee a) GIO cere 
yee ee) Ee ee lee ze) (OF -fOe By, 
= ee) er re ce, 
= PPRe+ ees a PEGR ot 
LMGEP) (ss ae 
ce 
= K(E, x E,) 


where equality 1 is from the Weingarten equations, equality 2 is distributivity, equality 
3 is because E,; x E; = Ey x Ey = 0, equality 4 because Ey x E; = —E, x Ep» 
(anti-commutativity), equalities 5-7 are algebraic manipulations, equality 8 is because 
a= EG — F”, and equality 10 is based on the definition of Gaussian curvature K. 


123. Write the derivatives of the surface basis vectors (i.e. OgE,) in terms of the surface 
vectors (i.e. E, and n) in their vector and tensor forms. 
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124. 


125. 


Answer: 


= 
4 

ES 

| 


Pag, + bagn 


tog = Tiga’ + dagn' 


What is the essence of the equations of Weingarten? Provide qualitative and quan- 
titative descriptions of these equations. Also write these equations in a matrix form 
involving the covariant curvature tensor and the contravariant metric tensor of the sur- 
face. 

Answer: The essence of the Weingarten equations is that the partial derivatives of the 
normal unit vector n with respect to the surface coordinates are represented by com- 
binations of the surface basis vectors, E; and Ez, where the coefficients are obtained 
from the coefficients of the first and second fundamental forms.!?!! This can be easily 
seen from their mathematical form which is given by: 


On fF-—eG eF —fE 
Oui -—sCEG — F2° 1" EG— F? 
dn gF —fG 
Ou2 EG — F2 


where E, F,G,e, f,g are the coefficients of the first and second fundamental forms. 
These equations may be expressed in matrix form as: 


2 E 
Qu | = —IIoIg' | 1 
[B |= e 


where IT is the surface covariant curvature tensor and ie is the surface contravariant 
metric tensor. 


Derive Weingarten equations for a Monge patch of the form r(u, v) = (u,v, f(u, v)). 
Answer: For a Monge patch of this from, we have (refer to Exercises 66 and 88): 


EF)_[1i+f fh 
E e|=| a. | (27) 


[aap] 

sie [i earl £ 
OS te a 1+ f2+f2 | fou Sov 
a= BOS Sia ee 


Hence, by substitution from the above equations into the Weingarten equations in their 
general form we get: 


On JF eG. | BETTE ae 
Ou a a 


211 Tn brief, these partial derivatives belong to the tangent space. 
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126. 


If. 


128. 


fuvfuto — fu (1+ £9) E, 4 fuufufo — fuv (1+ £2) E 
JIFB+RO0+R+R)  VlI+B+RO+R+2) - 
= fuvdufo — fuu = Fuuto f tuaduse = lie weds 
Q+a+ py? " G+R+ pe 


Ov 
foufufu — fuv (1+ #9) E, 4 fuvfue — fow 1+ f2) E 
Jit RF RU+R+R) | Jit hR+RO+R+R) 
foofufo — fuv = fuwfo furdude — fo — food p 
Q+ +p? 7 U+p+ ee 


Express the partial derivatives of n with respect to the surface coordinates, wu and v, in 
terms of the Gaussian curvature K and the mean curvature H and the coefficients of 
the first and second fundamental forms E, FG, e, f, g. 

Answer: We have (see Exercise 118): 


On On 

Beek, DoE Be 
Ou Ou 

On On 

cess as OS. Be 
Ou Ov t 

On On 

Be ee. OU OR 
Ov Ov g © 


Give the equations of Gauss for a Monge patch of the form r(u,v) = (u,v, f(u, v)). 
Answer: 


OE 

a = 1 A f2 (fu fuoks as fo fuuE2 + fr /1+ f+ Fn) 

OE ae 
ee = 1 : 2 (Su fooE1 TT fofvvEe a fo /1+ 2+ Pa) 


fi 


State, using full tensor notation, the equations of Codazzi-Mainardi explaining all the 
symbols involved. 


Answer: 
Oba 7 Bay 


Our  — Ou® 
where the indexed b represent surface covariant curvature tensor, the indexed [. sym- 
bolize Christoffel symbols of the second kind, and u? and wu’ are surface coordinates. 
All the indices represent surface coordinates and hence they range over 1,2. 


= bsaV'e., — bay T8g 
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129. Derive, using the Codazzi-Mainardi equations, the following relation: bag. = bay;8- 


Answer: 
Ber Gut ~ boty ble 
8 bya, = Tet — band 
Fe Pay — Pay = FF — Bol — bl 
bopiy = beysg 


121 


where line 1 is the tensor form of the Codazzi-Mainardi equations, in line 2 we transform 
terms between the two sides, in line 3 we subtract basl® g from both sides, and in line 


4 we use the definition of covariant derivative. 


130. Explain how the relation in the previous question indicates that there are only two 
independent components for the Codazzi-Mainardi equations. What are these two 


independent components? 


Answer: Because the indices a, 3,y range over 1,2 then we should have 8 possibilities. 
However, because the covariant curvature tensor is symmetric in its two indices the 8 
possibilities will reduce to 4. Moreover, because the covariant derivative according to 
the relation bag.) = bay,3 is Symmetric in its last two indices the remaining 4 possibilities 


will reduce to just 2 possibilities, i.e. there are only two independent components for 


the 


Codazzi-Mainardi equations which the relation bag., = bey,g is based upon, as shown 
in the previous exercise. These two independent components are given by boa:3 = bag:a 


where a # ( and there is no summation over a, i.e. 011.2 = 12.1 and bg. = be1.2. 


131. Describe sphere mapping in qualitative and technical terms. Also, explain the meaning 


of the following equation: 


Answer: Sphere mapping is a correlation between the points of a surface and the unit 
sphere where each point on the surface is projected onto its unit normal as a point 
on the unit sphere which is centered at the origin of coordinates. The above equation 
means that the limit of the ratio of the area of a region % on the spherical image to 
the area of the corresponding region % on the surface S' in the neighborhood of a given 
point P on S equals the absolute value of the Gaussian curvature at P as shrinks to 


the point P. 


132. Prove the theorem represented by the equation in the previous question. 
Answer: In Exercise 122 we proved the following relation: 


O,n x On =k (FE, x E,) 
On taking the modulus of the two sides we obtain: 


|a,n x On| = |K||E, x Ep| 
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134. 


|O,n x O,n| 


= |K 
|E, x E,| | | 


Now, O,,n and O,n are perpendicular to n and hence they are surface basis vectors for the 
spherical image.??! Accordingly, |0,n x 0,n|dudv represents an infinitesimal surface 
area do; on the spherical image. Similarly, |E, x E,|dudv represents an infinitesimal 
surface area dag on the surface that is spherically mapped on the unit sphere. Hence, 
in the limit we will have: 


doy 

—“ = |K 

dpe [A] 
tim, 1) _ |A°p| 
RP 0(R) 


which is the required result. 


Prove that at a given point P on a surface with K # 0, there exists a neighborhood NV 
of P where an injective mapping can be established between N and its spherical image 


N. 


Answer: This can be easily concluded from the proof of the previous question. 


State one of the global theorems of space surface and explain why it is global. 
Answer: “Planes are the only connected surfaces of class C? whose all points are flat”. 
This theorem is global because it is about the character of plane surface as a whole and 
not about individual points or particular patches or parts of the surface with a local 
nature. 


22] As indicated before, the derivative of unit vector (or indeed any vector of constant magnitude) is 


perpendicular to the vector. This can be demonstrated as follows: 


O(n-n) 
2(n-On) = 


n:-On 


oOo 0 KF 


where 0 symbolizes partial derivative operator with respect to a surface coordinate. The above fact 
can also be deduced from the Weingarten equations where the the partial derivatives of n are expressed 
as linear combinations of the surface basis vectors, Ey and Ee, and hence they belong to the tangent 
space (see Exercise 124). 


Chapter 4 
Curvature 


1. Discuss the similarities and differences between the curvature of curves and the curva- 
ture of surfaces. 
Answer: The curvature of both curves and surfaces is an attribute that is originally 
based on their local shape although it may be extended to have a global significance. 
However, while surface curvature can be intrinsic as well as extrinsic, curve curvature 
can only be extrinsic since curves have no sufficient dimensionality to show their cur- 
vature intrinsically. 


2. Define, descriptively and mathematically, the curvature vector K of surface curves and 
its relation to the principal normal vector N of the curve. 
Answer: The curvature vector K of a surface curve C' at a given point P on the curve 
is defined as the derivative of the tangent unit vector T of C at P with respect to a 
natural parameter s of the curve, i.e. K = T’. The curvature vector K is related to 
the principal normal vector N of C’ by the relation K = KN where « is the curvature 
of C at P. 


3. Compare the vectors n and N at a point on a surface curve outlining their similarities 
and differences. 
Answer: We note the following: 
e While n is a vector normal to the surface, N is a vector normal to the curve. 
e Both n and N are unit vectors. 
e Both n and N represent extrinsic attribute to the concerned entity. 
e Both n and N belong to a point on the concerned entity. 
e Both n and N can be expressed as cross product of two other vectors that belong to 
the concerned entity, i.e. E, and Ey for n and B and T for N. 


4. Discuss the dependency of the curvature vector of a surface curve at a given point of 

the curve on the following parameters: curve orientation, curve parameterization, sur- 
face orientation as indicated by the direction of n, surface parameterization, tangential 
direction and position of the point on the surface. 
Answer: The curvature vector of a surface curve is independent of the curve orienta- 
tion, curve parameterization, surface orientation and surface parameterization. How- 
ever, the curvature vector depends on the tangential direction to the surface?! and the 
position of the point on the surface. 


23] This tangential direction to the surface should not be confused with the curve orientation which 
the curvature vector is independent of. However, considering the tangential direction to the surface 
makes the curve undetermined apart from being passing through a given point on the surface and this 
difference with the other factors (i.e. curve orientation, etc.) should be noticed. 
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5. What “inflection point” on a surface curve means? 
Answer: It is a point on the curve at which the curvature vector K vanishes. 


6. What is the radius of curvature at a point of inflection? 
Answer: It is infinite. 


7. Resolve the curvature vector of a surface curve into its tangential and normal com- 
ponents and name these components. Express these components in terms of the unit 
vectors n and u explaining all the symbols involved in this expression. 

Answer: 
K=K,+K, 


where K is the curvature vector, K, and K,, are its tangential (or geodesic) and normal 
components which can be expressed in terms of n and u as: 


K, = Ku and K, = Kyn 


where &, and K,, are the geodesic and normal curvatures of the curve, n is the normal 
unit vector to the surface and u is the geodesic normal vector to the curve. 


8. Find the curvature vector, K, of a space curve represented by: r(t) = (3t?,t, 2sint). 
Answer: 


d 

= = (bts 1, 2c0s2) 
di 

r= = = (6:0,—-2sint) 


ixr = (2sint,-—12cost — 12tsint,6) 
tx (@xt) = (64 24cos*t + 24tcostsint, 
Acostsint — 36t, —72t cost — 72t? sin t — 2sint) 


io es) 
Je] tx F| 
lr x £| 

AK = 23 
| 

K = KN 


Lee) Oe a x) 


jz]? fel |e x F| 
tx (¢ x r) 
jel" 
1 ; 
= 5(6 + 24 cos" t + 24t cost sint, 
(36t? + 1 + 4cos? t) 
Acostsint — 36t, —72tcost — 72é sint — 2sint) 
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1. 


ts: 


. Define, descriptively and quantitatively, the normal and geodesic curvatures Kk, and Kg. 


Answer: The normal curvature &,, is the projection of the curvature vector K on the 
normal unit vector to the surface n while the geodesic curvatures kK, is the projection 
of the curvature vector K on the geodesic normal vector to the curve u, that is: 


Kk, =n-K and Kg=u-K (28) 


Which of «,, and «, is an intrinsic property and which is an extrinsic property? Explain 
why. 

Answer: «, is an intrinsic property because it depends on the first fundamental form 
only (as can be seen for example from Eq. 30 in Exercise 14), while «,, is an extrinsic 
property because it depends on the second fundamental form as well as the first funda- 
mental form (as can be seen for example from the relation kK, = [Is/Is which is derived 
in Exercise 20). 


Compare the following four moving frames: (T, N, B), (Ei, Eo, n), (n, T, u) and (d;, dg, n) 
outlining their similarities and dissimilarities. 

Answer: We note the following: 

e All these moving frames consist of 3 linearly independent vectors and hence they can 
be used to reference the 3D embedding space. 

e They all vary in space (since they are moving frames) and hence they are spatially 
dependent. 

e (T,N,B) is associated with space curve while (E,, Eo,n), (n,T,u) and (d;, d2,n) 
are associated with space surface. !”4) 

e All these bases are orthonormal (i.e. made of mutually-orthogonal unit vectors) ex- 
cept (E,, E2,n) which is not because E; and Eg are not necessarily orthogonal or unit 
vectors although n is orthogonal to both E, and Ey and it is a unit vector. 


Which of the frames in the previous question employ both surface and curve vectors? 
Which of these frames are orthonormal by definition and which are not? 

Answer: The frame (n, T, u) employs both surface and curve vectors since n is normal 
to surface and T is tangent to curve while u (=n x T) belongs to both. 

The frames (T,N, B), (n, T, u) and (dj, dg, n) are orthonormal by definition. However, 
this is not the case with (Ej, E2,n) which may be or may be not. 


How is the curvature « of a surface curve C’ at a given point P related to its normal and 
geodesic curvatures k, and K, at that point? Can you make sense of this considering 
the normal and tangential components of the curvature vector K? 

Answer: We have: 


Kn = kcosd and Kg = Ksing (29) 


241 Tn fact, (n,T, u) is associated with surface curve. 
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where « is the curvature of C' at P and ¢ is the angle between the vector N of C at P 
and the vector n of the surface at P. Hence: 
Ko Ka = Kk’ cos’ 6+ «sin? 6 = kK? (cos? é+ sin? o) = KP 


Because Kk, and kK, are obtained from the projection of K onto n and u (ie. kK, =n-K 
and k, = u- K) and because n and u are orthogonal then the obtained relation (i.e. 
K2 = K+ Ka) makes full sense. In other words, the relation «2 = «2 + Ke is no more 
than the Pythagoras theorem. 


Prove that the geodesic curvature of a naturally parameterized curve is given by the 
relation: 


du!\° 
Kig =valr (= + (21%, -—Th,) (= os 


(2, —2r',) dul (du? =_ du2\° | dul Pu? — Put du? 
ae 12) ds \ ds 22.\ ds ds ds? ds? ds 


| du? 


Answer: If the curve is spatially represented by r(s) where s is a natural parameter, 
then we have: 


Kg=u:-K=(nxT):-K=(nxr’)-T’=(nxr’)-r" 


where the prime symbolizes derivative with respect to s. Now, if we use subscripts 
to symbolize partial derivative and employ the chain and product rules of differenti- 
ation (noting that the surface coordinates are mutually independent and the partial 
differential operators are commutative) then we have: 

r= r,u’+r,v' 


r= (ryu’ +ryv’)’ 


= (ryw +rv'),u t+ (tau +10’), 0" 
= Ty, (u’)? ru’ +r, vu +O0+4ryyu'’ +O+ roy (v') +r,v" 


= Ty, (u’)? ru’ + 2r, yuu’ +ryv" + Loy (v')? 


nxr = nx (ry +r’) 

Sifu eroace( ein 
nxr)-r 
i 


nxr,u +nxryv')-r 


nxr,)-r’u'+(nxr,)- rv’ 


( 
( 
( 
= (nx r,) ras (u’) 
( 
( 


2 
ru’ + Qryyu'y’ + ryv” + Ly (v’) ue + 


2 

2 " no " 1\2 ! 
rue +2 ywWU +ryv +L (vu) |v 

3 


/ 
, ce (u’) 
. uy! owt 


[a (u')* + ryulu" + Quy (ul)? v! + ryuly + ryt (v')’| + 


n X ry) 
n X r,) 
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that is: 


(nxr,)- 


Tuy (Ww)? +2 (mx ry) Luv (u’)? v" 
2 


)-tuve’ (v')? + (m x ry) + Pov (v’) 
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: Ee (wo! +ryulo! + 2rywul (v')? + ryv'v" + Py (v’)° 


,ow 


Tuu (uy)? + (nx ry) yuu” +2 (n x ry) Tuy (u’)? vo! + 


rw 2 


-ryu'u” + (n X ry) + Py! (v')o + 


Nod 


Tuu(u')?o' + (nx ry) ryu"o! +2 (nx ry) Tay! (v')? + 


nL 


“LyUv. + (0 X Ly) + Loy (v')° 
Tuu (uy? +0 +2(n x Ly) + Puy (uw)? o! + 
ryulo” + (mx ry) < Ppp! (v')? + (mx Py) + Tuy (uw)? vo" + 


nyo! +2 (n x ry): ryt! (v’)? + O+ (n X Py) Poy (0’)? 


-(nxr,)-ryu'v’+ (31) 


ot (nxr,) nyu! + 


/ 


u)v 
Typ’ (v')o + (m X ry) Tun (uw) v 
(v')3 


Now, if we note that r, = Ej, ry, = Ey, tu, = OWE), toy = O,E2 and r,, = O,E, = 
O,,E2 = ry, and we use the Gauss equations, |?°) then we have: 


to. = Vhr.t+l?ir,ten 
Pye = Visty Farge fn 
PS ory + ors + gn 
(MSPS Py = i Ky) (Tata + Lf, + en) 
= I? (nxr,)-t, 
(eX T,) Tyg = (ak Fy) (Eiki +1?2or, + fn) 
= I, (nXr,)-ry 
(MX Tu) Po = (nx ry) + (Pyrat Tore + gn) 
ONS i eye ry 
(MX Py) Tur = (xX ry): (Thyra tire + en) 


= ce (n X fy) Tu 


= Th (n xX r,)-Ty 


(MX Ty) -Tuw = (nx ry)+ (Tyra tPiore + fn) 


= re (nen ry, 


25] Gauss equations are: 


Ou.E, = Ty,E,+T?,E2+en 
OVE, = TjoFi +T},Fo+ fn = 0,E2 
QvEg = Th.E, +13,E2+ gn 
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= -[j,(n x r,) Ps 
(MX Ty) Ty = (nx ry) + (Vora +P 3orv + gn) 
=. Tih erst, 


= <P}, (n * t,) >t. 
Moreover, we have: 
(n x E,) : E» 


= n- (EF, x E,) 
= va 


—(nxXr,)-Ty 


(n xX r,) -Ty 


On substituting from the last equations into Eq. 31 we obtain: 


K 


o = Valli wl? + 20% (ul) ol + u'o" + Tipu! (oP 
Thy (uo! — wv! — Phau! (v') — Te (v') 
Vallh (u')? + (20%, — Ph) (uP v! + 


(Pi, — 201.) ww) Th (ot wo! — ul 


which is the required result (with minor notational differences). 


Show that in any two orthogonal directions at a given point P on a sufficiently smooth 
surface, the sum of the normal curvatures corresponding to these directions at P is 
constant. 

Answer: This is obviously true at umbilical points. So, we need to show that this is 
also valid at non-umbilical points. 

According to Euler theorem (see Exercise 46) the normal curvature k,, at a given point 
P on asurface of class C? in a given direction can be expressed as a combination of the 
principal curvatures, K; and Kz, at P as: 


Kn = K1 COS? 6 + Ko sin? 8 


where @ is the angle between the principal direction of k, at P and the given direction. 
Now, if the angle between the principal direction of K, at a given point and the given 
direction is #, then the angle between the principal direction of K, at that point and 
the orthogonal direction to the given direction is 5 — @. Hence, if we label the normal 
curvature in the given direction as kK, , and in the orthogonal direction as ky then we 


have: 


Knit Kn2 = 1 C08” 6+ K2 sin? 6 + 1 cos” é _ 0) + kK sin” é — 0) 


= 1, cos?6+ Kgsin? 6 + «1 sin? 6 + kK cos? 8 


4 CURVATURE 129 


16. 


ibe 


= Ki (cos? 6 + sin? ) + Ke (cos? 6 + sin? 0) 
= Ki + Ko 
which is a constant, as required. 


Give a brief statement of the theorem of Meusnier outlining its significance. State this 
theorem in a second alternative form. 

Answer: The theorem of Meusnier states that if P is a given point on a sufficiently 
smooth surface S’, then all curves on S' that pass through P with the same tangential 
non-asymptotic direction at P have the same normal curvature at P. The theorem may 
also be stated as: the curvature of any surface curve at a given point P on the curve 
is equal in magnitude to the curvature of the normal section which is tangent to the 
curve at P divided by the cosine of the angle between the principal normal vector to 
the curve at P and the normal vector to the surface at P. The significance of Meusnier 
theorem is that the normal curvature at a given point on a smooth surface and in a 
given tangential direction is a property of the surface and not only a property of a 
particular curve passing through the given point and in the given direction. 


Show that the osculating circles of all curves on a surface that pass through a given 
point and in a specific non-asymptotic direction are on a sphere. 

Answer: Let have an arbitrary curve C’' on a surface S passing through a given point 
P ina specific direction d where N is the normal unit vector of C' at P, n is the normal 
unit vector of S at P, « is the curvature of C' at P and «,, is the normal curvature of 
S at P in the direction d. Now, let orient (with no loss of generality) n such that the 
angle @ between N and n is between 0 and 7/2 (i.e. 0 < @ < 7/2). Since the direction 
is non-asymptotic then «,, 4 0, and hence from the relations: 


Kn =n:-K=n-(KN)=«(n-N) =k cos¢ 40 


we conclude that K¥ 0, « £ 0 and cos¢ £ 0. Also, from the fact that « is non-negative 
and 0 < @ < 7/2 we conclude that k, > 0. So, if R, = 1/«K and R, = 1/k, then from 
the relation &,, = K cos @ we obtain: 


R, = R, cos @ 


Now, R, is a constant (since the point P and the direction d are fixed and hence ky, 
is constant) that represents the radius of curvature of the normal section of S at P in 
the direction d. Hence, R, is the radius of a great circle of a sphere S, tangent to the 
tangent plane of S at P. Moreover, R,, is the radius of curvature of C' at P and hence 
it is the radius of the osculating circle of C at P. The relation R, = R, cos@ then 
means that the osculating circle of C at P is the projection of that great circle onto the 
osculating plane of C' at P and hence the osculating circle of C' at P is the intersection 
of the osculating plane of C' at P with the sphere S,. Now, since C is an arbitrary curve 
(within the given conditions) then this applies to all curves with those conditions, i.e. 
the osculating circles of all curves on a surface that pass through a given point and in 
a specific non-asymptotic direction are on a sphere, as required. 
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Define, descriptively and mathematically, the normal component K,, of the curvature 
vector K of a surface curve outlining its relation to the curvature vector and the normal 
vector to the surface, n. 

Answer: K,, is the projection of the curvature vector K of a surface curve C' at a 
given point P onto the orientation of the normal unit vector n of the surface at P. 
Accordingly, it is given by: 


K, = (n-K)n=,n = (Kcos¢)n 


i.e. it is a vector whose magnitude is |n- K]| = |k,| = «|cos@| and whose direction 
is sgn(cos@)n where « is the curvature of C' at P, ¢ is the angle between n and the 
normal unit vector N of C at P, «, is the normal curvature of C' at P, and sgn (cos ) 
is the sign function of cos @. 


Define, descriptively and mathematically, the geodesic component K, of the curvature 
vector K of a surface curve outlining its relation to the curvature vector and the surface 
basis vectors E, and Ep. 

Answer: K, is the projection of the curvature vector K of a surface curve C' at a 
given point P onto the orientation of the geodesic normal vector u to the curve at P. 
Accordingly, it is given by: 


K, = (u:K)u=«,u = (Ksing)u 


ie. it is a vector whose magnitude is |u- K| = |k,| = «|sin@| and whose direction 
is sgn (sin ¢@) u where « is the curvature of C at P, @ is the angle between n and the 
normal unit vector N of C at P, K, is the geodesic curvature of C' at P, and sgn (sin ¢) 
is the sign function of sin@. Now, u is a normalized projection of K onto the tangent 
space of the surface at P and hence it can be expressed as a linear combination of the 
surface basis vectors E; and E, at P. This means that K, is also a linear combination 
of E; and Ez and hence it belongs to the tangent space. 


Derive the formula for the normal curvature k,, as a ratio of the second fundamental 
form to the first fundamental form. 

Answer: If we parameterize the surface curve with a natural parameter s then we 
have: 


Kn = n-K 
“ds 

eae ea 
Ou ds Ou® ds 


2 ( Or =) du” du? 


du® due) ds ds 
= (BiB) dua 


ds ds 
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Zi 


22% 


bagdudu® 
(ds)? 

bagdudu® 

aysdurdue 

ITs 

Is 

where line 1 is a definition, line 2 is based on the fact that: 

(n-T)’ = (0) =O0=n'-T4+n-T’=n’-T+4+n-K 


and hence n-K = —n’-T = —T-n! = —T-, line 3 is based on the definition of T (i.e. 
T = 1’) and the chain rule of differentiation, lines 4 and 5 are algebraic manipulation, 
line 6 is based on the definition of the covariant curvature tensor, line 7 is based on the 
expression of the infinitesimal line element ds, and line 8 is based on the definition of 
the first and second fundamental forms. 


Why the sign of the normal curvature «,, is determined only by the sign of the second 
fundamental form? 

Answer: Because «,, = IIs/I, and the first fundamental form Is is positive definite. 
Hence, the sign of kK, is solely determined by the sign of the second fundamental form 
IIs. 


Show that at any point P of a smooth surface S there exists a paraboloid tangent to S 
at P such that the normal curvature of the paraboloid in any direction is equal to the 
normal curvature of S at P in that direction. 

Answer: We can assume (with no loss of generality) that the surface S is coordinated 
by an orthonormal Cartesian coordinate system where the point P is at the origin O and 
the normal unit vector n is in the positive z direction, i.e. n (0,0) = (0,0,1). Moreover, 
the surface is spatially represented by the parameterization r(u,v) = (u,v, f (u,v)) 
such that at O we have r, (0,0) = (1,0,0) and r, (0,0) = (0,1,0).?6 Now, in the 
close proximity of P (or O) we can use the Taylor approximation and hence S can be 
represented as: 


: (32) 
where Tux (0,0) = (0,0, A), ru» (0,0) = (0,0, B) and r,, (0,0) = (0,0,C’). We note that 
the surface represented by Eq. 32 as an approximation to S' is a paraboloid tangent to 
the xy plane and hence it is also tangent to S at P (i.e. O). The normal curvature kK, 
of this paraboloid at P in any particular direction (which should also be the normal 
curvature of S at P) is given by: 

IIgs —e(du)? + 2f dudu + g(dv)? 


‘Ts  E(du)? + 2F dudv + G(dv?? (33) 


( Au? + 2Buy + —) 
r~ (u,v, 


26] The direction of coordinates is a matter of choice (within certain restrictions) while the magnitude can 


be achieved by scaling. Alternatively, 1 can be replaced by a scalar with minor amendments to the 
subsequent formulation. 
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Now, at P we have: 


= E,-E, =r,-r, = (1,0,0) -(1,0,0) =1 
= By Ey =ty-1y = G,0,0) (01,0) =0 
E,- Ey =r,-r, = (0,1,0)-(0,1,0) =1 
= n-0,E; =n-ry, = (0,0,1)-(0,0,A) =A 
= n-0,E, =n-rTy = (0,0,1)-(0,0,B)=B 
n- O,E, = n- ry, = (0,0,1)- (0,0,C) =C 


eto DAE 
I| 


On substituting from the last equations into Eq. 33 we get: 


A(du)? + 2B dudv + C(dv)? 
(du)? + (dv)? 


Kn = 


So, in the close proximity of P the normal curvature of the paraboloid should approxi- 
mates the normal curvature of S' (since the paraboloid itself approximates S' there) and 
this approximation should become exact (as a limit) at P (i.e. K, as given by the last 
equation is the normal curvature of S as well as the paraboloid). 

To sum up, we conclude that there exists a paraboloid (i.e. the surface represented by 
Eq. 32) tangent to S at P such that the normal curvature of the paraboloid in any 
direction is equal to the normal curvature of S at P in that direction, as required. 


Discuss, in detail, the following statement: “The normal curvature at a given point on 
a surface and in a given tangential direction to the surface is a property of the surface”. 
Can you link this to the Meusnier theorem? 

Answer: Because all the surface curves that pass through a given point on the surface 
and in a given tangential direction to the surface have the same normal curvature, then 
the normal curvature is not a property of the individual curves only but it is also a 
property of the surface itself at that point and in that direction. In fact, this is the 
essence of the Meusnier theorem which states “if P is a given point on a sufficiently 
smooth surface S’, then all curves on S' that pass through P with the same tangential 
non-asymptotic direction at P have the same normal curvature at P” (see Exercise 16). 


For what type of surface curve the following relation is true: |k,,| = «? Explain why 
this is so. 

Answer: This relation is true for normal sections because these curves have no geodesic 
curvature and hence their curvature « is totally normal, i.e. & = |k,|. Taking the 


absolute value of Kk, is because by definition & is non-negative while the sign of Ky, 
depends on the orientation of the surface which depends on the choice of the direction 
of the normal unit vector n. 


What is the significance of having a paraboloid at the points of a smooth surface whose 
normal curvature in a given direction is equal to the normal curvature of the surface in 
that direction? 
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30. 
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32. 


Answer: The significance is that a smooth surface can be locally approximated as a 
quadratic surface which is inline with the Taylor approximation as explained in Exercise 
22. 


What is the sign of 6 (i.e. being greater than, less than or equal to zero) at flat, elliptic, 
parabolic and hyperbolic points on a surface, where b is the determinant of the surface 
covariant curvature tensor? 

Answer: b > 0 at elliptic points, b < 0 at hyperbolic points, and b = 0 at flat and 
parabolic points. 


Classify the local shape of a surface at a given point P according to the values of Kv 
and H at P. 

Answer: If kK = H = 0 the point is flat. If kK = 0 and H 4 0 the point is parabolic. 
If kK > 0 the point is elliptic. If kK < 0 the point is hyperbolic. 


Using one of the mathematical definitions of the geodesic curvature k,, explain why k, 
should be classified as an intrinsic or extrinsic property. 

Answer: If we look to Eq. 30 we see that «, is defined in terms of the determinant 
of the metric tensor and the Christoffel symbols. Since both of these are exclusively 
defined in terms of the coefficients of the metric tensor (which are the same as the 
coefficients of the first fundamental form) and their derivatives, then &, should be an 
intrinsic property. 


At what type of surface points the following relation is true: 5 = £ = £ =c where c 
is constant for all directions? What c stands for? 
Answer: At umbilical points. The constant c stands for the normal curvature Kp. 


Express the equalities in the previous question in terms of the coefficients of the covari- 
ant metric and covariant curvature tensors, dag and byg, of the surface. 
Answer: 


ay a2 22 


Outline two direct consequences of Meusnier theorem. 

Answer: Referring to the statement of the Meusnier theorem (see Exercises 16 and 
23) and to Exercise 17, we note the following: 

e The center of the sphere S, is the center of curvature of the normal section at P in 
the given direction. 

e The osculating circles of all the tangent curves are the intersection of the sphere S, 
with the osculating planes of these curves at P. 


Write a mathematical relation linking the geodesic component K, of the curvature 
vector to the surface basis vectors E, and Ey. 


Answer: 
du! du du? du? du du? 
K, = a Bs Ee Di E 
( oF ds =) ' (= oP ds =) ; 
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33. 


34. 


30. 


36. 


37. 


What is the relation between K, and the tangent space TpS of the surface at a given 
point? 

Answer: The geodesic component K, of the curvature vector K of a surface curve at 
a given point P is the projection of K onto the tangent space TpS of the surface at P. 
Hence, Ky, is embedded in the tangent space. 


Give the formulae of the geodesic curvature K, of the coordinate curves. Simplify these 
formulae in the case of having orthogonal coordinate curves. 
Answer: 


Va v2 


Kqu ~ F372 ° 
_ van 
Kgy = Ga/2 22 


where Kgu, gy are the geodesic curvatures of the u, v coordinate curves, a is the determi- 
nant of the surface covariant metric tensor, L’, G are coefficients of the first fundamental 
form, and T'7,, 1%, are Christoffel symbols of the second kind for the surface. 

In the case of orthogonal coordinate curves, the above formulae will simplify to: 


E 


TS SIE 
Gu 
Kg = 
IGVE 


State a mathematical relation between the curvature « and the geodesic curvature Ky 
of a surface curve at a given point P on the curve explaining all the symbols involved. 
Answer: 

Kg =KSING (34) 


where @ is the angle between the principal normal vector N of the curve at P and the 
unit normal vector n of the surface at P. 


Give a formula for the geodesic curvature Kk, in which extrinsic entities are involved. 
Does this mean that «, is an extrinsic property of the surface? 
Answer: im : 
i-(n xf) 
kg = —— 
7 #9? 
This does not mean that «, is an extrinsic property because &, can be defined by purely 
intrinsic parameters, as we saw for example in Exercise 28. 


Explain, in detail, all the symbols used in the following formula: 


dé 
Kg = — + Kgu COSA + Kg, sin @ 


ds 
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What is the name of this formula? 

Answer: ky is the geodesic curvature of a surface curve C’, Kg, and K,, are the geodesic 
curvatures of the wu and v coordinate curves, s is a natural parameter of C, and @ is a 
parameter defined by: 


E E 
T = — cosd + — sind (35) 


where T is the tangent unit vector of C, and E, and Eg are the surface basis vectors. 
All the given quantities are evaluated at a given point on the curve and the coordinate 
curves are assumed orthogonal. This formula is known as Liouville formula. 


38. Prove the relation given in the last question. 

Answer:?"! Let s, s; and s2 symbolize natural parameters along the curve, along the u 
coordinate curve and along the v coordinate curve. Also, to simplify the notation we use 
(in this exercise only) e; to symbolize the unit vector E,/|E,| and e2 to symbolize the 
unit vector E2/|E.|. We also note that E, =r, and E, =r, (with r being the spatial 
representation of the surface and the subscripts u and v representing partial derivative 
with respect to these coordinates) and therefore we use these alternative notations as 
convenient. Hence, we have: 


E, E, E, 

e-= = = 
; IE;}| JVE,-E, VE 
E» E» Eo 

@Qg9 = —— 


IE.) /E,-E, VG 


Since the coordinate curves are orthogonal (see the previous exercise and the book), 
then from Eq. 35 and the last two equations we get: 


re a 7, ae 7 wv er i 
(Ei ~ lr,| “ds  “ds/ |r,| ds ““'d 

: Eo Ty du dv r,-V, dv dv 
6 = ——:-T= . U v = = |u| FZ 
ee |F2| lr.| ¢ ds *) lr,| ds | Fi 


On differentiating e; and e2 with respect to s we get:|?% 


de, Oe, du Oe, du 


ds Ouds | Ov ds 
Oe, ds, du Oe, dso dv 


Os, du ds | sy du ds 


271 Tn this answer (like in several other answers in this book) I follow Lipschutz book which is cited in the 
References of my book. 
ds dr 


[28] We note that the relations 4+ = |r,,| and “2 = |r,| are essentially the same as the relation | 4$| = |@ 


(which we proved in Exercise 20 of § 2) with u and v standing for ¢ and noting that along the u 


coordinate curves r solely depends on u and along the v coordinate curves r solely depends on v. We 


also note that by proper parameterization dan and isa can be made positive. 
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Oe; du Oe, dv 


7 Os1 bra ds O89 bre ds 
_ Oe; ; Oe, 
Toe. cos 6 4 Bs sin 6 
Similarly: 
es he cos @ 4 ? sind 
ds ~ Os, O 2 
Hence: 
aL 
hones ee 
ds 
= ae cos 6 + eg sin 8) 
= as 2 
dey Pe ee dcos @ dey Bo cae dsin 0 
ds CRE dey ods ae 
0 
= (5 cos 6 “ snd) cos @ — e; sin ee -- 
Oe Oen . ; do 
G cos 8 ae sin 6) sin 6 + e2 cos oF 
Oe Oe, . _ dé 
= 75, 008 8+ Fqp Sin 8 cos 6 —e, sind + 
Oen . Oez . » dé 
— sin 8 cos 6 + —— 0 — 
ate sin 8 cos @ + ae sin’ 6+ e5 cos 0 
= Oe, 2 Oe; Oe c Oe 2 
= [ane 6 4 (= Far) sin Bos + 5 sin 6+ 
: di 
(—e, sin # + e2 cos 6) a 
_ Oe, 2 Oe; ; Oe . Oe 2 
= Fie 6 4 & 7a!) sin cos ag, sin*é+u 
The last equality is justified by: 
u = nxT 


(e, X eg) x T 
te [T x (ey x e€)| 
— [ei (T - eg) — eo (T - e1)] 


= —e,sin@ + e. cos @ 


where we used Eq. 35 plus some identities from vector calculus [i-e. A x (Bx C) 


B(A-C) —C(A-B)]. Now, the geodesic curvature is given by: 


Kg = u-K 
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(—e, sin 6 + e2 cos 8) - 


(—e, sin + e2 cos 8) - 


(—e, sin 8 + e2 cos 8) - 


= 0-460: (Se) cosa 
Os, 
0O—e,- Oke sin? 6 cos @ + ep - Ost sin 6 cos? 6 + 0 
Os, Os 
Oex . 3 dg 
este fee 6 mes 
e1 (Se) sin ss 


where the vanishing terms are justified by: 


137 

Oe, Oe2 : Oe2 2.9 dé 

7 6+ — 0 — 

(= x | sin 6 cos 6 + ae: sin raz 

u-: (> 7 | sin@cosé+u- (F=) sin? @ + - 

5 | cos” 6 + 

1 
eet + x] sin 8 cos @ + 
S92 O81 


TTA (cise eT ices RVI Sieg Serv ee OT, 
; Os, aie O89 ti Os, ONG Oso 7 
So: 
3) Je.\ . de,\ . 
Kg = @° & cos? @ — e, - (5) sin? @cos@ + e2 - @& sin@cos”@ (36) 
Oe dé 
—e,- ($2) sin? 6 + aE 
Now, if we note that:° 
i, Savage (od ae oe 
eS ; Os, 7 : Os, 
be an phar (OU) Das ois nc sf OSD 
gee : Oso - : Oso 
then Eq. 36 becomes: 
3 nD 2 3 dé 
Kg = Kgu COs” O+ Kg, Sin” 6 cos 6 + Kgy Sin 8 cos” # + Kgy sin” 6 + — 


29] We note that the derivative of unit vector is perpendicular to the vector. 
301 We note that these equations are from Eq. 36 with 6 = 0 and 6 = a/2 respectively. We also note 


de, 


de 


de, Oe 


that the relations e, - ( 


Osy 


ae 


Os 


2) and ep: (321) 


an 


Os2 Os 


S 


2) are justified by the fact that 


e; -e2 = 0 (since the coordinates are orthogonal) and hence by taking the derivative of both sides of 
this equation (with respect to s, or 52) these results are obtained. 
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39. 


A0. 


Al. 


= Kg, cos 0 (cos? 6+ sin? 0) + Kgy Sin 6 (cos? 6+ sin? 0) + 
Ss 


dé 
Kgu COS Kgv SU as 


as required. 


Give a mathematical formula in which «,, is expressed in terms of the coefficients of the 
first and second fundamental forms FE, FG, e, f, g. 
Answer: 
e(du)? + 2f dudv + g(dv)? 
E(du)? + 2F dudv + G(dv)? 


What the two “principal curvatures” of a surface at a given point mean? 
Answer: The two principal curvatures, k,; and Ko, of a surface S at a given point P 
represent respectively the maximum and minimum values of the normal curvature k,, 


of S at P. 


Find analytical expressions for the principal curvatures on a surface represented by the 
equation: £9 cos 3 —€; sin 3 = 0 where &, &9, €3 are mutually independent real variables. 
Answer: This surface is represented spatially by (£1, 2, €3) such that & cos ;—&1 sin £3 = 
0, and hence €1, 2, €3 are space coordinates. From the equation &2 cos €3 — €; sin &3 = 0, 
we get: 


2 Cos €3 1 sin &3 
tang = &/& 
£3 = arctan (€/€) 


Hence, the surface can be represented spatially as r(&,£) = (&1, &2, arctan (£/€,)). 
Accordingly, we have: 


z= 2 —&o =( —b, ) 
By. = 0ir= 11,0; = (1,0, 
7 ( ge [1+ Sa) G+ 


1 & 
E» = Oor = 0,1, = (0 1, as] 
( & {1+ ae | G+ 
&2 —&1 
_ EF, x Eo _ (x82. 2462) 1) 
ae) ae 172 
aaa STS +Ei + 26S +83 
(@2+63)” 


(5, -&,6 + c 
(++ et + 26768 + ay? 


2 Eo ) 
Ob. S00 
— ( (+8) 
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OnE, 


OE 


E 


F 


EG — F? 


(0.0, 1s) 
(fi + &) 


(0. 0, — 28182 | 
(fi + &) 


1° Ey = 


(+8) 


n- OE, _ (fo, 616 & + &) =: (0. 0, 2619 ) 
(62 + 2 + €4 + 26262 + es)! 
2b 
(63 + 62 + Ef + 26762 + 4)? (6? + @2) 
(£9, =E15 & “he ©) 


_ ¢2 2 
n- O2E, = va (00 =) 
(62 + £2 + &4 + 26762 + £4) (62 + €3) 
+ & 
(62 + 62 + €4 + 2E2€2 + E4)1/? (2 + 63) 
2 2 
n- OoEo a2 (£9, ae & “te &) 7 . (0. 0, —2&1 £5 :) 
(63 + £2 + &4 + 26762 + £4) (62 + €3) 
~ 26 £5 


(B+ 2 + EF 4 26763 + EA)? (62 + &) 


eS || 4. 3G J-| ~£1f | 
14 2 14 2 2 
(€7 + &) (€7 + &) (€? + &) 


Preeeee Sa eeE (ae 
(i+&) (+8) €+8)* 
1 

[ae 

Gres 

G@+e+1 

G+ & 


(2€1£2) (—2&:£2) — (-2 +S)" 
(G+ G4+4 +268 +) (+8) 
— 4676S — Ef + 2876S — &5 
(B+ G+ ef + 266 + 4) (+8) 
— (Ef + 2E7&3 + &5) 
(G+G4+4 +268 + 4) (G+8) 
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42. 


_ — (62 + 6)" 
(62 + G2 + G4 + 26262 + 4) (2 + GY’ 
—1 
— G+ G+ 428284 4 
Kk — 29cf =| -1 || e+e | 
HG = Fe ~ 63 6? Grp Oates eo | bere 
_ —(& +8) 
(63 + 62 + €f + 26765 + €5) (EF + & +1) 
266 @ | 
G-2fF+gE = c ! = 
° : @+e+a+.we+ Hy re+ea|l” +e) 
—-@ +6 —&1 £5 | : 
(EB + EP + €4 + 26262 + 4)? (62 + 3) | L(+ G3)’ 
~ 266 h. @ | 
(63 + 62 + Ef + 267€2 + 4)? (62 + €2) (6? + @)’ 
= 0 
~ GE SLEEP Ge. 
ilies 2(EG — F?) ry 


Hence, the principal curvatures are: 


G+& 
= H+vVJVH?-K=4vV-K=+ 
K12 VH? — K = +v / (+E + GF + 2628 + ED (G4 E41) 


The principal curvatures of a surface at a given point correspond to the two directions 
represented by A; and A2 which are the roots of the following quadratic equation: 


(gF —fG)? + (gE —eG)A+ (fE —eF) =0 


From the rules of polynomial equations, find the sum and product of these roots. 
Answer: A quadratic equation is given in terms of its roots, x; and 22, by the following 
standard form: 

ag? = (1+ 29) 4 21% = 0 


So, if we put the equation that is given in the question into this standard form by 
dividing by gF' — fG (which is not zero since the equation is assumed quadratic) then 


we get: 
2, (gE-eG), | (fE—eF) _ 


l l — 0 
GPS 7G), > Gra) 
On comparing the last equation with the above standard form of quadratic we obtain: 
gE-eG fE-eF 
Ai + Ag = —-—— d MA, = —— 
eee” Fa 7G an 1A2 AFG 
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43. 


44. 


Define the “principal directions” descriptively and mathematically. 

Answer: The principal directions of a surface S' at a given point P are the tangential 
directions to S that correspond to the principal curvatures of S at P. Mathematically, 
the principal directions are identified spatially by the following vectors: 


D, = Ey alk A, E2 
D» = Ey Tv A2E2 


where E,; and Ep» are the surface basis vectors at P and A; and A» represent surface 
“directions”, i.e. 4 = du*/du! (see previous exercise). 


Show that « is a principal curvature with a principal direction aw iff the following 


dl 
conditions are satisfied: 


(e—KE)du+(f—KF)dv = 0 (37) 
(f —KF)du+(g—KG)dv = 0 (38) 


Answer: We have two parts to this proof: 

(a) If & is a principal curvature associated with a principal direction du/du then Eqs. 37 
and 38 are satisfied: let k, be a principal curvature with a principal direction du,/duy. 
Now, since principal curvatures are extremum of normal curvatures (where normal 
curvature is given by Kk, = IIs/Ig as derived in Exercise 20) then in the direction 
dv,/du, we should have: 


OKn = Is (ig) pclae (Is) au =) 
0 (du) I3 

OKin - Is (II5) ay = Ig (ig) 250) 
0 (dv) Is 


where the subscripts du and dv mean partial derivative with respect to du and dv and 
where we used the quotient rule of differentiation. On multiplying with Is we get: 


Il 
Il 
Now: 
Ilg 
ag oe 
(Zs)a,. = 5 a [E (du)? + 2F dudv + G(dv)*] = 2E du + 2F dv 
(Is)ay = e [E(du)* + 2F dudv + G(dv)*] = 2F du + 2G dv 
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45. 


0 


(Is)a, = D (du) [e(du)? + 2f dudv + g(dv)?] = 2edu + 2f du 
(Eig gs = as [e(du)? +2f dudv + g(dv)? | = 2fdu+2gdu 


On substituting from the last equations into Eqs. 39 and 40, we get: 


2edu+2f dv—K,(2hdu+2F dv) = 0 
2f du+2gdu —K,(2Fdu+2Gdv) = 0 


that is: 


(e—KpE)dut+(f—kKpF)dv = 
(f — KF) du+(g—hpG)dv = 
as required. 


(b) If Eqs. 37 and 38 are satisfied then « is a principal curvature associated with a 
principal direction dv/du: in this case Eqs. 37 and 38 can be put in the following matrix 


form: 

e-—kKE f-—KF du} | 0 

f—KF g-—K«G dv | | 0 
This system of homogeneous linear equations has a non-trivial solution (du, dv) iff the 
determinant of the coefficient matrix is zero, that is: 


e—-kE f—-kKF 
f-—«F g-K«G 

(ec — KE) (g — KG) — (f — KF)” 
(EG — F?) «? — (eG —2fF + gE)«+(eg—f?) = 


As explained in the book, the two roots of the last equation are the principal curvatures 
of the surface at the given point, and hence &, must be one of these principal curvatures 
associated with the principal direction dv,/du,. If the point is umbilical then the last 
equation will have two equal roots (i.e. repeated root) which should be k, with a 
principal direction dvu,/du, (although this equally applies to any other direction), as 
required. 


Find the principal curvatures and the principal directions on a surface represented 
parametrically by: r(u,v) = (u,v, 2u? + 5v”) at the point with (u,v) = (2.3, 1.6). 
Answer: 


Ey = O.r = (1, 0, 4u) 
E, = A,r =(0,1,10v) 
E, x E, (—4u, —10v, 1) 


n= = 


IE, x Ey} /16u? + 100v? +1 
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OuE, = (0,0,4) 
OvE, = (0,0,0) 
O,E, = (0,0,10) 
E = E,-E, =14+16u 
f= E, : E> = 40uv 
G = E,-E, =1+4100v’ 
4 
e = n-0,E, = 
V16u? + 100v2 + 1 
f = n- O,E, = 0 


10 
V/16u2 + 10002 + 1 
EG =F? = “160 + 1000? +1 


g = n-0,E2 = 


; 40 
e9- I" = Fea + 1000 +1 
i wee is 2 40 
EG-—F? — (16u? + 100v? + 1)? 
se opr ap = 14 + 400v? + 160u? 
J/16u? + 100v2 + 1 
Hy - eG—2fF+gE _ 7 + 200v? + 80u? 


2(EG —-F*) (16u2 + 100v2 + 1)?” 
At the point with (u,v) = (2.3, 1.6) we have: 


40 
K = = & 0.0003427 


(16 (2.3)* + 100 (1.6)? + 1) 
7 + 200 (1.6)? + 80 (2.3)” 

H = ; = as © 0.1492 
(16 (2.3)° + 100 (1.6)" + 1) 


Hence, the principal curvatures are: 


Kg = H+ VH2— K ~ 0.1492 + V0.1492? — 0.0003427 


that is Ky ~ 0.2973 and Ky ~ 0.001153. 
Regrading the principal directions, they can be determined from the equation: 


(oF — fG) + (gE —eG)\+(fE—eF) =0 
Now, at point (u,v) = (2.3, 1.6) we have: 


400uv 400 (2.3) (1.6) 


_—e ~ 79.6386 
bir MODUL eee) 00a eA 


GR IGS 
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6+ 160u? — 4000? 6 + 160 (2.3)? — 400 (1.6) 
J16u2 + 10002 + 1 \/16 (2.3) + 100 (1.6)? +1 
—160uv 7 —160 (2.3) (1.6) 

V16u2 + 10002 + 1 \/16 (2.3)? + 100 (1.6)? +1 


~ —9.2840 


gE-—eG 


~ —31.8554 


fE-eF = 


and hence Eq. 41 becomes: 
79.6386? — 9.2840\ — 31.8554 = 0 
On solving this quadratic equation, we obtain: 
Ai & —0.5768 Az & 0.6934 
that is du; ~ —0.5768du, and duo ~ 0.6934duz. 
46. Prove Euler theorem which is given by the following equation: 
Kin = 1 COS” 6 + Ky sin? 6 


where @ is the angle between the principal direction of «; and the given direction. 
Answer: Let choose (with no loss of generality) a surface coordinate system where the 
u and v coordinate curves are aligned along the principal directions. It was shown in 
the book that in such a system f = F' = 0 and hence the normal curvature #,, in any 
direction will be given by: 


e(du)? + g(dv)? 


*n E(du)? + G(de)? 
Moreover (also see the book): 
wt _ J 
Ky, = E and Ko = G 
Hence from Eq. 42 we get: 
os e(du)? g(dv)? 
a E(du)? + G(dv)?—- E(du)? + G(dv)? 
_ _(e/E) E(du)? (9/G) G(dv)? 
E(du)? + G(dv)?— E(du)? + G(dv)? 
Pte E(du)? ne G(dv)? (43) 
“E(du)2 + G(dv)2 ” E(du)? + G(dv)? 


Now, we have:!34 


VE du VG dv 


(80 = Ted? Go? ay (8? = Tata)? + Go 


[31] This is justified by the fact that if dr = r,,du+r,dv and dr = r,,du+r,6v are two surface vectors then 


4 CURVATURE 145 


AT. 


48. 


where @ is the angle between the principal direction of k, and the given direction while 
@ is the angle between the principal direction of K2 and the given direction. Hence, Eq. 
43 becomes: 

Kin = 1 COS? 6 + Ky cos? d 


Also, because the coordinate curves are orthogonal (since the principal directions are 
orthogonal) then ¢ = 5 — 6, and hence cos @ = cos (Z — 0) = sin@. Therefore, the last 
equation becomes: 

Kin = 1 COS? 6 + Kg sin? @ 


as required. 


What is Darboux frame? Are the vectors of this frame orthonormal? Is this frame 
defined at umbilical points on the surface? Fully justify your answer related to the last 
two parts of the question. 

Answer: Darboux frame, which is a frame for 3D space associated with a surface S, 
consists of the vector triad (d;, dz,n) where d, and dz are the unit vectors corresponding 
to the principal directions at a given point P, and n = dj, x dz is the unit normal vector 
to S at P. 

The vectors of this frame are orthonormal because all these vectors are unit vectors. 
Moreover, n is orthogonal to d; and dg since n is the cross product of d; and dg. Also, 
d, and d2 are mutually orthogonal because they are along the principal directions which 
are orthogonal. Hence, all these vectors are mutually orthogonal and of unit length and 
hence they are orthonormal. 

This frame is not defined at umbilical points because the principal directions are not 
well defined there since any direction can be regarded as a principal direction (or there 
is no principal direction) and hence d; and dz are not well defined. 


Write the formulae for the positions of the centers of curvature of the normal sections 
corresponding to the two principal curvatures at a given point P on a surface S. 

Answer: 
Ni 
[1 


N3 


and vi =a +4 
2 P. |K2| 


f= tpt 


the angle a between them is given by: 


dr - or 
[dr] [or 
(rydu + rydv) - (ry du + rydv) 
\r,du+r,dv| |r,du + r,dv| 
Edudéu + F (dudv + dudv) + G dv du 


\B (du)? + 2F dudv + G (dv)? EB (6u)? + 2F dudv + G (50)? 


cosa = 


In our case F = 0. Moreover, when or represents the direction of the u coordinate curve we have 
dv = 0, and when or represents the direction of the v coordinate curve we have du = 0, and hence the 
formulae for cos@ and cos ¢ will follow. 
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50. 


51. 


52. 


where x} and x} are the spatial coordinates of the first and second center of curvature 
corresponding to the two principal curvatures, x, are the spatial coordinates of P, Ni 
and Ni are the principal normal vectors of the two normal sections corresponding to 
the two principal curvatures, K, and kg are the principal curvatures of S at P, and 
p= 123. 


Correlate, mathematically with full explanation of all the symbols involved, the normal 
curvature kK, at a given point P and in a given direction on a smooth surface to the 
two principal curvatures at that point. 

Answer: This is Euler theorem (see Exercise 46), that is: 


Kin = K1 COS? 6 + Ky sin? @ 


where &, and «2 are the principal curvatures at P, and @ is the angle between the 
principal direction of K, at P and the given direction. 


Define, mathematically in terms of the principal curvatures, the following terms: prin- 
cipal radii, mean curvature and Gaussian curvature. 
Answer: 


The principal radii of curvature, R; and R2, are the magnitude of the reciprocals of the 


principal curvatures, i.e. Ry = | and Ry = |+)}. 
Kl K2 


The mean curvature H is the average of the principal curvatures, i.e. H = Bue 
The Gaussian curvature K is the product of the principal curvatures, i.e. K = Kk. 


Distinguish between the “total curvature” of a curve and the “total curvature” of a 
surface. For surface, what are the two meanings of this term? 
Answer: The total curvature (which is also known as the third curvature) of a curve 


is the expression (dsr)? + (dsg)”, where ds and dsp are respectively the lengths of 
the line element components in the tangent and binormal directions. 

The total curvature of a surface is commonly used as synonymous to the Gaussian 
curvature K. However, it may also be used for the area integral [ Kdo. To avoid any 
confusion, we use total curvature of a surface exclusively for the area integral [ Kdo. 


Find the Gaussian curvature kK and the mean curvature H of a surface given by: 
r(u,v) = (8u —v,u+t 2v, 1.5uv) at the point with (u,v) = (8,1). 
Answer: At the point with (u,v) = (3,1) we have: 


E, = Ow = (3,1,1.5v) = (3,1,1.5) 
E, = 0 r = (—1,2,1.5u) = (—1,2, 4.5) 
— EXE, _ (1.5u—3v, -1.5u—4.5u, 7) _ (1.5, —15, 7) 
~ (Bea Bl 22 bees ioeee a ue 49° 4/7605 
d,E, = (0,0,0) 


(0,0, 1.5) 


o 
Ass 
Tl 
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dyE2 = (0,0,0) 
E = §E,-E, =1042.25v? = 12.25 
F = E,-E,=—-14+2.25uv =5.75 
G = Ey- EB, =54+2.25u? = 25.25 
€ 


=) Ty: OE, = 0 
10.5 10.5 
f —— n . O Ey = = 
Jf22.5u2 + 11.2502 + 4.5uv +49 276.25 
g = n-0,E,=0 
EG—F? = 49+ 22.5u? + 11.25v? + 4.5uv = 276.25 
shies Gi —110.25 110.25 
g ~ 92. 5u2+11.25v2+4.5uv +49 276.25 
10.5 120.75 
EC DFP Ah = bo ee 
iF +g /276.25 276.25 
eg — f? 110.25 
ince ha ~ —0.001445 
EG =i? (276.25)° 
H ee 2 RE Ge ~ 120.75 0.01315 
2(2G =F) 2 (276.252 


State the limiting conditions on the principal curvatures K, and kz, and hence deduce 
the conditions on the mean curvature H and the Gaussian curvature K, on the surface 
of sphere and on the surface of hyperboloid of one sheet. 

Answer: For sphere, we have &; = kg < 0 and hence H < 0 and K > 0 (assuming n is 
in the outside direction). For hyperboloid of one sheet we have k; > 0 and k2 < 0 and 
hence K < 0 while H depends on the size of kK; and ky. 


Prove that there is no compact surface of class C? with non-positive Gaussian curvature 
K over the whole surface. 

Answer: Let S be a compact surface of class C?, and we consider the function d7, = r-r 
where dp is the distance between an arbitrary point P on S and the origin of coordinates 
and r is the surface spatial representation that corresponds to P. From the given 
conditions, d}, must be a continuous function and hence it must have a maximum d? 
at a particular point P, on the surface. It is obvious that d? > 0 since it is maximum 
because otherwise the surface will be a single point (i.e. the origin). Now, if r (u,v) 
is a patch on S that includes P, such that the u and v coordinate curves are oriented 
along the principal directions at P,, then at P, we must have: 


Oud, = 2r-r,=—0 
Odo. = Dire =0 
Ougtls = 2r,-ty,t2r-liyn <0 
Ova = Qry-ry t2r-Ty <0 


where these equations are justified by the fact that at a maximum point the first deriva- 
tive is zero while the second derivative is non-positive. So, from the first two equations 
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we conclude that at P, r is orthogonal to r, and r, and hence n = +r/ |r| = +r/d, 
(since r, and r, are tangent to the surface). Because the sign of n is rather arbitrary 
we can assume that n = r/d, at P,. On substituting this into the last two equations 
we obtain: 


Yu Vy + doN* Tuy < 0 and yl, +doN- Toy <0 
that is: 
E+doe <0 and G+d.g <0 
Hence, at P, we have: 


1 
poo and 


QI 


< Lae, 
27h 


Now, since the coordinate curves at P, are oriented along the principal directions then 
the principal curvatures k, and k are given by (refer to the book): 


mee and ee 
a ee 
Hence, we conclude that at P, we have: 
< : <0 d < : <0 
K — ——i oes 
ts d, an. Ras As 


and therefore the Gaussian curvature at P, is K = k\k2 > 0. Hence, a compact surface 
of class C? must contain at least one point with positive Gaussian curvature, i.e. there 
is no compact surface of class C? with non-positive Gaussian curvature over the whole 
surface, as required. 


Analyze the following equation outlining its significance: 


2 
S(z,y) ~ S(0,0) 4 ~ > 


Answer: This equation represents a quadratic approximation of a surface in the neigh- 
borhood of a given point on the surface. The background of this equation is that if P 
is a given point on a sufficiently smooth surface S embedded in a 3D space coordinated 
by a rectangular Cartesian system (x,y,z) with P being above the origin, the tangent 
plane of S(x,y) at P being parallel to the xy plane, and the principal directions being 
along the x and y coordinate lines then in the neighborhood of P the surface can be 
approximated by the above quadratic form. The significance of this is that any suffi- 
ciently smooth surface can be locally represented by a quadratic surface that is solely 
determined by the principal curvatures of the surface at P. 


State the necessary and sufficient condition for a real number to be a principal curvature 
of a surface at a given point. 
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Answer: The necessary and sufficient condition for a real number « to be a principal 
curvature of a smooth surface S at a given point P and in a given direction “, where 


du 
(du)” + (dv)? ¥ 0, is that the following equations are satisfied: 


(e—KE)du+(f—KF)dv = 0 
(f —KF)du+(g—KG)dv = 0 


where E, F,G,e, f,g are the coefficients of the first and second fundamental forms at 
P (see Exercise 44). 


Investigate the number of roots of the following quadratic equation and the impact 
of this on the number of principal curvatures of the surface at the point where this 
equation applies: 


(EG — F*) «? — (gE -2fF + eG) «+ (eg— f?) =0 (44) 


Answer: This quadratic equation in « has a non-negative discriminant and hence it 
possesses either two distinct real roots or a repeated real root. In the former case 
there are two distinct principal curvatures corresponding to two orthogonal principal 
directions, while in the latter case the point is umbilical. 


From the equation in the previous question, obtain an analytical expression for the 
principal curvatures of the surface at the point where this equation applies. 

Answer: The principal curvatures, «; and K2, are the roots of this quadratic equation 
and hence they are obtained by the quadratic formula,?! that is: 


(9B — 2fF + eG) + \/ (9B — 2F + eG)? — 4(BG — F2) (eg — f?) 
2 (EG — F®) 


A142 = 


From the equation in the last two questions, obtain the equation: x? —2H«k + K = 0 
and hence verify that the principal curvatures are given by: k12 = H+ /VH?—K. 
Answer: The mean curvature H and the Gaussian curvature K are defined by: 


Hq = gE -2fF+eG 
— - 2(EG — F?) 
ego 

EG — F? 


Hence, on dividing Eq. 44 by (EG — F?) we get: 


2 GH -2fF+eG) | (eg-f) _ 4 
(EG — F?) "(EG —F2) 


32] For a quadratic equation of the form aa? + ba +c = 0, the quadratic formula for the roots 21 2 is: 


—b+ Vb? — 4ac 


“12> 2a 
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(Gh 27 F eG) Mego fe)... 
Rese 2(EG-F) “tta-Fy = ° 


Ke —-2HK+K = 0 


On applying the quadratic formula on the last equation, we obtain: 


2H +,/(-2H)* —4K 
2 
oH oe 
% AH? —4K 
2 4 
H+JVH?_—K 


Write down the equations of the principal curvatures when the u! and u? coordinate 
curves are aligned along the principal directions. 
Answer: 
Ape and fig 
Q11 EB a22 G 
where &, and kz are the principal curvatures, the indexed a and b are the coefficients 
of the surface covariant metric and covariant curvature tensors, and E',G,e,g are the 


coefficients of the first and second fundamental forms. 


Obtain the equation for the Gaussian curvature of a surface with orthogonal coordinate 
curves by using the following equation: 


Answer: If the coordinate curves are orthogonal then F = 0. Hence, all the terms 


containing F' and its derivatives in the above formula will vanish and a (= EG — F?) 
will be equal to EG. Accordingly, the above formula will become: 


W ~ seal (fie) +4 (- Bi) 
- “hel (ce) +(e) 


Show that the spheres are the only connected, compact and sufficiently smooth surfaces 
with constant Gaussian curvature. 

Answer: Since the Gaussian curvature K at any point is constant (say K = c’) 
then at any point on the surface we should have: 


EG =F? _ (cE) (cG)= (cE)? eg — f? 


EG—F?2 | EG — F? EG — F? 


(46) 


[33] 


K=C=Cx1=c~x 


33] We note that c is a non-zero real number and hence K is positive because the surface is assumed to 


be connected and compact (see Exercise 54). 


4 CURVATURE 151 


63. 


64. 


ie. = = ~@ = & =c which means that the point is umbilical (see Exercises 29 and 


128). Now, since sphere is the only connected, compact and sufficiently smooth surface 
whose all points are spherical umbilical (see Exercise 65) then the surface must be a 
sphere, as required. 


State the curvature formula of Rodrigues defining all the symbols involved and dis- 
cussing its significance. 
Answer: At a given non-umbilical®! point P on a sufficiently smooth surface S, a 
direction du/du is a principal direction iff for a real number « the following relation 
holds true: 

dn = —kKdr 


where n (u,v) is the normal unit vector to S at P, r (u,v) is the spatial representation 
of S at P, and «& is the principal curvature of S at P corresponding to the principal 
direction du/du. The significance of the Rodrigues formula is that in any principal 
direction the two vectors dn and dr have the same orientation where the principal 
curvature « in that direction is the scale factor between the two vectors. 


Test the validity of the Rodrigues formula for the principal directions at the point with 
(u,v) = (2.3, 1.6) on a surface parameterized by: r(u,v) = (u,v, 2u? + 5v?), 5) 
Answer: In Exercise 45 we found k; ~ 0.2973, Ky ~ 0.001153, dv, ~ —0.5768du, and 
dvz ~ 0.6934du2. Now, at the point with (u,v) = (2.3, 1.6) we have: 


dn _ (—400v? — 4, 160uv,—16u) _ (—1028, 588.8, —36.8) 
Ou (16u2 + 10002 +1)? 6314.705 

dn _ (400uv, —160u? — 10,—100v) _ (1472, -856.4, —160) 
Ov (16u2 + 10002 +1)? 6314.705 


E, = (1,0,4u) = (1,0,9.2) 
E, (0,1, 10v) = (0,1, 16) 


So, for the principal direction dv; ~ —0.5768du, with principal curvature kK, ~ 0.2973 
we have: 


On On 
dit, So due ed 
ny Aa Uy + ae Uy 
(—1028, 588.8, —36.8) (1472, —856.4, —160) 
1)4 —0.5768 
6314.705 (1) 6314.705 ( ) 


34] The condition “non-umbilical” is related to the convention about the principal directions and principal 


curvatures at umbilical points (see for example Exercise 64 of § 5). However, some proofs (in this book 
and in the literature of differential geometry) are based on applying the Rodrigues curvature theorem 
at umbilical points and hence this condition will be ignored since there is no inherent contradiction in 
applying this theorem at umbilical points. 


35] The question in the book is about a surface parameterized by r(u,v) = (u,v, u? + 3v?) at the point 


with (u,v) = (1.4,3.9). However, we changed here to minimize the space and effort since the method 
is the same. 
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~ (—0.2973, 0.1715, 0.008787) 

dy, = Ejdu, + Eodv, 
= (1,0,9.2) (1) + (0,1, 16) (—0.5768) 
~ (1, —0.5768, —0.0288) 


—K,dr,; ~ —0.2973 (1, —0.5768, —0.0288) 
~ (—0.2973, 0.1715, 0.008562) 
Hence, dn, = —«, dr, (noting the numerical approximations). 


Similarly, for the principal direction dvg ~ 0.6934du2 with principal curvature Kg ~ 
0.001153, we have: 


On On 
d =i og —d 
me Ou Bast, Ov i! 
(—1028, 588.8, —36.8) (1472, —856.4, —160) 
~ 1) 4 0.6934 
6314.705 (1) 6314.705 ( ) 


~ (—0.001158, —0.0007962, —0.02340) 
E, dug + Eodv2 

(1,0, 9.2) (1) + (0, 1, 16) (0.6934) 

~ (1,0.6934, 20.2944) 

—0.001153 (1, 0.6934, 20.2944) 
(—0.001153, —0.0007995, —0.02340) 


dry 


I2 


—K2 dry 


Hence, dng = —k2 dr (noting the numerical approximations). 


Use the Rodrigues curvature formula to prove that spheres are the only connected closed 
surfaces of class C? whose all points are spherical umbilical. 

Answer: Referring to Exercise 63, we should first not follow the convention that ex- 
cludes umbilical points from having principal directions and principal curvatures and 
hence we should allow for the inclusion of umbilical points in the statement of the Ro- 
drigues curvature theorem. So, let have a connected closed surface S' of class C? whose 
all points are spherical umbilical and hence at every point on S' the normal curvature 
Ky, (which is equal to the curvature « in the Rodrigues formula) is the same in all direc- 
tions (including the directions of coordinate curves) although it may vary from point to 
point. Therefore, from the Rodrigues formula along the coordinate curves at any point 
on S we have (refer to the book): 


O,n = —KE, and O,n = —KE2 


Now, to show that S' is a sphere we need to show that « is not only the same in any 
direction at any point but it is also the same over the entire surface, i.e. it does not 
vary from point to point. So, let first have an arbitrary connected patch S; on S' where 
the above formulae apply. On differentiating the above formulae with respect to v and 
u respectively we obtain: 


OuwN = — (0,4) Ey — 60, E, and OvuN = — (O,K) Ey — K0,E2 
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Now, since 0,,N = O,,n and 0,E, = 0,E>2 then on subtracting the last formulae we 
obtain: 
= (OyK) E, + (OK) E» =0 


Because E, and Fy are linearly independent then the last formula implies that O,« = 
OuK = 0 which means that « is constant over S;. This should also apply to any other 
patch on S because Sj is arbitrary. To complete the proof, we need to show next that 
k is the same across all patches on S. So, let S; and S2 be two arbitrary neighboring 
patches on S. Now, if we connect an arbitrary point P,; on S; to an arbitrary point P, 
on S_ by a regular curve C’ (which must exist because S is connected) then because $1 
and S> are arbitrary patches on a connected surface and & is supposed to be constant 
on each of S; and Sz then « must be the same along C’ and hence « must be the same 
at P, and P,. This means that « is the same at any point on S (because P; and P» are 
arbitrary points on arbitrary patches) and hence « is constant over the entire surface 
S. We need next to show that the surface S has a spherical shape. To do this we note 
that since every point on S is spherical umbilical then an arbitrary regular curve C (t) 
on an arbitrary patch S; must be a line of curvature along which the Rodrigues formula 
applies, that is: 

dn dr 

dt dt 


On integrating this equation with respect to t (noting that « is constant), we obtain: 
n=-—a«r+v 


where v is a constant vector. On taking the modulus of the two sides of the last equation 
(noting that n is a unit vector) we get: 


v 
L=|-0rtv|=«|"—r 
K 


Accordingly, the radius of curvature at any point on C is: 


This means that the distance between any point r on C and a fixed point v/« in the 
space is constant (= 1/«) and hence C is a spherical curve with center v/«k. Now, since 
C is an arbitrary curve on 5S; then this applies to the entire S; which means that S 
is a spherical surface (i.e. S; is part of a sphere S, with center v/« and radius 1/k). 
Also, since Sj is arbitrary then this applies to the entire surface S (i.e. S is part of S;). 
Finally, to rule out the possibility that S may be just part of S, and not the entire S, 
(i.e. it is not a sphere but part of a sphere) we need to show that S includes the entire 
S, (i.e. S is equal to ye For this, we note that because S, is connected and S' is 


361m more technical terms, we proved so far that S' is a subset of S, so we need to prove next that $' is 
not a proper subset of S, but it is the entire S,. 
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closed then S, and S are equal as point sets,” i.e. S includes the entire S, and hence 
S = S,. In other words, S' must be a sphere, as required. 


Give a mathematical expression for the Gaussian curvature K in terms of the coefficients 
of the surface metric tensor a1), 412, @21,@22 and the curvature tensor 011, by2, b21, bos. 


Answer: 
= by1b22 — bybe1 


11422 — 412491 


Kk 


What is the significance of having an intrinsic surface curvature, represented usually by 
the Gaussian curvature, as a way for a 2D inhabitant to have some perception of the 
nature of the surface and its shape as seen from the ambient space by a 3D inhabitant? 
Answer: Having an intrinsic curvature implies having extrinsic curvature (but the 
opposite is not true). So, when the surface possesses an intrinsic curvature, a 2D 
inhabitant can conclude that the 2D space is curved externally as well and hence the 
2D inhabitant will have some perception of the nature of the surface and its shape as 
seen from the ambient space by a 3D inhabitant. 


Discuss the following statement: “The Gaussian curvature along any parallel line of a 
surface of revolution is constant”. 

Answer: This statement is intuitive because due to the axial symmetry of the surface 
the principal curvature of the surface along any given parallel is constant. Moreover, 
the principal curvature of the surface along the direction of any meridian that cuts 
the given parallel is the same at any point on the given parallel. Hence, the Gaussian 
curvature (which is the product of the two principal curvatures) must also be constant 
along the parallel. We remind the reader that parallels and meridians of surface of 
revolution are lines of curvature (see Exercise 65 of § 5). 


Starting from the following relation: K = b derive the relation: K = det(b$). 
Answer: 


Ko 


a*b,g) 
rr) 


where line 1 is the definition of K, line 2 is the definition of a and 8, line 3 is because 
a°7? and aay are inverses and hence their determinants are reciprocals, line 4 is because 
the determinant of product matrices is the product of their determinants, and line 5 is 
because a7 is an index raising operator. 


371 We refer here to the theorem that we stated in the book as: “If S; and S» are two simple surfaces 


where 5; is connected and $3 is closed and contained in 5), then the two surfaces are equal as point 
sets”. We note that S; and S» in this statement correspond to S, and S in our problem. 
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Give a mathematical relation correlating the Gaussian curvature to the following coef- 
ficients of the 2D Riemann-Christoffel curvature tensor: Rj212, Ry221, Rojo; and Roy12. 


Answer: iB 
1212 

K —_—= — 
a a a a a 


Rio Rain Rane 


These relations are justified by the fact that b = R121. plus the fact that the covariant 
Riemann-Christoffel curvature tensor is anti-symmetric in its first two indices and is 
anti-symmetric in its last two indices and hence Ry212 = —Roi42 = —Ry221 = Ro 21. 


What is the Gaussian curvature K of a Monge patch of the form r(u, v) = (u,v, f(u, v))? 
Answer: , 
Pinal ~~ Jay 


Lada) 
where the subscripts u and v stand for partial derivatives of f with respect to these 
surface coordinates. 


Why the Gaussian curvature is independent of the orientation of the surface (where 
orientation is based on the choice of the direction of the unit normal vector to the 
surface)? 

Answer: Because a change in the direction of the unit normal vector n will change the 
sign of the principal curvatures but not their absolute value and hence the magnitude 
is preserved. Furthermore, this change of sign will not affect the sign of the Gaussian 
curvature since both signs will be changed by the reversal of n direction and hence their 
product will not be affected, i.e. it is like multiplying by (—1) = 1. Therefore, the sign 
and magnitude of the Gaussian curvature are both preserved under this reversal. We 
note that the Gaussian curvature is defined as the product of the principal curvatures, 
ie. K = kiko. 


Which of the following geometric shapes have identical Gaussian curvatures at their 
corresponding points and why: plane, sphere, cylinder, catenoid, ellipsoid, hyperbolic 
paraboloid, helicoid, and cone? Compare, in your answer, each pair of these shapes. 
Answer: Plane and cylinder, plane and cone, cylinder and cone, and catenoid and 
helicoid have identical Gaussian curvatures because they are locally isometric.*! All 
other pairs do not have identical Gaussian curvatures. 


Write down an expression for the Gaussian curvature of a surface of revolution generated 
by revolving a sufficiently differentiable plane curve of the form x = f(y) around the 
y-axis. 

Answer: 

fy 

f+)" 


where the subscript y represents derivative of f with respect to this variable. 


38] See Exercise 32 of § 6 about catenoid and helicoid. 
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Explain all the symbols of the following equation with discussion of its significance in 
relation to the intrinsic and extrinsic geometries of the surface: 


0, x On =K (FE, x E») 


Answer: 0,, and Q, symbolize partial derivative with respect to u and v, the symbol 
x represents cross product operation of two vectors, n is the normal unit vector to 
the surface, K is the Gaussian curvature, E; and Ez, are the surface basis vectors, and 
all these symbols belong to a given point on a sufficiently smooth surface. Now, since 
n-(Oun X Opn) = K n-(E; x Ey) = K\/a we can conclude that the Gaussian curvature, 
which is an intrinsic property, can be defined by an extrinsic entity which is n. However, 
the definition is ultimately based on intrinsic parameters since n is defined in terms of 
E, and Ez, (we should also note that 0,n and O,n are surface vectors as they belong to 
the tangent space). 


State the mathematical expression that correlates the Gaussian curvature K to the 
Ricci curvature scalar R of a surface. 
Answer: RI 

ean 
Using Eq. 46 and the parametric equations of Beltrami pseudo-sphere (Eqs. 1-3), 
show that the pseudo-sphere has a negative constant Gaussian curvature and find this 
curvature. 
Answer: Noting that (u,v) correspond to (0, ¢), we have: 


. a4 1 
E, = Or=a (cost os. cos @sin @, — siné 4 2-cos (6/2) sin a5) 


= (costs @, cos @sin ¢, — sin 8 + =a) 
sin 0 
E, = dOgr =a(—sin@sin@, sin 6 cos ¢, 0) 
E = £,-E, =a (—1 + csc? 6) = a’ cot? 6 
F = E,-E,=0 
G = E,-E, =a’sin?@ 
VEG = Vatcot?@sin? 6 = Va‘ cos? 6 = a? cos6 
Go = OG = 2a’ sin 6 cosé 
Ex = 0,F =0 
Ge a 2a? sin 6 cos 6 eer 


JEG a? cos @ 
Go ) 
0, = 2cosé 
: (4 
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1 
= SD 6+0 
2a See core ae 


1 
a 


which is a negative constant Gaussian curvature. In fact, this is the same as the formula 


given in the book (ie. K = ee where p is the pseudo-radius of the pseudo-sphere) 


with a = p.P 


Classify surfaces with regard to their Gaussian curvature as having constant or variable 
curvature giving two examples at least for each. 

Answer: We have: 

e Surfaces with constant Gaussian curvature, where the constant curvature can be zero 
(planes or cylinders) or positive (spheres) or negative (pseudo-spheres). 

e Surfaces with variable Gaussian curvature such as ellipsoids, tori and hyperboloids of 
one sheet. 


What is the impact of scaling a surface up or down by a constant positive factor c on 
its Gaussian curvature? 


Answer: The Gaussian curvature will scale by the reciprocal square of that factor, i.e. 
by 1/c?. 


Discuss the effect of an isometric mapping of a surface on its Gaussian curvature. 
Answer: The Gaussian curvature is invariant under isometric transformations and 
hence two isometric surfaces have identical Gaussian curvature at their corresponding 
points. 


State the Hilbert lemma giving examples for its applications from common types of 
surface. 

Answer: The lemma states that if P is a point on a sufficiently smooth surface S 
with «; and &2 being the principal curvatures of S at P such that: kK, > Ke, Kk, is a 
local maximum, and ky is a local minimum, then the Gaussian curvature of S at P 
is non-positive, that is kK < 0. An obvious example is the minimal circle of catenoid 
where K <0. Another example is the interior circle of torus where K is also negative. 


Give the conditions for the validity of the following equation: 


«idea (a) + (a) 


Also, give its simplified form in the case of representing the surface by geodesic coordi- 
nates stating the other conditions required for this simplification. 
Answer: This equation applies to the Gaussian curvature of a surface of class C? with 


391 The reader should not confuse this a with the symbol a that represents the determinant of the surface 


covariant metric tensor. We also restrict the range of @ in this derivation to be between 0 and 7/2 
where the result of the other half of the pseudo-sphere can be obtained by symmetry. 
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orthogonal coordinate curves. 
The equation will take the following simplified form: 


_ BuuwG 
VG 


when the surface is represented by geodesic coordinates with the wu coordinate curves 
being geodesics and wu is a natural parameter. 


Ke 


Express the mean curvature as a function of the Gaussian curvature taking care of the 


signs. 
Answer: 

|H|=VK+C? 
where 


Ox J(e2G? + E29?) —4fF (eG + Eg) +4(f?EG + Feg) — 2egEG 


2(EG — F?) 
This can be verified as follows: 
K+C 
eg—f? | (eG? + Eg’) —4fF (eG+ Eg) +4 (f?EG + F’eg) — 2egEG 
= EC-Fe. 4(EG — F?)? 
_ eG? — def FG + 2egEG +4f?F? —4fgEF + q°E? 
7 4(EG — F?)? 
_ (eG-2fF + gE) 
— A(EG — F?)? 
= #H 


We note that since K + C? is equal to a square of a real number (i.e. H) then the root 
VK + C? is always real. The sign of H (i.e. being plus or minus) should be determined 
according to the appropriate factors in the given problem such as the orientation of the 
surface which determines the signs of the principal curvatures. 


Show that spheres are the only connected compact surfaces with constant mean curva- 
ture H and positive Gaussian curvature K. 

Answer: Since K = &1k2 > 0 then Kk; #0, K2 # 0 and &; and kp have the same sign. 
Accordingly, H = sueke = c #0 where c is a constant. Now, from the given conditions 
kK, and kg must be continuous functions. Therefore, k; must have a maximum Kk), at 
a given point P and since kK; + Kz is constant then K2 must have a minimum kan, at 
the same point P. So, from one of Hilbert theorems'°! we conclude that the point P 


40] According to this theorem, if «; and «2 are the principal curvatures at a given point P on a surface S 


such that «, is a local maximum, «2 is a local minimum and the Gaussian curvature at P is positive 
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is spherical umbilical, i.e. Kyyy = Kam 4 0. Now, for any other point on the surface we 
have: 
Ky S Kim = Kam S Ke 


and hence k, = Ko, i.e. the other point is also spherical umbilical. In other words, 
all the points of the surface are spherical umbilical.!?! So, from the result of Exercise 
65 we conclude that the surface is a sphere. 


Explain how the position of the surface in a deleted neighborhood of a given point 
P relative to the tangent plane of the surface at P is used to classify the nature of 
the Gaussian curvature at P. From this perspective, discuss the sign of the Gaussian 
curvature on the points of the following surfaces: hyperbolic paraboloid, sphere, torus 
and cylinder. 

Answer: We have three main cases: 

(a) The Gaussian curvature of a surface S at a given point P on the surface is positive 
if all the points of the surface in a deleted neighborhood of P on S are on the same side 
of the tangent plane to S at P. 

(b) The Gaussian curvature is negative if for all deleted neighborhoods of P on S some 
points are on one side of the tangent plane and some are on the other side. 

(c) The Gaussian curvature is zero if, in a deleted neighborhood, either all the points 
lie in the tangent plane or all the points are on one side except some which lie on a 
curve in the tangent plane. 

From this perspective, we conclude that hyperbolic paraboloid has negative Gaussian 
curvature because it belongs to case b, sphere has positive Gaussian curvature because 
it belongs to case a, and cylinder has zero Gaussian curvature because it belongs to case 
c (second instance). Regarding torus, it has points with positive Gaussian curvature 
(outer half) which represent case a, points with negative Gaussian curvature (inner 
half) which represent case b, and points with zero Gaussian curvature (top and bottom 
circles) which represent case c (second instance). 


The Gaussian curvature of a developable surface is identically zero. Why? 

Answer: Because developable surface is a warped plane without local distortion by 
compression or stretching and hence its intrinsic properties are preserved. Now, since 
the Gaussian curvature is an intrinsic property then the Gaussian curvature of devel- 
opable surface should be the same as the Gaussian curvature of plane which is identically 
Zero. 


then P is a spherical umbilical point. In fact, this theorem is closely related to the Hilbert lemma 
which is stated in Exercise 81 of this chapter and proved in Exercise 67 of § 5. In brief, from the lemma 
we can see that if &,; > Kg then the Gaussian curvature is non-positive, so we may intuitively conclude 
that if the Gaussian curvature is positive then the condition «| > «2 must be invalid (i.e. K1 = K2) 
and hence the point must be spherical umbilical. 


[41] This conclusion is based on the fact that by definition «,; > K2 and from the above equation we have 


K1 < K2. Hence, we should have Kk, = kg. 


[42] The extension from the locality of one point to the locality of another point will ensure global extension. 
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87. What is the Gaussian curvature K of a surface parameterized by: x = (5 + cos ¢) cos 9, 


88. 


89. 


y = (5+ cos¢)sin@ and z = sing? 
Answer: Noting that (u,v) correspond to (@,@), we have: 
E, = Or = (—5sin@ — sin 6 cos ¢, 5cos@ + cos 0 cos ¢, 0) 
E, = Ogr = (—cos@sin ¢, —sin@sin ¢, cos @) 
EF, xX Eo 
|E, x E,| 
(5 cos @ cos ¢ + cos 6 cos? d, 5sin @ cos ¢ + sin 6 cos? ¢, 5sin @ + cos dsin d) 


(5 + cos $) 
(—5 cos 6 — cos@ cos ¢, —5 sin @ — sin 6 cos ¢, 0) 
O,E, = (sin@sing, —cos@sin¢, 0) 
0sE, = (—cos@cos¢, —sin@cos ¢, — sin @) 
a ,- E, = (54+ cos ¢)” 
F = E,-E,=0 
G = E,-E,=1 
e = n-0O9E, = —cos¢ 
i 
g 


= n-03E, = 0 
—1 

— -O,.E ——— 
me esices 5 + cos 

EG—F? = (5+cos¢)’ 

2 _ COS 
a 5+ cos@ 

kK = eg=f? = cos @ 


EG —F? (5+ cos¢)° 


Provide a mathematical definition for the total curvature of a surface explaining all the 
symbols used in the definition. 

Answer: The total curvature K; is the area integral of the Gaussian curvature K over 
a surface or a patch of a surface, S, that is: 


Ki= ff Kao 
Ss 


where do is an infinitesimal area element on the surface. 


Define all the symbols used in the following equation: 
ee” Rapys = Kee cage 15 


Answer: agys is the covariant Riemann-Christoffel curvature tensor, K’ is the Gaus- 
sian curvature, and the indexed ¢€ are the contravariant and covariant absolute permu- 
tation tensors. All these symbols belong to a surface (i.e. 2D space) and hence all the 
indices range over 1,2. 
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90. 


OL, 


u2; 


Explain in detail how the following equation implies that the Gaussian curvature is a 
rank-0 tensor: K = 56 Rags. 

Answer: All the indices on the right hand side are contracted and hence they are 
bound indices (i.e. we have no free index). Therefore, the Gaussian curvature kK which 
is equal to this rank-0 tensor (i.e. Fee Rays) should also be a rank-0 tensor. 


Write the Gaussian curvature K in terms of the surface curvature tensor using the most 
simple form. 
Answer: 


1 
K = 56 byabag 


where €®? and €” represent the 2D contravariant absolute permutation tensor, while 
byq and bsg represent the covariant surface curvature tensor. 


Algebraically manipulate the relation K = b to obtain the following relation: 


(O.E, , Ey x E2) (O,E2 : Ey x E2) = (O.E, : EF, x E)° 


eS 2 
(EG — F?) 


(47) 


Answer: We have: 


E = E,-E,=|E,)’ 


F = E,-E, 
G = E,-E,=|E,|’ 
e = O,E,-n 
f = 02E,-n 
g = O,Eo-n 


IE, x Eo] = 1/|Eil?|B2l? - (B, -Ep)? = VEG—- FP 
= E, x Eo _ E, x Ep» 
ar |E, x E,|  /EG — F? 
eg—f? = (0,E,-n)(0,E2-n) — (0,E, - n)° 


(O.E, c Ey x E2) (0, E2 : Ey x E2) = (O,E; : EF, x E2) 


EG — F? 
Hence: 
b 
a 
a 
2 CGS? 
~~ BG — F2 


(O.E, : EF, x E2) (O,E2 7 EF, x E») es (O,.E, : Ey x E2) 
(EG — F)? 
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93. 


94. 


95. 


96. 


97. 


98. 


gg: 


Express the mean curvature H in terms of the coefficients of the first and second 
fundamental forms E, FG, e, f, g. 

Answer: 

eG—2fF+gE 


p= Ba) 


What is the relation between the mean curvature H and the mixed type surface curva- 
ture tensor b8? 


-(b2 
Answer: H is half the trace of b8, i.e. H = : ve): 


Compare the sign of the mean curvature to the sign of the Gaussian curvature with 
regard to their dependency on the direction of the unit normal vector to the surface. 
Answer: The sign of the Gaussian curvature is independent of the direction of the unit 
normal vector while the sign of the mean curvature is dependent on the direction of the 
unit normal vector. 


Give two examples of common types of surface over which the mean curvature is con- 
stant. Also, give an example of a surface with variable mean curvature. 

Answer: Plane and sphere are examples of surface over which the mean curvature is 
constant. Torus is an example of a surface with variable mean curvature. 


What is the mean curvature H of a Monge patch of the form r(u, v) = (u,v, f(u, v))? 


Answer: ‘ 5 
(1+ fo) fuu — 2fufofuw ++ fa) foo 
2+ + Hy 
where the subscripts u and v stand for partial derivatives of f with respect to these 
surface coordinates. 


i 


What is the essence of Gauss Theorema Egregium? Give an example of an equation or 
a theorem that demonstrates this theorem. 

Answer: The essence of Theorema Egregium is that 2D spaces (i.e. surfaces) can have 
an intrinsic curvature which is usually represented by the Gaussian curvature. This can 
be seen for example from the following equation kK = Fie where the Gaussian curvature 
K is expressed in terms of the coefficient of the Riemann-Christoffel curvature tensor 
Ry212 and the determinant of the covariant metric tensor a where both of these are 
intrinsic attributes to the surface. 


Derive the equation of Theorema Egregium (as given in the book by Eq. 385) using Eq. 
47. 

Answer: It is obvious that (0,E,-E, x E), (0,E,-E, x E2) and (0,E, - E, x Ee) 
are scalar triple products and hence they can be expressed as determinants. Now, if 


a a 
for simplicity we use r, = Ey, r, = Eo, a = EG — F?, det | b and | b | as 
c Cc 


the determinant and matrix whose rows are a,b,c vectors, and det ( a bc ) and 
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[ a bc | as the determinant and matrix whose columns are a, b,c vectors, then Eq. 


47 can be written as: 


2 
Ka = det ( Pie. Tie The ) det ( Pig Th Vs ) — [det ( fap te. 85 \| 
Luu Tuy 
= det] ry det ( Fy. ka. ) —det[{ ry det ( Ps. ha hy ) 
ry Ty 
Luu luv 
= det hy [ Li Ey, | — det i; [ Voge Ee. Ve | 
ry Ty 
Tuu' Tov Tuu' Tu Yuu’ lo Tuv Tuo Tuo * Su 
= det ry Tye het — det Pte Tyr! 
Ly Lov ry Ty ry Ty Ly * Luv ry Ty 
Tuu'Tov TusTov You * lou Puv Tuo Tuo Tu Yu So 
= Tuu * Tu Ty * Tu ry Ty _ Tu Pus Py lu ry * ly 
Luu * To ry * ly Py To Ly + Luv Ty Tu Ty Ly 
1 iL: 1 
Luu * Tov Fy _ ey men Puy * Puv ge 5 
= ie E Be Wiel) LE ee a 
Fy — 52. F G 5G. F G 
1 1 1 1 
(Pie Pov — Tuv* Tie.) By, _ gin gly 0 gy Sear 
= vom E BP lslte. a oF 
Fy, — 32, F G 5G, F G 
1 1 1 1 1 
2 (—Evy + 2 Tis ra Guu) Fe =e gu 3Gu 0 gy nea 
= Som PWS eae 
1 iL 
Fi = ER, F G WG de OG 


where in line 2 we use the fact that the determinant is invariant to transposition, in line 
3 we use the fact that the product of determinants in equal to the determinant of the 
product, in line 4 we use the definition of matrix product as the dot product of rows of 
first matrix with columns of second matrix, in line 5 we transpose the first determinant 
and use our notation for determinant, in line 6 we use relations that are justified in the 
upcoming note, in line 7 we use the fact that the minor of the first element in both 
determinants is identical and hence by distributivity we obtain the above result, and in 


line 8 we substitute for rj, - Pyy 


—Tuyy ‘Tuy (which we justified in the upcoming note). 


Note: The relations r,-r, = E, ty -’y =Vy: ly = F andr,-r, = G are obvious since 
r, = E, andr, = Es. Regarding the other relations, we have: 


Ty * Puy 


Py * Lov 


Puu* Tu 


1 
E, = OnE» = (22. 1| as F, = 5Cu 
Gy 


2 
1 
OE, Za EF, = (11, 1] coe 5 bu 


Ey - 02Ey = [22,2] 
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100. 


101. 


102. 


1 
Luu ly = OE, - Eo = [11, 2] =fi,- abv 
1 
Luv ly = 02K, : E, = [12, 1| 7 5 te = Ply + luv 
1 
Tag Ty = 02H) > Eo = (12,2) = 5 Cu = Ts" Pigy 
Also: 
1 1 
(ay) : r,) = Yluw * lo Tluu* lou = EF, _ = Ey Ew =F 
v ee 2 
1 1 
uv “ty = uvu “Ly T Luv * Pou = ray = Seay 
(Tig Rs) r Ty ttt (; ) 5 
1 
Puu’ loo —Lu* lu = (Pai : Ty), a (Pai : i), = Pigs = 5 bw = 5 Cu 


Write down the mathematical equation representing the local form of the Gauss-Bonnet 
theorem explaining all the symbols involved. 

Answer: If G is a simply connected region on a surface of class C? where G is bordered 
by a finite number m of piecewise regular curves Cj that meet in n corners then we 


have: eo ‘ 
>| kot Soon ff Kao = 2 (48) 
jal 9G k=1 6 


where the first sum is over the curves while the second sum is over the corners, Ky is 
the geodesic curvature of the curves C; as a function of their coordinates, @, are the 
exterior angles of the corners and K is the Gaussian curvature of G as a function of 
the coordinates over G. 


Give an example for the application of the local Gauss-Bonnet theorem using a planar 
geometric shape and another example using a non-planar shape. 

Answer: The first example is a semi-circular disc in a plane with radius R where Eq. 
48 becomes: 


1 
(Gre +0 x28) 2(=) +QO=n74+na4+0=27 
The second example is a hemisphere of radius R where Eq. 48 becomes: 


1 
0(2rR) +0+ p52rR° =0+0 + 2n = 2r 


Explain why two geodesic curves on a patch of a surface with negative Gaussian cur- 
vature A cannot intersect at two points. 

Answer: Because on introducing a vertex at a regular point on one curve we will have 
an artificial corner with zero exterior angle and 7 interior angle, and hence we will have 
a geodesic triangle whose interior angles add up to more than 7 on a surface over which 
K <0, which is impossible. 
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103. 


Apply the Gauss-Bonnet theorem on the spherical triangle of Figure 18 giving detailed 
explanations for each step. 


Figure 18: A spherical triangle with three right angles on the surface of a sphere. The 
three sides of this spherical triangle are arcs of great circles. 


104. 


105. 


Answer: Since the three sides of this spherical triangle are arcs of great circles then 
the geodesic curvature K, is identically zero over these curves and hence the first term 
in Eq. 48 is zero. Since the three interior angles are right angles then the second term 
in Eq. 48 (which represents the sum of the exterior angles) should be ar Since a sphere 
of radius R has kK = = and the area of the triangle is 1/8 of the area of the sphere 
then the third term (which represents the area integral) is ee 
up these three terms we get: 0+ “ + 5 = 2m, as it should be. 


= 5. So, on adding 


Use a circular flat disc to demonstrate the application of the local form of the Gauss- 
Bonnet theorem giving detailed explanations for each step. 

Answer: Since the normal curvature &,, is zero over any curve on this flat disc then the 
geodesic curvature kK, over the perimeter of the disc is equal to the curvature « of the 
perimeter (which is a circle) and hence it is equal to the reciprocal of the disc radius R. 
Moreover, the length of the perimeter is 27R and hence the line integral (represented 
by the first term of Eq. 48) is nomR = 27. The second term is zero because the exterior 
angle of any artificial corner is zero and hence the sum in the second term of Eq. 48 
should be zero (whatever artificial corners we introduce). The Gaussian curvature K is 
identically zero over any plane surface and hence K = 0 over this flat disc. Therefore, 
the area integral (represented by the third term of Eq. 48) is zero. So, on adding up 
these three terms we get: 27 + 0 + 0 = 27, as it should be. 


What is the global form of the Gauss-Bonnet theorem and what is its significance 
geometrically and topologically? 

Answer: On a compact orientable surface S' of class C? the Euler characteristic y and 
the Gaussian curvature K are linked by the following relation: 


I Kdo = 2nx (49) 
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106. 


ive 


Figure 19: Examples of surfaces of genus 2 (left frame) and genus 3 (right frame). 


The significance of this theorem is that it correlates a topological invariant x to a 
geometric invariant K and hence it establishes a relation between the topology and the 
geometry of the surface. 


Find the total curvature of the surfaces depicted in Figure 19. 

Answer: The genus of the surface on the left is g = 2 while the genus of the surface 
on the right is g = 3. Hence, from the relation y = 2(1—g) we conclude that their 
Euler characteristic is x = —2 and y = —4 respectively. So, from Eq. 49 we conclude 
that their total curvature is kK, = —4a and kK; = —8m respectively. 


Show, mathematically, that the area of a geodesic polygon on a surface with constant 
non-vanishing Gaussian curvature K is determined by the sum of the internal angles of 
the polygon. 

Answer: For geodesic polygon k, = 0 and hence Eq. 48 becomes: 


Sef xt 


| Kee 


27 
an — > Pk 
k=1 
4 I do 27 — » br 
6 k=1 


[lw z (2-36) 


where lines 3 and 4 are justified by the fact that AK is constant and non-vanishing. Now, 
the left hand side of the last line is the area of the geodesic polygon while everything 
on the right hand side is constant except ¢,. This means that the area is determined 
by the sum of the internal angles 6, of the polygon since @, is determined by the sum 


of dy, ie. 0, = nm — op_, Oe. 
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108. Verify that the total curvatures of ellipsoid and torus are respectively 47 and 0 by 
performing detailed surface integral calculations. 
Answer: The ellipsoid is represented parametrically by: 


r (0,0) = 


(asin 6 cos ¢, bsin @ sin ¢, ccos 0) 


where a,b,c are constants and 0 <@ <7 and0< @¢< 27. Hence, we have: 


Oer = (acos 6 cos ¢, bcos @sin ¢, —csin@) 
Ogr = (—asin @ sin @, bsin 6 cos ¢, 0) 
(—asin 6 cos ¢, —bsin @ sin ¢, —ccos 0) 
(—acos 0 sin ¢, bcos@ cos ¢, 0) 


(—asin 6 cos ¢, —bsin @ sin @, 0) 


E, - E, = a’ cos? 6 cos” + b? cos? 6 sin? ¢ + c? sin? 6 
E, - E, = —a’ cos@ sin 6 cos dsin ¢ + b? cos @ sin @ cos d sin d 
E2 - Ey = a’ sin? 6 sin” ¢ + b’ sin? 6 cos” d 


sin? 0 (a7b? cos? @ + a?c? sin? 6 sin? ¢ + b?c? sin? 6 cos” o) 
Ey x E2 _ 
VEG — F? 


(bc sin 6 cos ¢, acsin 6 sin ¢, ab cos 6) 
ab? cos? @ + a2c2 sin? 6 sin? @ + b2c? sin? 0 cos? 
—abe 
ab? cos? @ + a2c2 sin? 6 sin? ¢ + b2c? sin? 6 cos? 
n-0,E, = 0 


n-: OpE, = 


—abcsin? 6 
/a2b? cos? 6 + a2c? sin? 6 sin? ¢ + b2c? sin? 6 cos? @ 
a?b?c? sin? 0 
a2b? cos? 6 + a2c? sin? O sin? ¢ + b2c? sin? 6 cos? 
eg — f? a7b?c? 


EG — F? 


n-: OE 2 = 


(a2b? cos? @ + a2c? sin? 6 sin? @ + b2c? sin? 6 cos? @) 


Therefore, the total curvature of ellipsoid is: 


I Kdo 


is [. Qn 
6=0 J¢=0 (a2b? cos? @ + a2c? sin? 6 sin? ¢ + b2c? sin? 6 cos? o) 


o=2T 
[. .s KVEG — F°ddd6 
0= ~=0 


= i: is ** a7b?c? sin 0,/a2b2 cos? 0 + ac? sin” 6 sin? @ + b?c? sin? 0 cos? @ 
0 /J¢=0 


dodé 


(a2b? cos? @ + a2c2 sin? 6 sin? ¢ + b2c? sin? 6 cos? o) : 


a’b?c? sin 8 


+75 1bd0 
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However, we could not find an analytical evaluation for this integral. So, we evaluated 
the integral for special cases of a,b,c values and we obtained correct results. For ex- 
ample, for the case a = b = c (which represents sphere) where the factors a, b, c cancel 
out we obtained 47. We also obtained 47 for many other cases, e.g. a = 1, b = 2 and 
c= 38 

Regarding the torus, it is represented parametrically by: 


r (0,0) = (Rcos0+rcosécos¢, Rsiné + rsin@cos ¢, rsin d) 


where FR is the torus radius, r is the radius of the generating circle, 0 € [0,27) is the 
angle of variation of R and ¢ € {0, 277) is the angle of variation of r. Hence, we have: 


E, = Odor = (—Rsin#é — rsin@cos¢, Rcos# +r cos cos ¢, 0) 
E, = Ogr = (—rcos@sin¢, —rsin@sin ¢, r cos @) 
OE, = (—Rcosé—rcosécos¢, —Rsind — rsiné cos ¢, 0) 


(r sin @ sin ¢, —rcos@sin @, 0) 


& 
iss 
| 


0sE2 = (—rcosécos¢, —rsiné cos ¢, —rsin ¢) 

E = E,-E, =(R+rcos¢)* 
F = E,-E,=0 
G = E)-E,=r 

EG-—F? = r*(R+rcos¢)’ 
n = as = (cos 0 cos ¢, sin @ cos ¢, sin d) 
e = n-09E, = —cos¢(R+r1rcos@) 
f = n-0,E, =0 
g = n-0;E,=-r 

eg—f? = rcos¢(R+rcos¢) 
gay. cos 


Fe = 
EG-—F? r(R+rcos¢) 


Therefore, the total curvature of torus is: 


p=2r 0=27 
I Kdo KVEG — F°d0dé 
S o=0 0=0 
p=20 0=27 
cos @dbdd 


¢=0 J6=0 


43] The reader can check these results using for example the free online Multiple Integral Calculator at: 
https://www.emathhelp.net /calculators/calculus-3/multiple-double-triple-integral-calculator /. 
For example, for the case a = 1, 6 = 2 and c= 3 use the following inputs: 
Enter a function: 36 sin (y) /( (4 cos *2 (y)+9 sin ~2 (y) sin *2 (x)+36 sin *2 (y) cos *2 (x)))*(3/2) 
Enter bounds: y,0,pi;x,0,2 pi 
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110. 


UL, 


UT. 


o=20 
a) / cos ode 
g 


=0 
2r [sin 3,” 


0 


Outline the usefulness of the global form of the Gauss-Bonnet theorem in obtaining 
the total curvature of a surface with known topological properties without performing 
detailed calculations. 

Answer: From Eq. 49, it can be seen that all we need to obtain the total curvature 
of a surface is to know its Euler characteristic y. This is usually much easier than 
performing lengthy and usually complex area integrals which may not even be possible 
(see the previous exercise as an example). 


Using the Gauss-Bonnet theorem, prove that the Gaussian curvature is identically zero 
on a surface S if at any point P on S there are two families of geodesic curves in the 
neighborhood of P intersecting at a constant angle. 

Answer: If P is an arbitrary point on S surrounded by a geodesic quadrilateral then 


from Eq. 48 we get: 
4 
I Kdo = 27 — S- br 
: k=1 


where this is justified by the fact that K, is identically zero on the quadrilateral. Because 
the geodesic curves are intersecting at a constant angle then we should have Sat oy = 
27m and hence we conclude from the above equation that the total curvature of the part 
of the surface surrounded by the quadrilateral is zero, ie. fj ifs Kdo = 0. Now, on 
shrinking the quadrilateral onto the point P the equality [f « Kdo = 0 can only be true 
if K at P is zero. Since P is an arbitrary point on the surface then this applies to the 
whole surface, i.e. the Gaussian curvature is identically zero on the surface, as required. 


Write down the mathematical relation that links the Euler characteristic y of a surface 
to its topological genus g. 
Answer: 

x = 2(1—g) 


Use the principal curvatures, K; and Kz, and the mean and Gaussian curvatures, H and 
K, to classify the points with regard to the local shape of the surface as flat, elliptic, 
parabolic and hyperbolic giving examples of common geometric shapes for each case. 
Answer: The point is: 

e Flat when k; = kp = 0, and hence H = K = 0 (since H = marke and K = k1k2). 
Example: plane. 

e Elliptic when either kK; > 0 and kg > 0 or Kk, < 0 and kz < 0, and hence K > 0. 
Example: ellipsoid. 

e Parabolic when either «; = 0 and k2 4 0 or Kp = 0 and k, #0, and hence K = 0 and 


4 


113. 


114. 


115. 
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H #0. Example: cylinder. 
e Hyperbolic when «,; > 0 and kg < 0, and hence K < 0. Example: catenoid. 


Repeat the classification of the previous question using this time the coefficients of the 
second fundamental form of the surface. 

Answer: The point is: 

e Flat when eg — f? =O ande =f =g=0. 

e Elliptic when eg — f? > 0. 

e Parabolic when eg — f? = 0 and e? + f? +g? £0. 

e Hyperbolic when eg — f? < 0. 


Prove that on a circular cylinder all points are parabolic. 
Answer: Circular cylinder can be parameterized spatially as r (¢, t) = (acos@, asin ¢, t) 
where a is a non-zero constant and 0 < @ < 27 and —co < t < cw. So, we have: 


E, = 0Ogr = (—asin ¢, acos ¢,0) 
E, = dr=(0,0,1) 
i= EOE = (cos ¢, sin ¢, 0) 
0sE, = (-—acos¢,—asin @,0) 
O,E, = (0,0,0) 
O,E, = (0,0,0) 
e = n-0sE, =—a 
f = n-0,E, =0 
g = n-0,Eo=0 
b= =O 
e+fPtq = a0 


Hence, from the answer of the previous question we conclude that all the points on a 
circular cylinder are parabolic, as required. 


Show that in the neighborhood of an elliptic point on a surface, the surface lies on one 
side of its tangent plane at that point. 

Answer: By definition, a point P is elliptic if either k; > 0 and Kz > 0 or Ky < 0 and 
Ka <0 (see Exercise 112). Now, since the principal curvatures «; and kK are curvatures 
(i.e. & with a given sign) of normal sections then this means that the curvatures (none 
of which is zero) of all the normal sections have the same sign (i.e. greater than zero 
or less than zero) and hence all the curvature vectors at P point in the same direction, 
i.e. all the normal sections curve on the same side of the tangent plane. Since the 
surface in the neighborhood of P is made of the points of its normal sections in that 
neighborhood, then this means that the surface lies on one side of its tangent plane at 
P, as required. We remind the reader that «; and kK are the maximum and minimum 
of the normal curvature k,,. 
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A surface is represented parametrically by: r(u,v) = (u,v,u? + v%). Determine the 
conditions that identify the parabolic, hyperbolic and elliptic points on the surface. 
Answer: 
By: = 0,F= (0,2) 
E, = d,r = (0,1,3v’) 
_ E,xE, _ (—2u,—3v?,1) 
ye JE, x Ex] /4u2 + 90? +1 
OE = (0;0;2) 
OvE, = (0,0,0) 
O,E, = (0,0, 6v) 


2 
e = n-0,E, = 
4u? + 9v4 +1 
f = n- Oy Ey = 0 
6u 
ae 4u? + 94 +1 
12v 
= 2 —_ — ae 
a) 4u? + 9y4 +1 


Now, (4u? + 9v4 +1) > 0 and hence the sign of eg — f? is determined by the sign of v. 
Referring to Exercise 113, we see that the points are hyperbolic for v < 0, parabolic for 
v = 0 and elliptic for v > 0. 


Give an example of a surface having elliptic, parabolic and hyperbolic points at different 
locations. 

Answer: Torus has elliptic points on its outside half, parabolic points on its top and 
bottom parallels, and hyperbolic points on its inside half. 


Why the point type (i.e. being flat, elliptic, hyperbolic or parabolic) on a surface is an 
invariant property with respect to changes in the surface representation and parame- 
terization? 

Answer: Because the point type is a real geometric property of the surface in the 
neighborhood of the point. This can be seen for example from the characterization 
of the point type that is based on the position of the surface relative to its tangent 
plane (i.e. being on one side of the tangent plane, etc.) since the relative position is 
obviously independent of the representation and parameterization. This can also be 
inferred for example from the invariance of the Gaussian curvature and the principal 
curvatures (which determine the point type) with respect to changes in representation 
and parameterization. i 


Why the point type is invariant with respect to a change of the surface orientation by 
reversing the direction of the normal vector to the surface? 


44] We note that the principal curvatures may reverse their sign under certain changes, but this does not 


affect the argument. 
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Figure 20: Tangent plane at elliptic (left), hyperbolic (middle) and parabolic (right) points. 


120. 


121. 


122, 


Answer: As in the answer of the previous question, the point type is a real geometric 
property and hence it should be independent of conventional factors like surface orien- 
tation. This can also be shown more formally using surface parameters that determine 
the point type such as the Gaussian curvature which is invariant under a change of 
surface orientation, as explained in Exercise 72. 


Make a simple sketch outlining the position of a surface relative to the tangent plane 
at elliptic, hyperbolic and parabolic tangency points. 
Answer: The sketch should look similar to Figure 20. 


Demonstrate that the surface represented parametrically by: r(u,v) = (u,v,u? + v?) 
lies on both sides of its tangent plane at the point (u,v) = (0,0).!* 

Answer: Referring to Exercise 116, at the point (u,v) = (0,0) we have E, = (1, 0,0) 
and E» = (0,1,0). Hence, the tangent plane at this point is the zy plane. Now, the v 
coordinate curve that passes through this point should have a constant wu (i.e. u = 0) 
and hence it is the curve r(0,v) = (0,v,0 + v3) = (0,v, v2) (ie. it is the cubic curve 
z = y°) which is obviously on both sides of the tangent plane since it is negative for 
v <0 and positive for v > 0. Accordingly, this surface lies on both sides of its tangent 
plane at the point (u,v) = (0,0), as required. 


For a surface represented parametrically by: r = (u,v, v*), find the equation of a curve 
on the surface whose points have a common tangent plane. 

Answer: The necessary and sufficient conditions for two points on a surface curve to 
have a common tangent plane is that the two points have identical normal unit vector 
n and their tangent planes have a common point. So, we need to find the curve (or 
curves) that satisfy these conditions. Now, we have: 


EK; = 0,r= (1,0,0) 

Eo = O.6r= (0, 1, 4v°) 

E, x Ep _ (0, —4v3, 1) 
|E, x E| 7 V16v% + 1 


n = 


[45] This question is related to footnote 24 in the book, i.e. there are exceptional cases in which the surface 


in the neighborhood of a parabolic point lies on both sides of the tangent plane. 
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123. 


124. 


125. 
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127. 


As we see, n is a function of v only (i.e. it is independent of u) and hence all the 
points on any u coordinate curve (i.e. curves along which v is constant, say vg) have 
identical n. Moreover, since the u coordinate curves are straight lines, as can be seen 
from the fact that E,; = (1,0,0) which is constant, then all the tangent planes of any 
u coordinate curve should have a common point, say the point with (u,v) = (0, v9). 
Accordingly, all the points of any u coordinate curve have a common tangent plane. 


Describe how Dupin indicatrix can be used to classify the points of a surface with regard 
to the local shape (i.e. flat, elliptic, parabolic and hyperbolic). 

Answer: The Dupin indicatrix is: 

e Not defined if the point is flat. 

e Ellipse or circle if the point is elliptic. 

e Two parallel lines if the point is parabolic. 

e Two conjugate hyperbolas if the point is hyperbolic. 


What are the prototypical geometric shapes that provide the best approximation for the 
local shape of a sufficiently smooth surface at its: flat, elliptic, hyperbolic and parabolic 
points? 

Answer: The best approximation is: 

e Plane at flat point. 

e Elliptic paraboloid at elliptic point. 

e Hyperbolic paraboloid at hyperbolic point. 

e Parabolic cylinder at parabolic point. 


What “umbilical point” means? What are the other terms used to label such a point? 
Answer: Umbilical point is a surface point at which all the normal sections of the 
surface have the same normal curvature «,,. Umbilical point may also be called “umbilic” 
or “navel” point. 


What are the characteristic features of umbilical points? 

Answer: Umbilical point may be characterized by the following: 

e All the normal sections of the surface at the point have the same curvature &. 

e All the curves of the surface at the point have the same normal curvature ky. 

e The two principal curvatures of the surface at the point are equal, i.e. Ky = Ko. 

e Umbilical point cannot be a hyperbolic point. 

e The Gaussian curvature at umbilical point is non-negative, i.e. K > 0. 

e At umbilical point the mean curvature H and the Gaussian curvature K are related 
by H?=K. 


Give five examples of umbilical points on common geometric surfaces such as spheres 
and paraboloids. 

Answer: Examples of umbilical points are: 

e Every point of plane. 

e Every point of sphere. 

e The vertex of elliptic paraboloid of revolution. 
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e The two vertices of ellipsoid of revolution. 
e The two vertices of hyperboloid of two sheets of revolution. 


State the mathematical relation between the coefficients of the metric and curvature 
tensors at umbilical points. 
Answer: 

bas = Kn Gap 


where bag are the coefficients of the covariant curvature tensor, dag are the coefficients 
of the covariant metric tensor, and &,, is the normal curvature of the surface at the 
point. 


Demonstrate that at an umbilical point of a surface we have: K = H? where K and H 
are the Gaussian and mean curvatures at the point. 

Answer: The Gaussian curvature K and the mean curvature H are given by K = kik 
and H = mapa where &; and & are the principal curvatures. Now, at umbilical points 
we have k; = Ky and hence: 


Qe \* Ki +h \" 
K KyK2 RyRy, (ai)? (=) = ( t 5 | = H{? 


where all the steps are justified by the equality «, = K2 plus simple algebraic manipu- 
lations. 


Show that the relation: K = H? can also be written as: 


4 
(a° bag) = (bi b22 _ bi.) 


Answer: 
K = #& 
b  fa%bag\” 
i. 2 
2 
bybo2 — bi, = (a bag) 
a 4 


4 
* (bubaa BR) = (aba)! 


where line 2 is justified by the equations K = b and H = in(%8) and line 3 is justified 
by the definition of b as the determinant of the covariant curvature tensor. 


Explain why at umbilical points we have b = c?a where a and b are the determinants of 
the covariant metric and covariant curvature tensors and c is a proportionality factor. 
Answer: At umbilical point we have bag = Cdag (with c = kK, as seen in Exercise 128). 


4 CURVATURE 175 


On taking the determinant of both sides of this equation we get b = c?a where c is 
being squared because it is a common factor for the elements of a 2 x 2 matrix.|44 


132. Give two examples of surfaces whose all points are umbilical, and two other examples 
of surfaces with no umbilical point at all. Also, give an example of a surface with only 
one umbilical point, and another example of a surface with only two umbilical points. 
Answer: Plane and sphere are surfaces whose all points are umbilical, while cylinder 
and catenoid are surfaces with no umbilical point at all. Elliptic paraboloid of revolution 
has only one umbilical point (its vertex on the axis of revolution), while ellipsoid of 
revolution has only two umbilical points (its two vertices on the axis of revolution). 


46] As it is known from linear algebra, if M and N are two n x n matrices such that M = cN with c being 
a scalar, then det (M) = c"det (N). 


Chapter 5 
Special Curves 


1. State two criteria for a space curve to be straight. 
Answer: One criterion is that the curvature « vanishes identically over the entire curve. 
Another criterion is that all the tangent lines to the curve are parallel. 


2. Prove that a curve represented by r(t) is a straight line if r and ¥ are linearly dependent 
over the whole curve. 
Answer: If r and fr are linearly dependent then r x rf = 0, and hence: 
lr x 7 
K = —3- = 0 
Z| 


over the entire curve, i.e. the curve is straight according to the answer of the previous 
question. 


3. Show that a space curve whose all tangent lines are parallel is a straight line. 
Answer: The tangent line of a space curve at an arbitrary point P on the curve is 
given by r=rp+kTp where rp is the spatial representation of P, Tp is the tangent 
unit vector to the curve at P and k is a real variable (—oo < k < 00). Now, since all 
the tangent lines are parallel then Tp is the same over the entire curve, i.e. the tangent 
vector to the curve is constant (say Tp = T). Accordingly, its derivative is zero (i.e. 
T = 0) and hence 

F| 
K=—— =0 
i 
over the entire curve, which is the criterion of a straight line (see Exercise 1). 


4. Correct, if necessary, the following statement: “All straight lines on a surface are 
geodesic curves and vice versa”. 
Answer: All straight lines on a surface are geodesic curves but not vice versa, i.e. not 
all geodesic curves on a surface are necessarily straight lines. 


5. What is the characteristic feature of plane curves? From this, explain why the torsion 
of plane curves is identically zero. 
Answer: The characteristic feature of plane curve is that the whole curve can be con- 
tained in a plane which is its osculating plane. The torsion of plane curve is identically 
zero because the torsion represents the rate of change of the osculating plane, and since 
the plane curve has a single osculating plane then its osculating plane is constant, and 
hence the rate of change of the osculating plane is identically zero (also see Exercise 24 
of § 2). 
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6. Prove that a curve is a plane curve if its osculating planes have a common intersection 
point. 
Answer: Let have a space curve C' that is represented spatially by r(s) where s is a 
natural parameter. The osculating plane of any point P on C is the set of all space 
points X that satisfy the condition (X — r)-B = 0 where r is the spatial representation 
of P while B is the binormal vector of C at P. So, if X, is the common intersection 
point of all the osculating planes of C then we should have (X,.—r)-B = 0 at any 
point on C’. On differentiating this equation with respect to s we get: 


[(X.—r)-B]’ = 0 
(X.—r)'-B+(X,.-r)-B’ = 0 
-r’-B+(X.-r)-B’ = 0 
—-T-B-7(X,.-r)-N = 0 
T(X.-r)-N = 0 


where line 2 is based on the product rule of differentiation, line 3 is based on the fact 
that X, is independent of s since it represents a constant point, line 4 is based on 
Eqs. 5 and 8, and line 5 is based on the fact that T and B are orthogonal. Now, let 
assume that C' is not a plane curve and hence we should have t # 0 at a point Py on 
the curve corresponding to s = 59. Due to continuity, the condition tT ~ 0 should also 
apply in a neighborhood of Py. Hence, in this neighborhood we should have t 4 0 and 
T(X,.—r)-N =0 and hence (X,—r)-N = 0 which means that (X,—r) and N are 
orthogonal. But the above condition (X,—r)-B = 0 also means that (X,—r) and 
B are orthogonal. So, (X, — r) is orthogonal to both N and B and hence it should be 
parallel to T, ic. X.—r = kT (with k being a real variable) and hence X, =r+kT. 
This means that in the neighborhood of Po the tangent lines to C' have a common point 
(ie. point X,) and hence in this neighborhood C is a straight line!) which contradicts 
the assumption that 7 4 0 in this neighborhood (because straight lines have identically 
vanishing torsion). Hence, the assumption that + 4 0 (which is equivalent to having 
non-plane curve) is invalid and therefore the curve should be plane, as required (see 
Exercise 24 of § 2). 


7. Show that a space curve represented by r(t) is a plane curve iff r- (# x T) vanishes 
identically. 
Answer: Plane curve is characterized by having an identically vanishing torsion (see 
Exercise 24 of § 2). Moreover, the torsion 7 of a t-parameterized space curve is given 
by (see Exercise 50 of § 2): 

reir x 7) 


lex #? 
So, according to this equation if r- (# x Tr) vanishes identically then 7 also vanishes 
identically and hence the curve is plane. On the other hand, if the curve is plane, and 


[47] This is based on a proven theorem that states: if all the tangent lines of a space curve have a common 
point of intersection then the curve is a straight line. 
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hence r vanishes identically, then & - (# x 1) (which is equal to 7 |t x #]?) should also 
vanish identically because if r - (# x ¥) # 0 then t ¥ 0 which is a contradiction. We 
note that for space curve with non-vanishing curvature |r x |? is a positive finite real 


number as can be seen from the equation K = rel. If the space curve is straight (and 


hence & = 0 and |f x ¢| = 0) then it is obviously a plane curve without need for a 
formal proof although it can be easily provided. 


8. Prove that having an identically vanishing torsion is a necessary and sufficient condition 
for a curve to be a plane curve. 
Answer: A full proof is given in Exercise 24 of § 2. 


9. Show that two curves are plane curves if they have the same binormal lines at each pair 
of their corresponding points. 
Answer: Let the curves be C) and C2 and they are naturally parameterized by s; and 
sy (and hence their other parameters are subscripted accordingly). Since C; and C, 
have the same binormal lines at their corresponding points then their binormal vectors 
are parallel, i.e. B; = +By. Hence, on differentiating this relation with respect to s, 
we get: 


dB, dBy 
ee ee 
ds ds, 
qB, _ , dBodss 
ds, 7 ds» ds, 
T™1N, = tN a 
ds, 


where in line 2 we use the chain rule, and in line 3 we use Eq. 8. Accordingly, N, and 
Np» are also parallel. 

Also, because C; and Cy have common binormal lines at their corresponding points 
then if r; and rg are two corresponding points then we have the following relation: 


rg =r, + kB, 


where k is a real parameter. On differentiating this relation with respect to s, we get: 


dra dr, dk dB, 
= B, +k 
ds ds ds ds, 
dry ds» = dr, dk dB, 
dspds; ~ ds, * ds) ds; 
ds dk 
ee = Ti ale qa > kiN, 
1 if 
ds dk 
Li = Ty +r Aa + kt,No 
1 1 


where in line 1 we use the sum and product rules of differentiation, in line 2 we use 
the chain rule of differentiation, in line 3 we use Eqs. 5 and 8, and in line 4 we use 
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the fact that N; and Ng are parallel. Now, T2 is perpendicular to Nz and hence T2 
has no component in the direction of No.!48! Noting that k 4 0 in general we should 
have 7; = 0, i.e. Cy is a plane curve. By reversing the role of C; and C2 in the above 
argument we also conclude that 7) = 0 and hence C) is also a plane curve.|*! 


10. Define, rigorously, involute and evolute curves making a simple plot to outline their 
relation. Also explain the role of the tangent surface of the evolute in this context. 
Answer: If C, is a space curve with a tangent surface Sp and C; is a curve embedded 
in Sr and it is orthogonal to all the tangent lines of C. at their intersection points, 
then C; is called an involute of C. while C, is called an evolute of C;. The plot should 
look like Figure 21. As stated in the definition, the involute is embedded in the tangent 
surface of the evolute. Also, the involute is an orthogonal trajectory of the generators 
of the tangent surface of its evolute. 


Figure 21: Evolute C., involute C;, tangent lines (dashed) and tangent surface (shaded). 


11. Explain all the symbols used in the following equation which is related to involute 
curves: 
rj =re+(c—s)T. (50) 


Make sense of this equation using your plot in the previous exercise. 

Answer: r; is an arbitrary point on the involute C;, r. is the point on the evolute C, 
corresponding to r;, c is a given constant, s is a natural parameter of C. and T, is the 
unit tangent vector to C. at re. As we see in the plot of Figure 21, any point r; on 
C;, is reached from the spatial position of the corresponding point r, on C, by a scalar 
multiple of the unit tangent vector T, of C. at r.. The role of s in this equation will be 
clarified by considering the visual demonstration about generating an involute by using 
a taut string attached to the evolute, as explained in the next exercise. 


48] This argument also applies to the second term on the right hand side (i.e. <= Bi which can be 
expressed as + fk Bo since B; and Bg are parallel) and hence ca = 0 because T2 has no component 
in the direction of Bz but this is not needed in this proof. 


491Tn fact, reversing the role is not needed because the labeling of C; and C3 is arbitrary. 


5 SPECIAL CURVES 180 


12: 


13. 


14. 


15. 


Outline the visual demonstration which is commonly used to explain the relation be- 
tween an involute and its evolute. Use the plot mentioned in the last two questions in 
your explanation. 

Answer: The generation of an involute C; of a curve C., when (c—s) in Eq. 50 is 
positive, may be visualized by detaching a taut string attached to C. where the string is 
kept in the tangent direction as it is detached. A fixed point P on the string, where the 
distance between P and the point of contact of the string with C. represents a natural 
parameter of C., then traces an involute of C.. This description clearly matches the 
plot of Figure 21 where the string in its different tangent states corresponds to the 
dashed tangent lines with s being representing the length of the string between point 
r; on the involute C; and point r, on the evolute C%. 


Show that the tangent line of a curve and the principal normal line of its evolute are 
parallel at their corresponding points. 
Answer: On taking the s-derivative of Eq. 50 we get: 


rs, = r—T.+(c-s)T, 
Tis, = T.-T.+(c-—s)T 
Tis, = (c-—s)T 

Tis, = (c—s)KeNe 


where in line 1 we use the chain rule on the left (with s; being a natural parameter of 
the involute) and the sum and product rules on the right, in line 2 we use r’ = T (Eq. 
5) and in line 4 we use T’ = KN (Eq. 6) with «, being the curvature of evolute. The 
last equation means that the unit tangent vector T; of the involute and the principal 
normal vector N, of the evolute at their corresponding points have identical orientation 
and hence the tangent line of a curve (i.e. involute) and the principal normal line of its 
evolute are parallel at their corresponding points, as required. 


Prove that the evolutes of plane curves are helices. 
Answer: The torsion of involute 7; is given in terms of the torsion 7, curvature k. and 
the natural parameter s of its evolute by the following equation: 


(Te/ Ke)’ 
K(c—s) [1+ (re) ee)" | 


y= 


Now, if the involute is a plane curve then 7; should vanish identically (see Exercise 24 of 
§ 2) and hence (7./K-)’ = 0. On integrating the last equation we get T./K. = constant 
and hence the evolute is a helix according to the result of Exercise 28 of § 2. 


Prove that for a plane curve C’ the locus of the centers of curvature of C' is an evolute 
of C. 


[5° The proof of this equation can be found in the literature of differential geometry. 
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16. 


We 


Answer: The position of the center of curvature r, of C' at a given point P on C is 
given by:>4] 


1 
rp =rp+—N 
K 


where rp is the position of P, « is the curvature of C’ at P and N is the principal 
normal vector of C at P. Also, the position of the evolutes of a plane curve is given by: 


1 
re=rj¢+—Ni+ “B; 
Ky Ky 


where r, and r; are the positions of corresponding points on the evolute and involute, kK; 
is the curvature of involute, N; and B; are the normal and binormal vectors of involute, 
and a is a constant (which varies from one evolute to another). On comparing the above 
equations we see that the locus of the centers of curvature of C’ (which is a plane curve) 
is the plane evolute of C’ that corresponds to a = 0 and lies in the plane of C. 


Derive the parametric equation of the involute of a circle represented by: r(@) = 
(5cos 6, 5sin 0) where 0 < 6 < 27.121 

Answer: Let s be a natural parameter of the circle with s = 0 corresponding to 6 = 0. 
Now, s = 56 and the tangent to the circle is: 


1 
T=r' =r’ = (—5sin 6, 5cos6) -= (— sin 6, cos 6) 


Hence, the parametric equation of the involute is given by (noting that c = 0 in this 
case): 


r; = re—sT, 
Tj (5 cos 6,5 sin @) — 56 (— sin 6, cos 6) 
r; = 5(cos@+ Osin@, sin@ — 0cos@) 


Prove that any two involutes of a plane curve are associated Bertrand curves. 
Answer: The proof is very easy because it is no more than an application of the 
definitions of involute and Bertrand curves. So, let have a plane curve C’ (i.e. the 
evolute). Now, for any given point P on C all the involutes of C’ are by definition 
perpendicular to the tangent line of C' at P. Hence, any two involutes, C and C2, of 
C' will be perpendicular to the tangent line L; of C at P and hence L; is their common 
principal normal line at their corresponding points which correspond to the point P on 
C. Therefore, by definition C, and Cy are Bertrand curves.!3! 


51] We changed in this answer the symbol for the position of the center of curvature from ro (which we 


use in the book and in other exercises) to r, to avoid confusion. 


52] Because circle is a plane curve we are using only two spatial coordinates. 
[531 The reader should notice that although the condition “plane” may look redundant in this proof, it is 


needed for having “common principal normal lines” which is the required criterion for Bertrand curves. 
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18. 


19; 


20. 


al; 


22; 


How many involutes a given curve can have? How these involutes are related to each 
other through the constant c (see Eq. 50)? 
Answer: Infinitely many. These involutes correspond to different values of c in Eq. 50. 


How many evolutes a given curve can have? How these evolutes are related to each 
other through the constant c (see Eq. 50)? 
Answer: Infinitely many. These evolutes correspond to different values of c in Eq. 50. 


Justify the fact that the involutes of a circle are congruent with a clear explanation of 
how these involutes are related to each other. 

Answer: Noting the rotational symmetry of the circle and considering the visual 
demonstration of how to generate an involute (see Exercise 12), it should be obvi- 
ous that all the involutes of a circle are identical but they differ in their point of contact 
with the circle and hence they can be obtained from each other by rotation around the 
center of the circle. We should also consider the difference in the sense of natural pa- 
rameter (which corresponds to the sense of the angle @ in the parametric representation 
as described in Exercise 16) and hence we may have a reflection symmetry with respect 
to the diameter of the circle. So in brief, all the involutes of a circle are identical curves 
(with possible difference in rotation and reflection) and hence they can be obtained from 
each other by rotation around the center of the circle and reflection in the diameter of 
the circle. 

More formally, we generalize the answer of Exercise 16 (with R being the circle radius), 
and hence we get: 


r, = ret+|c—s|T-. 


r; = (Rcos6, Rsin 6) + [c — RO] (—sin 8, cos 6) 
C ; C 
r= # (cosa = |= — 6| sin 6,sin @ + E — 6| cos) 


The last equation shows the dependence of the involutes on three factors: R which is 
fixed for a given circle, c which determines the point of contact (and hence possible 
rotation around the center), and 6 which (assuming that it corresponds to a given point 
on the circle) determines the sense of rotation (and hence possible reflection in the 
diameter). 


Define Bertrand curves outlining two of their main characteristic features. 

Answer: Bertrand curves are space curves that have common principal normal lines 
at their corresponding points. The distance between the corresponding points of two 
Bertrand curves is constant, and the angle between their corresponding tangent lines is 
constant. 


Show that a helix has an infinite number of Bertrand associates and identify these 
associates. 

Answer: It is given in the book that if C, is a curve with non-vanishing torsion then 
a necessary and sufficient condition for C, to be a Bertrand curve (i.e. it possesses 
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23. 


an associate curve C2 such that C, and C2 are Bertrand curves) is that there are two 
constants A and B such that:!*4! 
K=AT+B 


where « and 7 are the curvature and torsion of the curve C; and where B determines 
the relation between C; and C2 (as we will see in the end of the answer). Now, circular 
helix is a curve with constant non-vanishing 7 and « (see Eqs. 9 and 10 in Exercise 28 
of § 2). Hence, for any arbitrary finite real constant B 4 0 we can find a constant A 
such that « = Ar +B (ie. A= sB). Since B is arbitrary then we have an infinite 
number of Bertrand associates C2 (where each one of these C2 corresponds to a given 
B and hence a given A as determined by the above condition). It can be shown that 
all these Bertrand curves C that associate C; are given by: 


1 
Yo =—YT + pM 
where r; and rz are the spatial representation of corresponding points on C and C, 
and N, is the principal normal vector of C4. 


Prove that on a pair of Bertrand curves, the angle between their tangents at their 
corresponding points is constant. 

Answer: Let C; and C2 be two Bertrand curves that are naturally parameterized by 
s, and sg respectively and r, is the position of an arbitrary point on C, and hence by 
definition rp = r; +aN;, is the position of the corresponding point on C2 (with a being a 
constant and N, is the principal normal vector of C; at that point). On differentiating 
the dot product of the unit tangent vectors, T, and T2, at these corresponding points 
with respect to s; we get: 


d dT, dT» 
a (ee Ee = -T,+T,- 
ds, ( : 2) ds, : ds 
dT 
= pe Nee hse ee = 
ds 
dT, ds» 
= N,-T Ak 
1 ( : 2) : ds» ds 1 
ds 
= Ky (Ni : T2) Kaa ; (T, ; No) 
S1 


where in line 1 we use the product rule of differentiation, in line 2 we use T’ = KN (Eq. 
6) with «, being the curvature of C;, in line 3 we use the chain rule of differentiation, 
and in line 4 we use T’ = KN (Eq. 6) with kg being the curvature of Co. Now, 
because Bertrand curves have common principal normal lines then N,; = +No2 and 
hence N,-T) = +No2-T»2 = 0 since Ng and T» are perpendicular. Similarly, T; -No = 


[541 The proof of this theorem can be found in the literature of differential geometry. Also, the equation 


in the book is & = cyt + cg but we changed c, and cz here to A and B to avoid confusion with C; and 
Cy which are the labels of the curves. 
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+T,-N, =0. Therefore, ot (T, -T2) = 0 and hence T, - Tz = constant.*! Now, the 
angle 0 between T, and Ty, (which are unit vectors) is given by cosO = T, - T2 and 
hence this angle is constant, i.e. the angle between the tangents of C; and C2 at their 
corresponding points is constant, as required. 


24. State a sufficient and necessary condition for a curve to be a Bertrand curve by having 
an associate Bertrand curve. 
Answer: It is the condition « = At + B as explained in Exercise 22. 


25. Show that a plane curve has always a Bertrand associate. 
Answer: This should be obvious because if C, is a plane curve then any curve C that 
lies in its plane such that: 
ro =r, +aN; 


is a Bertrand associate where r; and r2 are the positions of corresponding points on C1 
and C2, a is a constant (see Exercise 27) and N, is the principal normal vector of C1 
at r;. Now, since the binormal vector B is constant and it is common to both curves 
(because B is the unit vector perpendicular to the plane) and since C; and C2 have 
parallel principal normal vectors at their corresponding points then their unit tangent 
vectors, T; and T2, at their corresponding points should also be parallel. Hence, if 
C; and Cy are naturally parameterized by s, and sg respectively then from Eq. 5 we 


should have: 
dr, dry 7 dry ds) 


~ dsy ~ ds, ds, ds» 
So, if C is sufficiently smooth and s; is a differentiable function of sz (which should be 
always the case) then the existence of C; will guarantee the existence of C4. 


Ts and 2 


26. Prove that the product of torsions at the corresponding points of a pair of associated 
Bertrand curves is constant. 
Answer: Bertrand curves have parallel principal normal vectors at their corresponding 
points. Moreover, the angle between their tangents at their corresponding points @ is 
constant (see Exercise 23) and hence the angle between their binormal vectors at their 
corresponding points is also constant (which is equal to 6). Now, in Exercise 27 we 
obtained the following result: 


T.— = (1 — ak) T + am] By, (51) 


On dot producting the two sides with Bz we obtain: 


0= (1 — ak1) T,-Be+a7B,: Bo (52) 


[55] We note that the above process can be repeated but with differentiation with respect to sy instead of 
81. The final result should be the same. In fact, since the labels 1 and 2 are arbitrary there is no need 
for any repetition. 
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because Tz and Bg are orthogonal. Now, from Exercise 23 we conclude that B,-B2 = 
T, -T. = cos@. Moreover, from Eq. 51 we can see that T, is a linear combination 
of T, and B, (which are orthogonal) and hence if Bz (which is perpendicular to T2) 
makes an angle 6 with B, then it must make an angle > — 6 with T, and therefore 
T, - By =sin@. So, from Eq. 52 we get: 


(1 — ak;) sin@ + at, cos 6 = 0 


Similarly, since T, is a linear combination of T; and B, (which are orthogonal) then 
from geometric considerations we can see that if T2: makes an angle @ with T, than 
it should make an angle 5 + @ with B;, (see Figure 22). Hence, we should also have 
(noting that cos [3 + 6] = —sin 4): 


T, = T, cos@ — B, sin@ (53) 

On comparing Eq. 53 with Eq. 51 we conclude: 
sin @ = —aT,;— (54) 
Now, being a Bertrand curve is a symmetric relation and hence if we reverse the labeling 


of C, and C then we should get the following relation: 


d 
sin§ = —an (55) 


So, if we multiply the two sides of Eq. 54 by the two sides of Eq. 55 then we get: 
sin? 6 = a7717% 
and hence: 


sin? 0 
-) 


M%7T2 = 


i.e. the product 772 is constant because @ is constant (according to Exercise 23) and a 
is constant (according to Exercise 27). A bonus of this solution is that we can conclude 
from the result that the torsions at the corresponding points have the same sign since 
ane ig definitely non-negative. 


Prove that on a pair of Bertrand curves, the distance between their corresponding points 
is constant. 

Answer: Let C; and C2 be two associated Bertrand curves that are naturally parame- 
terized by s; and 52 respectively (and their other parameters are also subscripted with 
1 and 2 respectively). Hence, from the definition of Bertrand curves the positions of 
their corresponding points, r; and re, are related by: 


To =T, +aN, 
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By 


Figure 22: Demonstration of the relation between the vectors T;, T2, B,, Bz of associated 
Bertrand curves. 


28. 


29; 


where a is a scalar function of s;. Accordingly, the distance between their corresponding 
points is |r2 — r1| = |aN,| = |a|. On differentiating the above equation with respect to 
8, we get: 
dry dr, da dN, 
= N, a 
ds ds ds ds, 
dry ds» dr, da dN, 
a 


= N 
ds ds 1 ds1 ds, , ds 1 
ds» da 
T2.— = T,+—N B, — 41T 
as a 1 +a(™1Bi — 61T:) 
ds da 
To — ie (1 —< aK) T + ao + a™B, 


where in line 1 we used the sum and product rules, in line 2 we used the chain rule, 
and in line 3 we used Eqs. 5 and 7. Now, Ty, is perpendicular to N» and hence it 
is perpendicular to N; (since N; = +Ng2). Therefore, T2 should have no component 


along N; and hence “ must be zero (noting that ee cannot be zero). Therefore, 


ds, 
a = constant and the distance |a| must also be constant. 


Give a brief definition of spherical indicatrix with a simple sketch of the spherical normal 
indicatrix Cy of a space curve to illustrate this concept. 

Answer: The spherical indicatrix of a continuously-varying unit vector is a continuous 
curve C’ on the origin-based unit sphere generated by mapping the unit vector (e.g. T 
or N or B) of a particular space curve C' on an equal unit vector represented by a point 
on the origin-based unit sphere. The sketch should look like Figure 23. 

Prove the following equation: «4, = cm 

Answer: Let have a naturally parameterized space curve C' that is spatially represented 
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Figure 23: The spherical normal indicatrix Cx of a space curve C where the numbers 
indicate the correspondence between the principal normal vectors of C' and their map on 


Cn. 


by r(s) with a spherical tangent indicatrix Cy that is spatially represented by T (s). 
So, we have: 


reer" 
nae 
r” x r”| 
eT 
r” x r”| 


Ky = 


ae 
K*7T + KB 
a 


where Kp is the curvature of Cy, « and 7 are the curvature and torsion of C, T and B 
are the unit tangent and binormal vectors of C’, and the prime represents derivative with 
respect to s. We note that in line 1 we use the curvature formula for a t-parameterized 
curve (see Exercise 49 of § 2) with t = s,°l in line 2 we use T = r’ (Eq. 5), in line 3 


[56] This is because s is a natural parameter of C and hence it is a t-parameter for Cy which is spatially 
represented by r; = T (s) where r; belongs to Cp while T (s) belongs to C. Accordingly, the formula 
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ol. 


we use « = |r”|, and in line 4 we use r” x r” = K?7T + «°B (see Eq. 19 in Exercise 50 
of § 2). Hence: 
. |K27T + BI? 
56 
(K27T + KB) - (K27T + &°B) 
56 


Kir? + 66 
56 
7? + K 


K2 


as required. 


Discuss the similarities and differences between Gauss mapping and spherical indicatrix 
mapping. 

Answer: We note the following: 

e Both mappings map unit vectors onto the origin-centered unit sphere. 

e Gauss mapping belongs to surfaces while spherical indicatrix mapping belongs to 
curves. 

e Gauss mapping maps the unit normal vector n while spherical indicatrix mapping 
maps the tangent, normal or binormal unit vector T,N, B. 


Justify, using a simple fact about helices, that the spherical images of T, N, B of a helix 
rotating around the z-axis are circles centered around the z-axis. 

Answer: The fact is that each one of the vectors T,N,B of a helix rotating around 
the z-axis makes a constant angle with the z-axis (see Exercises 34 and 37 of § 2 
and Exercise 16 of § 6) 71 and hence their spherical indicatrices Cp, Cn, Cp should be 
circles centered around the z-axis. This can be seen more formally and generally from 
the results of Exercise 77 of § 2 where we found that for a t-parameterized circular helix 
given by r (t) = (acost, asint, bt) the vectors T, N, B are given by: 


(—asint, acost, b) 


T 

(eae 
N = (-cost,—sint,0) 
B= (bsin t, —b cos t, a) 


Va? + b? 
and hence Cp, Cx and Of are circles centered on the z-axis since a and b are constants. 
Similarly, in Exercise 34 of § 2 we found that the principal normal vector of a circular 


_ lexi . 
k= GR becomes: 


rex r;| [Ee "| 
sd i A er a 3 
|r| |T’| 


[57] For example, in Exercise 37 of § 2 we see that the z component of all these unit vectors is constant 


which means that these vectors make constant angle with the z-axis which is the axis of rotation. 
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33. 


34. 


30. 


36. 


helix rotating around the z-axis is parallel to the xy plane and hence its spherical 
indicatrix should be a circle centered on the z-axis (in fact it is centered on the origin). 
Therefore, Cy is a unit circle centered on the origin. 

Also, the formulae that are given in the book!*! for kp, tp, KR and Tp confirm this 
fact (partly) for Cy and Cg because for circular helix « and 7 are constants (see Eqs. 9 
and 10 in Exercise 28 of § 2) and hence k’ = r' = 0. Therefore, we get kp = constant, 
Tr = 0, Kp = constant and tg = 0, which means that Cp and Cp are circles because 
they have constant curvature and they are plane curves so they must be circles (also 
see Exercises 28 and 53 of § 2). 


Justify the following statement: “The binormal indicatrix is a single point for a plane 
curve, and the tangent indicatrix is a single point for a straight line”. 

Answer: For plane curve, B is constant and hence its binormal indicatrix should be a 
single point. For straight line, T is constant and hence its tangent indicatrix should be 
a single point. 


Prove, rigorously, that the tangent indicatrix of a helix is a circle. 
Answer: From Exercise 31 we see that the tangent indicatrix of a helix is spatially 
represented by: 

(—asint,acost,b) (asin (—t) ,acos (—t) , b) 


T= = 


This is a parametric equation of a circle whose plane is parallel to the xy plane with 


radius a/ Va? + b? and center (0,0, b/ Va? + 07). 


Prove that the tangent to the spherical indicatrix of the tangent to a given space curve 
C’ and the principal normal of C’ are parallel. 

Answer: The spherical indicatrix Cy of the tangent of C is spatially represented by 
T of C. Hence, the tangent to Cy is the s-derivative of T, that is T’ = KN (where k 
and N belong to C and where Eq. 6 is used). Accordingly, the tangent to Cp and the 
principal normal of C’ are both along the N orientation and hence they are parallel. 


Write down the mathematical formula for the torsion of the spherical binormal indica- 
trix Cg of a space curve C' explaining all the symbols used in the formula. 
Answer: 

KIT — KT! 


— (x? + 7?) 
where Tp is the torsion of Cp, « and 7 are the curvature and torsion of C, and the 
prime represents derivative with respect to a natural parameter s of C. 


What “spherical curve” means? give a common example of a spherical curve. 
Answer: It is a curve that lies completely on the surface of a sphere. The spherical 
tangent indicatrix Cp is an example of spherical curves. 


58] These formulae are: K4. = 


2 _ K247? — kK’ t—KT’ _ 6247? — «/t—K7' 
ne 0 TT = k(n? 472)? *B 2 and Tg = T(K2472)° 
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State, mathematically, the sufficient and necessary condition for a curve to be a spherical 
curve explaining all the symbols involved. 
Answer: A curve C is spherical iff: 


Ry d dRy\ 
ra (2 Zz) =9 


where R,, and R, are the radii of curvature and torsion and s is a natural parameter of 


G. 


Investigate if the curve represented parametrically by: r(t) = (5 cost, 5 cost sin t, 5 sin? t) 
is a spherical curve or not. 

Answer: The obvious criterion for a curve to be spherical is that any point on the 
curve should have a constant distance d from a given point (because the curve is on 
the surface of a sphere). The last equation obviously satisfies this criterion (where the 
given point is the origin of coordinates) because for any t we have: 


2 


d 


/ (Geost — 0)? + (5costsint — 0)? + (5 sin” t — 0) 


5/ cos? t+ cos? tsin?t + sin*t 
= 5y/cos? Pest (cos? t+ sin? t) 


= 5/cos2t+ sin? t 


= 9 


Hence, the curve is spherical. 


Show that the spherical image of a curve C(t) is a closed curve when the vector that 
generates the spherical image is a periodic function of t although C' may not be periodic. 
Discuss in this context the helix as an example. 

Answer: Let C; be the spherical image of C and v(t) be the vector that generates 
the spherical image with a period IH. Now, since v is a periodic function of ¢t then 
v(t) =v(t4+ nll) (n=...,—-1,0,1,...) which means that all these v’s with periodic 
values of t will map on the same point of the sphere. So, if C is continuous (which should 
be) then the spherical image that is generated by v will repeat itself and hence it should 
be closed. This argument is valid even if C’ is not periodic because the closeness of the 
spherical image depends on the periodicity of the vector that generates this image and 
not on the periodicity of the original curve C’. 

As discussed earlier (see Exercises 31 and 33), the spherical images (as represented by 
Cy, Cw and Cg) of a circular helix (which is not a periodic curve) are circles (which 
are closed curves) because for helix the vectors T, N,B that generate Cyp,Cn,Cp are 
periodic (although the helix itself is not).%9! So, the findings of the previous exercises 
about helix support the theorem of this exercise. 


[591 The periodicity of T,N,B can be seen from their expressions which are given in Exercise 31. 
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43. 


44. 


45. 


46. 


AT. 


What is the characteristic feature of geodesic curves? 
Answer: Their geodesic curvature k, is identically zero. 


Give a rigorous mathematical definition of geodesic curve. 

Answer: If 9 : 2 — R° is a space surface defined on a set 2 C R? and C(t) : I > R® 
(where J C R) is a regular curve on S, then C’ is a geodesic curve iff «,(t) = 0 on all 
points ¢ € J in its domain (with «, being the geodesic curvature). 


Give examples of geodesic curves on the following surfaces: plane, sphere and cylinder. 
Answer: Plane: straight lines. Sphere: arcs of great circles. Cylinder: generating 
straight lines. 


On a surface of revolution, what type of curve is necessarily geodesic and what type is 
potentially geodesic? 

Answer: The meridians are necessarily geodesic. The arcs of parallels are potentially 
geodesic. 


Define geodesic curve variationally using the concepts of calculus of variations. 
Answer: A curve is geodesic if the first variation of its length is zero. 


Show that any helix on a circular cylinder is a geodesic curve. 

Answer: In Exercise 114 of § 4 we found that the unit normal vector for circular 
cylinder is n = (cos¢,sin@,0). Also, in Exercise 31 of the present chapter we found 
that the principal normal vector for circular helix is N = (—cos@,—sin@,0) (with 
t = ¢ which is justified by the given parameterization in that exercise). Accordingly, 
n and N have the same orientation and hence the sine of the angle @ between them is 
identically zero. So, from Eq. 34 (with ¢@ in Eq. 34 being replaced by @ here since ¢ 
is already in use here for another purpose) we have: ky = Ksin @ = 0, i.e. the geodesic 
curvature Kg of the cylindrical helix is identically zero and hence the helix is a geodesic 
curve according to the criterion of Exercises 40 and 41. 


Outline the relation between the concept of geodesic curve and the concept of curve of 
shortest distance between two points. 

Answer: Geodesic curve is usually the curve of shortest distance but it is not necessarily 
so. In brief, being a shortest path is a sufficient but not necessary condition for being 
a geodesic. 


Prove that the following equation is a sufficient and necessary condition for a curve to 
be geodesic: 


anu? du? du? 
+ 1S =) 56 
ds? °7 ds ds (96) 
Answer: Referring to Exercises 40 and 41, a surface curve is geodesic iff ky = 0 


identically. So, all we need for this proof is to show that the condition kK, = 0 is 
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equivalent to the condition of Eq. 56. Now, k, is given by Eq. 30 which can be easily 
put in the following form: 


du! du!\? du! du? du2\*) du? 
caval {55 | rh(Z) + Di ds ds | rh (Z) ds | 
du? du!\? du! du? du2\*) du! 
ie ro Ree i Be 
Sr 4 (] ds ds 4 (H) bE] 


Since a £ 0, du # 0 and du” # 0 (see the following note) then the condition K, = 0 is 
equivalent to the following two conditions: 


(57) 


du! du! \* du’ du? du?\* 
ie ort Pe er d= 
ds? rs ( ds ) ds ds 22 ( ds ) , ee) 
Pur _, (dub\? » duidu2 _, (du2\* 
ds? Mh ( ds ) 212 ds ds Pop (=) Sey (59) 


Noting that Eq. 56 is a compact form of the last two equations (using tensor notation), 
we conclude that the condition «, = 0 (which is a sufficient and necessary condition for 
being geodesic according to Exercise 41) is equivalent to Eq. 56 and hence Eq. 56 is a 
sufficient and necessary condition for a curve to be geodesic, as required. 

Note: the conditions duct # 0 and dt # 0 are based on assuming that the curve is not 
oriented along a coordinate curve. So, if the curve is oriented (wholly or partly) along 
a coordinate curve then we have only one condition (i.e. Eq. 58 if the curve is oriented 

du 


along a u? coordinate curve since “i. = 9 in this case, and Eq. 59 if the curve is oriented 


i i 2 : é wpe 
along a u' coordinate curve since oe = 0 in this case) and hence these conditions are 


also necessary and sufficient conditions in these cases although they apply individually. 


Find an analytical expression representing the geodesic curves on a circular cone using 
one of its parametric representations. 
Answer: Referring to Exercise 76 of § 3, we have: 


E, = 0,r = (cos@, sing, c) 


E, = Ogr = (—psing, pcos ¢, 0) 

E = E,-E,=1+¢ 

F = E, - E, = 0 

G = E> - Ey = p” 

a= EG — F? = p? (1+ c¢’) 

rl = GE, AEE EE e._4 

i, > a = 
2EF,—-EE,;—FE 

T, _ p a Ph 
GE,—-—FG 

Thy = : £=0 


2a 
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BG, SFE; 1 


2 

lie = a p 

r 2Gho. = GGy= PGs -_ —/p 
a 2a 14+ 
9 EG, —2FFy+ FG, 

Py = 2a =0 


Hence, Eqs. 58 and 59 become: 


Pp _p_(dp\" _ 
ae ieee Je * 


Po 2dpdp _ ' 
ds? pdsds_ 
Now, if we set “ = t then from the second equation we get: 
dt 2d 
dt 2dp, _ 4 
ds pds 
ldt = = 2dp 
tds — pds 
Int = —2Inp+A 
de 21 
t= - pene 
ds ‘ 
dp 8B 
ds — p? 


where A and B are constants. If we note that s is a natural parameter and hence 
o| = 1, then we should have: 


2 


dr 
— ae 
ds 
O32 4 
ds ds 
Ordp | Or do Ordp | Ordp\ _ j 
dpds | Odds dpds ' Odds 
dp do dp dp\ 
(nf +E Z| : (nf +E Z| 1 
dp\” . ,,dpdd | do\? 
5 (2) Pate as a ds =o 


(1+?) (2): | (2) =1 
soa ee(e) = 


5 SPECIAL CURVES 194 


49. 


2 1/2 
= or"(-5) 
dp =e — Be 
ia (1+¢e) 7° ¥.—_— 


dp _ dpds 
dd  dsd¢ 
Ee. Sig eee 
dp p B 


dp = dp 
pr/ p? — B? — BYI+e 
dp = dé 
pBy(o/By-1  — Bvi +e 
dp 7 de 
ACB: Me 
d(p/B) do 


O/B /Byraa. Vw Ire 
Q 


arcsec (p/B) = +D 


at 
= Bsec + D 
i | 1+¢ 


which is the required analytical expression (where D is a constant and noting that 
p> 0). 


Outline the concept of geodesic curve on a surface as perceived by a 2D inhabitant of 
the surface. 

Answer: From intrinsic perspective (which is the perspective of 2D inhabitant), the 
geodesic curves are straight lines in the sense that a 2D inhabitant will see them straight 
because he cannot detect their curvature. This is due to the fact that only the geodesic 
part of the curvature is an intrinsic property and hence it can be detected by a 2D 
inhabitant. Therefore, if this part of the curvature vanished the 2D inhabitant will fail 
to detect any curvature to the curve which is equivalent for him to having a straight 
line. 
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Prove that all the geodesic curves on a plane are straight lines. 

Answer: It should be obvious that all plane curves have no normal curvature kK, 
because their osculating plane (which is their own plane) is perpendicular to the normal 
vector n of the surface (which is the plane). Hence, if they have any curvature « it 
must be purely geodesic curvature Ky (ie. K = |K,|). Hence, if kK, = 0 identically 
and hence they are geodesic (according to the criterion seen in the previous exercises) 
then their curvature « should also vanish identically and hence they must be straight 
(because & = 0 is a sufficient and necessary condition for a curve to be straight). On 
the other hand, if their curvature « vanished identically (and hence they are straight) 
then «, = 0 and hence they are geodesic. In brief, all the geodesic curves on a plane are 
straight lines and vice versa, and hence being a straight line is a sufficient and necessary 
condition for a curve on a plane to be geodesic. 


Does a geodesic curve necessarily exist between two given points on a space surface, 
and if it does exist is the geodesic curve necessarily unique? Support your answer with 
illustrating examples for both cases. 

Answer: It does not necessarily exist and if it does exist it is not necessarily unique. 
For example, in the xy plane there is no geodesic connecting two points on a straight 
line passing through the origin if the origin is excluded. Also, all semi-circular meridians 
of longitude connecting the two poles of a sphere are geodesics and hence there is an 
infinite number of geodesics between the two poles. 


Discuss the following statement and its implications: “Being a shortest path is a suffi- 
cient but not necessary condition for being a geodesic curve”. 

Answer: This statement means that all shortest paths connecting two given points on 
a surface are geodesic curves but not all geodesic curves on a surface are necessarily 
shortest paths. As explained earlier, the defining property of geodesic curve is that its 
geodesic curvature &, vanishes identically and this condition does not necessarily imply 
being shortest path although it is commonly so. One implication of this is that when we 
solve geodesic problems we should be systematic in our search by applying the rigorous 
condition kK, = 0 rather than by relying on our intuition although intuition may help 
in the start. 


Correct, if necessary, the following statement: “In the neighborhood of a given point P 
on a surface, there is exactly one geodesic curve that passes through P”. 

Answer: We should restrict this by direction and hence the statement should be: “In 
the neighborhood of a given point P on a surface and for any specific direction, there 
is exactly one geodesic curve passing through P in that direction”. 


Write down, with full explanation, the differential equations which provide the necessary 
and sufficient conditions for a naturally parameterized curve on a surface to be geodesic. 


Answer: 
du! du!\? du! du? du2\* 
+ Ty + 2 +T{—-} = 0 
ds? sc ( ds ) ds ds = ( ds ) 
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du? du! \? du! du? du2\? 
meri + 5g Plot = 0 
ds? ds ds ds ds 
where u! and u? are the surface coordinates, s is a natural parameter for the curve, and 


the indexed I are the Christoffel symbols for the surface. 


Correct the following relations which represent the geodesic differential equations for a 
Monge patch of the form r(u,v) = (u,v, f(u, v)): 
(1 mr i a 7 w+ Fata Papupigeo tiie) = 20) 
(1 + ie + a y" + fipuey” Tv Qfolwtl vw Tv fotos)? = 0 


Answer: w’ in the first term of the first equation should be wu” and f,, in the second 
term of the second equation should be fuy. 


Why the normal vector n to the surface at any point on a geodesic curve should be 
contained in the osculating plane of the curve at that point? Give a clear technical 
justification. 

Answer: Because for geodesic curve the geodesic component K, of the curvature 
vector K vanishes identically (since «, = 0) and hence the curvature vector becomes 
K = «N= k«,n = K,,. As we see, KN = k,n means that N and n are collinear and 
hence the osculating plane, which by definition contains N, should also contain n. 


Using Gauss-Bonnet theorem, explain why a surface with negative Gaussian curvature 
K cannot have a geodesic that intersects itself. 

Answer: Because if we introduce two artificial corners at two regular points on the 
curve then we will have a geodesic triangle whose interior angles add up to more than 7 
which is not possible on a surface with K < 0 according to the Gauss-Bonnet theorem. 


Using Eq. 56, prove that all meridians of a surface of revolution are geodesic curves. 
Answer: A surface of revolution can be spatially represented by: 


r (¢,t) = (pcos ¢, psin 4, t) 


where p and ¢ are cylindrical coordinates and p is a function of t, ie. p = p(t). 
Accordingly, the meridians of a surface of revolution are v coordinate curves. Referring 
to Exercise 47, Eq. 56 is based on Eq. 57 which is a modified form of Eq. 30. As 
stated in the book, on the v coordinate curves Eq. 30 simplifies to Kg, = - a i 
Accordingly, we have: 


E, = Ogr = (—psing, pcos ¢, 0) 
E, = OQ = (pcos¢, psin 4g, 1) 
E = E-E,=9" 

F = E,-E,=0 

G = E,-E,=(p)’4+1 
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a = EG-F=/'[(p) +] 
IGF, —GG,—FG 
i t o t 
p? [(p) +1 
a ses Oi 2 | Ihe 


i.e. all meridians of a surface of revolution are geodesic curves, as required. 


Discuss the following statement in the context of the perception of geodesic curves by 
a 2D inhabitant: “Geodesic curves on a developable surface become straight lines when 
the surface is developed into a plane”. 

Answer: Because developable surfaces are intrinsically planes and hence when they 
become extrinsically planes as well by unrolling them then they should keep their in- 
trinsic attributes; one of which is their geodesic curves. Now, all geodesic curves on 
plane are straight lines (see Exercise 50), hence the geodesic curves of the developable 
surface (which map on these geodesics of plane) should become straight lines when the 
surface is developed into a plane. This may be demonstrated by the perception of a 2D 
inhabitant of the surface who will fail to observe any difference to the geodesic curve 
when the surface is developed into a plane and the geodesic curve necessarily becomes a 
straight line on the plane. In other words, on a developable surface any curve that has 
no geodesic curvature (and hence it is geodesic) will be perceived by a 2D inhabitant 
before and after unrolling in the same way and hence this curve which is extrinsically 
non-straight will become straight after unrolling (since geodesic on plane is necessarily 
straight) as it keeps its property as geodesic. 


Give an example of a surface curve whose normal curvature k,, and geodesic curvature 
Kg are identically zero over the whole curve. 

Answer: If «,, and «, are identically zero then the curvature « should also be identically 
zero. This can be seen from Eq. 29 since we have: 


a eS I Bist so 0 
K, +k, =K cos @+K sin” d= kK 


and hence if k, = Kk, = 0 then & = 0. Now, the condition « = 0 characterizes straight 
lines and hence a surface curve whose kK, and &, are identically zero must be straight. 


What is the relation between a line of curvature on a surface and the principal directions 
at the points of the curve? 

Answer: The tangent to the line of curvature at each point on the line is collinear with 
one of the principal directions of the surface at that point. 


Prove that if a plane and a surface are intersecting at a constant angle then their curve 
of intersection is a line of curvature. 

Answer: Let the plane and surface be labeled as II and S (and hence their parameters 
are subscripted accordingly with II and S), and the curve of intersection C’ (which is 


5 SPECIAL CURVES 198 


common to II and 5’) be spatially represented by r(t). Hence, ny - ng (which is equal 
to the cosine of the angle of intersection) should be constant (because the angle is 
constant), that is: 


Ny :-Ns = constant 
d 
q (nu Bs) = 0 
dny dng 0 
Nnst+n = 
aaa: 
dng 
-— = 0 
ee at 


where in line 3 we use the product rule, while in line 4 we use the fact that ny is constant 


and hence on = 0. The last equation (i.e. line 4) means that ms is perpendicular to ny. 
However, te is also perpendicular to ng because ng is a unit vector.!! Accordingly, 
dng 


“i is perpendicular to both ny and ng and hence it must be along the orientation of 


as Therefore, te can be expressed in terms of & and a real number kg as: 


dng dr 


ae a 


Now, from the Rodrigues curvature theorem (see Exercise 63 of § 4) we conclude that 
C should be a line of curvature of S, as required.!6) 


63. Repeat the previous exercise replacing plane with sphere. 
Answer: If we accept the convention that line of curvature can include umbilical points 
(see next exercise), then this is no more than an application of the theorem of Exercise 
68 because in this case any curve on a sphere is a line of curvature and hence it should 
also be a line of curvature for the surface according to the theorem of Exercise 68.|°! 
The reader is also referred to the footnote of Exercise 63 of § 4 about the applicability 
of the Rodrigues curvature theorem at umbilical points. 


64. Can a line of curvature include umbilical points? Discuss this issue considering the 
question of allowing more than two principal directions at a point or not. 
Answer: This issue is related to allowing (or not) of having more than two principal 
directions at a surface point by following (or not) the convention that any direction at 
umbilical point is a principal direction. In brief, it may be claimed that the definition 


SlTf v is a unit vector then v-v = 1 and hence aww) = Wv- a = 0 which means that v and ia 


are orthogonal. This also applies to any vector of constant magnitude since it can be expressed as a 
constant scalar times a unit vector. 

SII Tf we follow the convention that any direction on a plane surface is a principal direction then the curve 
C' should also be a line of curvature for the plane but this is a trivial thing that does not need a proof 
because in this case any curve on plane is a line of curvature. 

621Tn fact, this short answer can also be used for the previous question but we preferred detailed answer 
for diversity and to minimize potential clash with convention. 
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of line of curvature is based on the existence of two distinct principal directions. If so, 
then umbilical points should be excluded from the definition of line of curvature due to 
the absence of two distinct principal directions at these points (i.e. either because there 
is no principal direction at all or because there is more than two principal directions). 
However, we think there is no contradiction in including umbilical points over the path 
of the line of curvature. Accordingly, any curve on plane or sphere should be a line of 
curvature. 


Prove that for any sufficiently smooth surface of revolution, the parallels and meridians 
are lines of curvature. 
Answer: A surface of revolution can be spatially represented by: 


r(¢,t) = (pcos ¢, psin 4, t) 


where p and ¢ are cylindrical coordinates and p is a function of t, ie. p = p(t). 
Accordingly, we have: 


E; = Osr= (—psin@, pcos ¢, 0) 
E, = OQ = (pcos¢, psin 4g, 1) 
OE, = (—psind, pcos¢, 0) 
E) Xx E2 (cos Q, sin dQ, =p) 
n —= = 
1+ (6) 


|E, x Eo| 


F = E, -E, =0 
fi = n-0,E, = 0 


The condition that should be satisfied by a line of curvature is: 
(eF — fE)du'du' + (eG — gE) du'du? + (fG — gF) du?du? = 0 


where (du', du”) correspond to (dd,dt) in our problem. Now, on parallels we have 
dt = 0 and hence the condition becomes: 


(eF — fE) ddd = 0 


which is an identity because f = F = 0. Similarly, on meridians we have dé = 0 and 
hence the condition becomes: 


(fG — gF) dtdt = 0 


which is an identity because f = F' = 0. So, parallels and meridians of any sufficiently 
smooth surface of revolution satisfy the condition for line of curvature and hence they 
are lines of curvature, as required. 
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66. Show that for a given non-umbilical point!®! P on a sufficiently smooth surface there is 

a patch that contains P where the directions of the coordinate curves at P are principal 
directions. 
Answer: Let have an arbitrary patch II containing P where this patch is represented 
by r(u,v) and we label the two principal directions at P with dv,/du, and dv2/dug. 
This u,v parameterization can be transformed to a 0,@ parameterization by a linear 
transformation: 


u = du 0 + duzd and v = dv)0 + dued 


where the existence of such a transformation is justified by the fact that the two prin- 
cipal directions are distinct and hence the directions dv, /du; and dv2/dug are linearly 
independent. Accordingly, the patch I will be represented by r (0,@) where: 


Ou Ov 

tg = Tug ate ary?) = r,duyz + r,dv, 
Ou YU 

rg = ag ini "Od = r,dus + r,dvo 


The last equations mean that the @ and @ coordinate curves at P are oriented along 
the principal directions dv,/du, and dv2/duz, as required. 


67. Prove Hilbert lemma using the proposal that the coordinate curves on a patch can 
coincide with the lines of curvature in the neighborhood of a non-umbilical point. 
Answer: Referring to Exercise 81 of § 4, we note that P is not an umbilical point 
because k; # Ky (also see Exercise 84 of § 4). Now, let choose coordinate curves 
oriented along the lines of curvature in the neighborhood of P (see previous exercise) 
and hence from the derivatives of e/E and g/G plus the Codazzi-Mainardi equations 


we have: 

OK oa E, OK2 = Gy 

By = oR (2 7&1) By ag tt — 8a) 
where «; and kz are the principal curvatures at P. These relations are justified in the 
note in the end of this exercise. Now, since kj # Kg and k, and kz are extremum at 
P and hence 0k,/0v = Ok2/Ou = 0 then these equations imply EF, = G, = 0. On 


differentiating these equations we get: 


Or Ky BE wy = EF? | E, OK OK, Ey 
ae pe (5 7 =| og e— mi) (60) 
O07 Ke = GGuu =. G2 Gy OK1 OK = Guu 
Juz 2G? vane) 2G (F 7 =| FOG =a) oe 


where the last equalities are obtained by substitution from FE, = G, = 0. Now, from 
Eq. 60 (noting that Kk; > K2, FE > 0 and fk; is alocal maximum and hence 07; /0v? < 0) 


[63] If we accept the convention that every direction at umbilical point is a principal direction then it should 
be obvious that this theorem also applies to umbilical points with no need for formal proof because 
any direction is a principal direction and the job is done by any patch. 
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we get Ey, > 0 at P. Similarly, from Eq. 61 (noting that Kk; > ko, G > 0 and kz isa 
local minimum and hence 0?K»2/0u? > 0) we get G., > 0 at P. So, from Eq. 45 (noting 
that F’ = 0 since the coordinate curves are lines of curvature), we get: 


«= gale (-S) 4-2-9) 
1 | VBGGm-(VEG) G, VEGE~ (VEG) B, 


2JEG | EG EG 
— 1 | VEGGu-0  VEGE, —0 
«2 /EG EG EG 
_ al Guu + Luv 
7 IEG 


where in line 2 we used the quotient rule and a = EG, and in line 3 we used FE, = 
G, = 0. Now, since E,, > 0 and G,, > 0 (as obtained earlier) and EG > 0 (since 
E=F,:-E,= |E, |? >O0and G=E,- Ey = |B? >0) then K < 0, as required. 

Note: the Codazzi-Mainardi equations are given by: 


fu-—€y = Vi =f (15 = Pia) _ ens 


RAS ghigeat (T35 = Ty») — D5, 
When the coordinate curves are lines of curvature then f = F' = 0, and hence f, = 
{Osler se. iS Eu a= at amid i es, The equations then become: 
—E, EB ay gs | e€ 
alee es es Tr uv US ee ( ) 
SS ee ee OG oe oe NG ie 
sae r Gy “Su = Su (Sf) 
se SD Rs gee Gs OE ee 
that is: 
== (£ # = Su (£4 4) 
= ER ECUG ape 
Hence: 
(2) eb-eBy [F(t @]e-eh _ EB, a) 
E/» EP E? 2EA\G E 


where in step 1 we used the quotient rule, in step 2 we substituted from the above 
equation of e,, and in step 3 we simplified the expression. Similarly: 


S _— guG—-9Gu _ [S(E+8)|G-9Gu _ Gi @ f) 


G G? G? ——IG\E G 
Now, when the coordinate curves at a given point P are aligned along the principal 
directions at P, the principal curvatures &; and kz at P are given by (refer to the book): 


Ky = Kg= > 


a 
E G 
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69. 


Hence, the above equations become: 


OK, = E, 
Ov 2E 


ON 2 Ga 
du 2G 


(2 — K1) (K1 — Ka) 

Prove that if the curve of intersection of two surfaces is a line of curvature for one 
surface then it is a line of curvature for the other surface when the two surfaces are 
intersecting each other at a constant angle. 

Answer: If the two surfaces are labeled as S; and S_ (and hence their parameters are 
subscripted accordingly with 1 and 2), and the curve of intersection C' (which is common 
to S; and Sy and is assumed to be a line of curvature of 5) is spatially represented by 
r(t), then n, - Ny (which is equal to the cosine of the angle of intersection) should be 
constant (because the angle is constant), that is: 


ny:-Nyg = constant 
d 
dt (ny . Nn) = 0 
dn, dn» 0 
“n n,- = 
Ge ee ae 
dr dn» 0 
—K “n ni: = 
“die <  E 
dn» 0 
ny:-— = 
aan: 


where in line 3 we use the product rule, in line 4 we use the Rodrigues curvature formula 
(see Exercise 63 of § 4) since C is a line of curvature of 51, and in line 5 we use the 
fact that & belongs to the tangent space of the surfaces and hence it is perpendicular 


to n 9. The last equation (i.e. line 5) means that “2 is perpendicular to n,. However, 


dt 
me is also perpendicular to ng because ny is a unit vector. Accordingly, ime is along 
the orientation of & and hence £82 can be expressed in terms of & and a real number 


dt 
Ko as: 


dt dt 
Therefore, from the Rodrigues curvature theorem (see Exercise 63 of § 4) C' is also a 
line of curvature of S2, as required. 


Outline the role of geodesic torsion in characterizing the line of curvature employing a 
mathematical formulation in this context. 

Answer: The line of curvature is characterized by having identically vanishing geodesic 
torsion (i.e. T, = 0). This can be seen from the equation T, = (K1 — Kz) sin 6 cos 6 (which 
determines the geodesic torsion 7, in terms of the principal curvatures kK, and Kz and 
the angle @ between the tangent vector T to the curve and the first principal direction 
d,) because on a line of curvature either 6 = 0 or 0 = 7/2 and hence either sin? = 0 
or cos@ = 0 resulting in 7, = 0. 
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73. 


TA. 


To: 


Give two examples for the line of curvature on specific types of surface discussing in 
each case why the described curve should be a line of curvature. 

Answer: Meridians and parallels of sufficiently smooth surface of revolution are good 
examples of line of curvature. This was proved formally in Exercise 65. Another example 
is the generators of circular cone because the generators are straight lines along which 
the unit normal vector n to the surface is constant (see Exercise 11 of § 3) and hence the 
Rodrigues formula (i.e. dn = —K dr) is satisfied identically because k = 0 and dn = 0 
(see Exercise 63 of § 4). This also applies to the generators of circular cylinder. In fact, 
the generators of cones and cylinders may also be considered as examples of meridians 
of surface of revolution. 


Give the formulae for the principal curvatures, «; and Ky, when the u! and u? coordinate 
curves of a surface patch are lines of curvature. 
Answer: 

Ay=sa kKg=D 


E G 


where E',G,e,g are the coefficients of the first and second fundamental forms. 


Using tensor notation, state the mathematical condition that should be met by a line 
of curvature on a space surface with full explanations of all the symbols involved. 
Answer: 

€ daybgsdu*du? = 0 


where €7 is the surface absolute contravariant permutation tensor, dq, and bgs are the 
surface covariant metric and covariant curvature tensors respectively, and u® and u® 
are the surface coordinates. 


Which types of surface should be excluded from the following statement: “The lines of 
curvature on a surface are represented by an orthogonal net on its spherical image”? 
Answer: Spheres and minimal surfaces. 


Prove that on a Monge patch of the form r(u, v) = (u,v, f(u, v)), the coordinate curves 
are orthogonal family off fufy = 0 identically. 

Answer: The surface coordinate curves are orthogonal family iff F’ = 0 identically 
over the entire surface. This can be seen from the relation F’ = E, - Ey because if 
F = 0 then E,; and Ey must be orthogonal (and hence the coordinate curves must be 
orthogonal because E, and Ep, are the tangents to the coordinate curves) and if E, 
and Ep» are orthogonal then F’ must be zero. Now, for a Monge patch of the form 
r(u,v) = (u,v, f(u,v)) we have F = f,, fy (see Eq. 27). Hence, the coordinate curves 
are orthogonal family iff F = f,f, = 0 identically, as required. 


Give a mathematical condition for a direction on a surface at a given point to be 
asymptotic. 
Answer: A direction is asymptotic iff: 


bygdu*du® = 0 
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16; 


(ge 


78. 


19: 


where bag is the surface covariant curvature tensor and u® and wu? are the surface 
coordinates. 


Prove that the asymptotic directions are bisected by the lines of curvature. 
Answer: The number of asymptotic directions at elliptic, parabolic and hyperbolic 
points is 0, 1 and 2 respectively. Hence, this applies only at parabolic and hyperbolic 
points. Now, at a parabolic point the single asymptotic direction is along one of the 
principal directions and perpendicular to the other principal direction and hence this 
asymptotic direction (which can be imagined as a two oppositely-oriented asymptotic 
directions) is “bisected” by the lines of curvature corresponding to these principal direc- 
tions in a “special sense”.|°4! So, in the strict sense we only need to deal with hyperbolic 
points where we have two distinct asymptotic directions and two distinct principal di- 
rections which correspond to two principal curvatures K; > 0 and ky < 0. Now, the 
angle @ which an asymptotic direction makes with the principal direction of k, is given 
by (see Exercise 85): 

tan?@ = —“ 

Ke 


So, if 6; and 62 correspond to the two asymptotic directions then we have: 
tan 0; = +,/-— and tan 6. = —,/—-— 


i.e. the two asymptotic directions are bisected by the first line of curvature because 
J, and @2 are equal in magnitude and opposite in sign. Now, since the two principal 
directions are perpendicular then the two asymptotic directions should also be bisected 
by the second line of curvature. 


Give a rigorous technical definition of asymptotic line. 

Answer: A t-parameterized surface curve C(t) : I + S (where J C R is an open 
interval and S represents the surface) is an asymptotic line if at each point t € J the 
unit tangent vector T to C is collinear with an asymptotic direction at that point. We 
note that asymptotic direction is characterized by having zero normal curvature, i.e. 
Kn = 0. 


Why the second fundamental form JJ; at a point of a surface should vanish in the 
asymptotic direction? 

Answer: Because the normal curvature is given by k, = IIs/Is and hence if k, = 0 
(which is the requirement for the asymptotic direction) then IIs = 0. 


Prove Beltrami-Enneper theorem. 
Answer: At each point P on an asymptotic line C’, the tangent plane to the surface 
coincides with the osculating plane of C at P (see the next exercise). Therefore, along 


[64] This could also extend to flat points where all directions are asymptotic and lines of curvature in this 


“special sense”. 
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C' we have B = tn. On taking the derivative of this equation with respect to a natural 
parameter s of C' we get: 
B’ = —7N = cn’ 


where we used Eq. 8 in the first equality. Accordingly: 
n’-n’ = (—TN)- (—TN) = 7°N-N=7? 


where the last equality is justified by N being unit vector. Now, from Exercise 118 of 
§ 3 we have KIg — 2H IIg + IIIs = 0. However, on asymptotic line we have IIs = 0 
(see the previous exercise). Also, [Js = dn- dn (see Exercise 115 of § 3) and hence: 


dn d 

IIIs = — — (ds)? =n’ -n! (ds)* = 1? (ds)? 

We also have: ‘ 
dr dr 2 dr 2 2 
I a_i} . d — ees Os ene —s at SS 

s=dr-dr oe (ds) 7 (ds)” = (ds) 
where equality 1 is based on the definition of [sy while the last equality is justified by 
the identity || = | since s is a natural parameter. Hence, the above equation (i.e. 


KIs — 2H IIs + IIIs = 0) becomes: 


K (ds)? +77 (ds)? = 0 
Koaege 0 
7o= —-K 


where line 2 is obtained by dividing the two sides by (ds)” since ds # 0. 


One of the characteristic features of asymptotic line is that the tangent plane to the 
surface at each point of the line coincides with the osculating plane of the line at that 
point. Why? 

Answer: Because along the asymptotic line the normal curvature k,, vanishes iden- 
tically, and hence the curvature vector K has only a tangential component, i.e. K = 
K, = «,u. Therefore, the osculating plane (in which K lies) becomes tangent to the 
surface. 


Show that on a smooth surface with orthogonal families of asymptotic lines the mean 
curvature is zero. 

Answer: We simply align the coordinate curves along the asymptotic directions with a 
proper labeling, and hence we get: F’ = 0 because the coordinate curves are orthogonal, 
and e = g = 0 because the coordinate curves are asymptotic lines (see the upcoming 
note and the next exercise). Hence: 


eG 2p cage... 0-05F 0 


aS HEG=F2) ~ 2(BG=0) 


=0 
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Now, since H is invariant under permissible coordinate transformations then this re- 
mains valid in other coordinate systems. |®l 

Note: when the coordinate curves are orthogonal then E; and Eg, are orthogonal and 
hence we have Ff = E, - E, = 0. Also, the normal curvatures in the directions of the u 
and v coordinate curves are given respectively by (see the book): 


a and = 


Now, since the coordinate curves are asymptotic lines (according to the above align- 
ment) then the normal curvature should vanish identically (ie. Kny = Kny = 0) and 
hence e = g = 0. 


Justify the following statement: “The necessary and sufficient condition for the ut and 
u” coordinate curves to be asymptotic lines is that e = 0 identically on the u! coordinate 
curves and g = 0 identically on the u? coordinate curves”. 

Answer: The normal curvature is given by: 


IIgs —_e(du)? + 2f dudv + g(dv)? 


— —- 2 
se Ig  E(du)? + 2F dudv + G(dv)? (62) 


Now, on the u coordinate curve dv = 0 and hence k,,,, = e/E while on the v coordinate 
curve du = 0 and hence kp, = g/G. Moreover, along asymptotic lines the normal 
curvature vanishes identically. So, if the u and v coordinate curves are asymptotic lines 
then we should have Kn, = Kny = 0 and hence e = 0 on the wu coordinate curves and 
g = 0on the v coordinate curves. On the other hand, if e = 0 on the u coordinate curves 
and g = 0 on the v coordinate curves then we will have k,,, = 0 on the u coordinate 
curves (since the first term in the numerator of Eq. 62 will vanish because e = 0 while 
the last two terms will vanish because dv = 0 on the u coordinate curves) and kin, = 0 
on the v coordinate curves (since the last term in the numerator of Eq. 62 will vanish 
because g = 0 while the first two terms will vanish because du = 0 on the v coordinate 
curves) and hence the u and v coordinate curves are asymptotic lines. 


Using the equation by; (du)? + 2b) dutdu? + be2(du?)? = 0, prove that the generators 
of a circular cylinder are asymptotic lines. 

Answer: Referring to Exercise 114 of § 4 and noting that (b11, b12, b22) = (e, f,g) and 
(u!, u2) = (¢,t), the above equation becomes e (dd)? = 0 which is an identity since along 
the generators we have dé = 0. Hence, the above equation (which sets the necessary 
and sufficient condition for being asymptotic) is true along the generators of a circular 
cylinder and therefore the generators are asymptotic lines. 


According to the theorem of Beltrami-Enneper we have: tT? = —K along an asymptotic 


line where 7 and K stand for torsion and Gaussian curvature. Does this mean that 7 


[65] A possible difference in sign because of surface orientation is ruled out here because H = 0 and hence 


it is indifferent to change of sign. 
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is imaginary? Fully justify your answer. 
Answer: No, because asymptotic directions are defined only at points for which kK < 0. 
Therefore, the square of torsion in the equation T? = —K is equal to a non-negative 
value (i.e. 7? = |K’|) and hence 7 is real. 


The angle 6 which an asymptotic direction makes with the principal direction of kK, 
is given by: tan?@ = —* where «; and kz are the principal curvatures. Derive this 
equation. 

Answer: According to the Euler theorem, the normal curvature «,, in a given direction 
is given in terms of the principal curvatures, kK; and Kj, by Ky, = K1 Cos? 6 + Ky sin? @ 
where @ is the angle between the principal direction of «, and the given direction (see 
Exercise 46 of 4). Now, in an asymptotic direction «,, = 0 and hence: 


K, cos? 6+ K.sin?9 = 0 
sin? 6 Ky 
cos? 6 Ko 

K1 
tan?@ = —— 
K2 


where kz # 0.64 


Classify the asymptotic directions at a given point on a surface as real and distinct, 
or real and coincident, or conjugate imaginary according to the determinant b of the 
surface covariant curvature tensor at that point. 

Answer: The asymptotic directions are:!®7 

e Real and distinct if b < 0. 

e Real and coincident if b = 0. 

e Conjugate imaginary if b > 0. 


Why the classification in the previous question can also be based on the Gaussian 
curvature K of the point? 

Answer: Because K = b/a and a is positive definite and hence the sign of K is the 
same as the sign of b. 


The classification in the two previous questions is related to the number of asymptotic 
directions at elliptic, hyperbolic and parabolic points. How? 

Answer: As seen earlier (refer to Exercise 26 of § 4), b > 0 at elliptic points, b < 0 
at hyperbolic points, and b = 0 at parabolic points. Hence, there should be a relation 
between the number of asymptotic directions (which is determined by the local shape 
of the surface as elliptic or hyperbolic or parabolic and is related to the sign of b) and 
the classification in the two previous questions which is based on the sign of b. 


[66] Since asymptotic directions are defined only at points for which K < 0, then K, and K2 should not 


have the same sign. So, if K; > 0 and kg < 0 then we have no problem. We also have no problem if 
kK, = 0 and kz < 0. Yes, we have a problem if «, > 0 and K2 = 0 in which case we take the reciprocal 
of this relation. 


[67] We note that in this question and answer we consider non-flat points. 
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Justify the following statement: “A straight line contained in a surface is an asymptotic 
line”. 

Answer: Asymptotic line is characterized by the condition «, = n-K = 0 while a 
straight line is characterized by k = 0 (and hence K = KN = 0). Therefore, the 
condition of asymptotic line (i.e. &, = 0) is satisfied identically on any straight line 
and hence a straight line contained in a surface is an asymptotic line. 


State a mathematical condition for two directions at a given point on a surface to be 
conjugate directions explaining all the symbols used. 

Answer: A direction 6v/du at a point on a sufficiently smooth surface is described 
as conjugate to the direction du/du iff the relation dr -d6n = 0 holds true where 
dr = E,du + Eodv and bn = O,ndu + O,ndv. 


What “conjugate families of curves on a surface” means? 

Answer: ‘Two families of curves on a sufficiently smooth surface are conjugate families 
if the directions of their tangents at each intersection point of the curves are conjugate 
directions. 


Show that at hyperbolic and elliptic points each direction has a unique conjugate di- 
rection. 

Answer: Two directions, du/du and du/du, are conjugate iff the condition edudu + 
f (dudv + dvdu) + g dudv = 0 is satisfied (refer to the book), that is: 


(edu+ fdv) du+ (f du+ gdv) dv =0 


This equation has a unique solution dv/du (with (5u)* + (dv) 4 0) iff its coefficients 
do not vanish simultaneously, i.e. (edu + fdv)? + (f du+g dv)? ¥ 0, that is: 


(e? + f?) (du)? +2 (ef + fg) dudv + (f? + 9°) (dv)’ £0 


Hence, now we are looking for a solution duv/du (with (du)” + (dv)* 4 0) for this 
“equation” which is a conjugate to the unique solution dv/du. The condition (du)? + 
(dv)? # 0 requires that at least one of du and dv is not zero. So, we can assume (with 
no loss of generality since the labeling of u and v is rather arbitrary and hence it can 
be exchanged) that du 4 0. Hence, if we divide the previous “equation” by (du)” we 
get; [68] 


(e? + f?) +2(ef + fa) A+ (f? +97) ° £0 
where \ = du/du. So, we have a quadratic “equation” in \, and hence from the rules 
of polynomials if the quadratic expression on the left is not zero then its discriminant 


[68] In fact, we can do this even with dv 4 0 by dividing by (dv)” and hence we do not need to restrict 


ourselves by a specific condition (i.e. du 4 0) which may compromise generality but we followed this 
way to keep with our conventions and symbolism. 
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must be negative, ! that: is: 


A(ef + fg)? —4(f? + 9°) (2 +f?) 

(ef + fg) — (f7 +97) (2 + f°) 

(e*f? + 2ef?g + 797) = (e7f? + 79? + f* + fg’) 
Jef p= E79" = f* 

— (e?g? — 2ef?g + f*) 

—(eg- f?)” 

fj? 


Pat 
+ f 


hws DS BRED DR OS 
os oo So SS 


and hence either 6 < 0 (i.e. hyperbolic point) or b > 0 (ie. elliptic point). So in 
brief, the necessary and sufficient condition for having a unique conjugate direction to 
an arbitrary direction at a given point is equivalent to the condition that the point is 
either hyperbolic or elliptic. This implies that at hyperbolic and elliptic points each 
direction has a unique conjugate direction, as required. 


Show that on a surface represented by r = r,(u) + ro(v), the coordinate curves are 
conjugate families of curves. 
Answer: We have: 


E, = O,,r = Ont 1 + 0= Out 
Oy, Ey = 0; (Ou¥1) = 0 
f = n-0,E,=n-0=0 


Now, since f = 0 identically is the necessary and sufficient condition for the u and v 
coordinate curves to be conjugate families (see next exercise) then the coordinate curves 
on this surface are conjugate families. 


What is the necessary and sufficient condition for the u! and u? coordinate curves on a 
smooth surface to be conjugate families? 

Answer: It is f = 0 identically where f is the coefficient of the second fundamental 
form. 


[69] As it should be known, a quadratic expression with discriminant A has two zeros if A > 0, one zero 


if A = 0, and no zero if A < 0. So, the condition A < 0 is equivalent to having no solution to the 
equation (e? + f?) + 2(ef + fg)\ + (f? +97) * = 0 and hence having a solution to the “equation” 
(e? + f?) +2 (ef + fg) A+ (f? +97) * £0 which what we are looking for. 


Chapter 6 
Special Surfaces 


1. State three features which are specific to plane surfaces. 
Answer: The surface curvature tensor vanishes identically over plane surfaces. All 
points on planes are flat umbilical. At any point on a plane surface, all the directions 
are asymptotic. 


2. Why all directions are asymptotic at any point on a plane surface? 
Answer: Because at any point on a plane surface the normal curvature k,, vanishes 
identically in all directions. This may be concluded from the stated fact in the book 
that at any point on a plane surface kj; = K2 = 0 where «, and &g are the principal 
curvatures. 


3. Show that having an identically vanishing surface curvature tensor is a necessary and 
sufficient condition for a surface to be plane. 
Answer: Let characterize the plane by its obvious geometric property that all its points 
are flat umbilical, which is equivalent to having k, = ky = 0 identically over the surface 
where «; and &g are the principal curvatures. Noting that the principal curvatures are 
normal curvature, the condition K, = kK = 0 identically (i.e. at all points) is equivalent 
to having k, = 0 identically (i.e. at all points and in all directions). Now, Kk, = IIs/Is 
and hence k,, = 0 identically is equivalent to IJ; = 0 identically, that is: 


IIs a bi (du)? + 2b;2dudv + boo (dv)? =0 


So, if the surface curvature tensor b,g vanishes identically (i.e. bj, = big = bo = 0) 
then II; = 0 identically and hence &,, = 0 identically which means that all the points 
on the surface are flat umbilical, i.e. the surface is plane. On the other hand, if the 
surface is plane and hence all its points are flat umbilical then JIg = 0 identically. 
Now, since for any direction on the surface du and dv cannot vanish simultaneously 
(i.e. (du)* + (dv)? 4 0 ) then the condition Is = 0 identically (i.e. at all points and 
in all directions) cannot be satisfied unless the surface curvature tensor bag vanishes 
identically (i.e. bj, = bj2 = bag = 0). Therefore, having an identically vanishing surface 
curvature tensor is a necessary and sufficient condition for a surface to be plane, as 
required. 


4. Show that plane is the only connected surface of class C? whose all points are flat. 
Answer: We can construct a proof similar to that of Exercise 65 of § 4. However, it is 
more efficient to build on our proof in the previous exercise where we showed that having 
an identically vanishing surface curvature tensor is a necessary and sufficient condition 
for a surface to be plane. This is because a flat point is characterized by e = f = g = 0 
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(i.e. by, = big = bag = 0) and hence having an identically vanishing surface curvature 
tensor is equivalent to having flat point over the entire surface. In other words, having 
flat point over the entire surface is a necessary and sufficient condition for a surface to 
be plane and hence the plane is the only surface whose all points are flat.!7°l 


5. Give the tensor notation form of the equation that defines quadratic surfaces. 
Answer: 
Aye a + Ba" + Cc=0 


where the coefficients A;; and B; are real-valued tensors of rank-2 and rank-1 respec- 
tively, C’ is a real scalar and 2,7 = 1, 2,3. 


6. Name three types of quadratic surface giving their canonical equation in Cartesian 
coordinates. 
Answer: 
e Ellipsoid: (a?/a?) + (y?/b?) + (22/c?) =1. 
e Hyperboloid of one sheet: (x?/a?) + (y?/b?) — (2?/c?) = 1. 
e Hyperboloid of two sheets: (x?/a?) — (y?/b?) — (27/c?) = 1. 
We note that x,y, z are rectangular Cartesian coordinates and a, b,c are real constants. 


7. A surface is represented parametrically by: r(u,v) = (u+v,u—v,2uv). Obtain the 
surface representation in canonical Cartesian form and hence determine its type. 
Answer: We have x =u+v, y=u-—v and z = 2uv. Hence: 


tr+y = 2u 
r-y = 2 
4uv = (e+y)(r@-y=2?-¥ 
29 
2u = . y 
2 
2,2 
— 7 y 
2 


Oy «29 
avy 

St See EE 0 
I Ore 


i.e. the surface is a hyperbolic paraboloid with a = b = V2. 


8. Make a simple 3D plot of a hyperbolic paraboloid showing the Cartesian coordinate 
axes and indicating the parameters of the surface. Use a computer graphic package if 
convenient. 

Answer: Noting that the hyperbolic paraboloid is given by (x?/a?) — (y?/b?) — z = 0, 
the plot is shown in Figure 24 where the parameters are a = b = 1. 


701 The conditions “connected” and “of class C2” are mainly needed for the proof that follows the style of 
the proof of Exercise 65 of § 4. 
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Figure 24: Hyperbolic paraboloid. 


For which types of quadratic surface the origin of coordinates is not a valid point on 
the surface according to their canonical forms and why? Does this also apply to the 
non-canonical forms of these surfaces? Assuming a canonical form, are there any lim- 
iting conditions under which the origin can be included in these surfaces? 

Answer: Ellipsoid, hyperboloid of one sheet and hyperboloid of two sheets because 
according to their canonical forms (as given in Exercise 6) the left hand side will vanish 
on the origin (i.e. 2 = y = z = 0) while the right hand side will not. 

This does not necessarily apply to the non-canonical forms since this sort of mathemat- 
ical restrictions is not inherent but it depends on the form. 

There are no limiting conditions under which the origin of coordinates can be included 
in these surfaces according to the given canonical forms. 


Find the parametric representation of a cylindrical surface whose intersection with the 
xy plane is given by: 4v? + 9y? = 1 and whose central axis is the z-axis. What is the 
type of this surface? 


Answer: We have: 
2 y? 


ajay * Gap 

which is an equation of an ellipse in the zy plane with center at the origin and semi- 
major axis a = 1/2 along the z-axis and semi-minor axis b = 1/3 along the y-axis. This 
ellipse can be parameterized as (x, y) = (acosu, bsinu) where 0 < u < 2a. Hence, the 
cylindrical surface can be parameterized spatially as r (u,v) = (acosu, bsinu, v) where 
—oo < u< co. About its type, it is an elliptical cylinder and a ruled surface (see next 
exercise) generated by a straight line parallel to the z-axis that follows the path of the 


Ag? + Qy? = 
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Figure 25: Plane, cone, cylinder and Mobius strip as ruled surfaces where the rulings are 
shown as straight lines. 


Th 


1: 


13. 


14. 


aforementioned ellipse. 


What is “ruled surface”? What is the other name given to this type of surface and why? 
Answer: A ruled surface is a surface generated by a continuous translational-rotational 
motion of a straight line in space. Ruled surface is also known as scroll which is justified 
by the fact that the shape of this type of surface is usually associated with processes 
like rolling and reeling. 


Make simple sketches for plane, cone, cylinder and Mobius strip that demonstrate their 
nature as ruled surfaces. 
Answer: The sketches are shown in Figure 25. 


What “doubly-ruled surface” means? Give an example of such a surface with a simple 
sketch. 

Answer: Doubly-ruled surface is a ruled surface that can be generated by two different 
families of lines. Example is hyperbolic paraboloid whose sketch as a doubly-ruled 
surface is shown in Figure 26. 


Prove that the tangent plane is constant along a branch of the tangent surface of a 
space curve. 

Answer: The idea of the proof is to show that the unit normal vector n to the tangent 
surface is independent of the parameter that characterizes the branch (i.e. k in the 


6 SPECIAL SURFACES 214 
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Figure 26: Hyperbolic paraboloid as a doubly-ruled surface where the grid represents the 
two families of rulings. 


following formulations) and since a branch is defined by the variation of k then the 
independence of n from k means the constancy of n along any branch and this implies 
the constancy of the tangent plane along any branch of the tangent surface. As stated in 
the book, the equation of the tangent surface S'7 to a curve C is given by rp = r;+kT; 
where rp is the spatial representation of an arbitrary point on the tangent surface, 
r; is the spatial representation of a given point on the curve C, k is a real variable 
(—co < k < oo), and T; is the unit vector tangent to C at r;. Now, we have two 
independent parameters that characterize the tangent surface: the parameter of the 
curve itself (which we can consider as a natural parameter s) and the parameter k. Since 
these parameters are mutually independent then the partial derivative of the spatial 
representation of the tangent surface with respect to these parameters will produce 
two linearly independent vectors whose cross product defines the normal vector to the 
tangent surface. Noting that r; and T; are dependent on s only (and hence they are 
independent of k), we have: 


Orr dr; dT; = dT; 
Be de dg 
Orr 
an 
Orr Orr _ dT; -_ dT; 
@s “Ok = (i+ 0) T= 0 oe 
— Or x Or _ k (dT ;/ds) x T; 4 (dT;/ds) x T; 


[ascr x Oer| [kl \(dT;/ds) x T;] ~ |(dT;,/ds) x T,| 
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As we see, the unit normal vector n to the tangent surface is independent of k and hence 
the tangent plane to the tangent surface is constant along any branch of the tangent 
surface, as required. 

We should note that the tangent surface is not regular where k = 0 (which corresponds 
to the curve C itself) and hence the above proof applies separately to the part with 
k > 0 and to the part with k < 0 (as indicated already by the + sign). 


Prove that the hyperbolic paraboloid is a doubly-ruled surface. 

Answer: Hyperbolic paraboloid is given by the following canonical form: (x?/a*) — 
(y?/b?) — z = 0. However, by proper scaling it can be put in the following normalized 
form: «? — y? — z = 0.71 So. all we need to show is that the equation x? — y? — z = 0 
represents a doubly-ruled surface. Now, if we parameterize the surface with u and v 
where x =ut+v, y=u-—v and hence z = 2? — y? = 4uv then the surface is spatially 
represented by r(u, v) = (u+v,u—v,4uv). Accordingly, The u and v coordinate curves 
are given respectively by: 


(u + Uo, U — Vo, 4UU) 


& 

& 
is 

° 

wa 
| 


Y(Uo,V) = (Uo +, Uo — V, 4uv) 


where v, and u, are constants. As we see, these coordinate curves are straight lines 
(where the first is parameterized by u while the second is parameterized by v) and 
hence one family of rulings is the family of the w coordinate curves while the other 
family of rulings is the family of the v coordinate curves, i.e. the hyperbolic paraboloid 
is a doubly-ruled surface, as required.!”7! 


Show that a helix embedded in a circular cylinder intersects all the generators of the 
cylinder with constant angle. 

Answer: Let the axis of symmetry of the circular cylinder be the z-axis. Accordingly, 
all the generators of the cylinder are parallel to the z-axis. Now, the tangent vector 
of a helix whose axis of rotation is the z-axis makes a constant angle with the z-axis 
(see the following note) and hence it makes a constant angle with the generators of the 
cylinder. Therefore, the helix intersects all the generators of the cylinder with constant 
angle, as required. 

Note: a circular helix whose axis of rotation is the z-axis is generally parameterized by 
r (t) = (acost, asint, bt) where a and b are constants. Hence, its tangent unit vector is 
T =¢/|e| = (a2 +0)? (—asint,acost,b). Now, the unit vector along the z-axis is 
k = (0,0,1). Therefore, the cosine of the angle between the helix and the z-axis is given 
by the dot product between T and k, that is T-k = b(a? + py? which is constant. 
Hence, the angle between the helix and its axis of rotation (i.e. the z-axis in our case) 
is constant. 


71] This scaling and normalization is not needed for establishing the proof but for making the symbolism 


easier, clearer and more convenient. 


I721Tn fact, this is demonstrated graphically in Figure 26 whose plotting technique employs this type of 


parameterization. 


6 SPECIAL SURFACES 216 


AT: 


18. 


Show that all points on the tangent surface of a given space curve are parabolic. 
Answer: Referring to Exercise 14, we have (see Eqs. 6 and 7 and note that s and k 
are independent parameters): 


O%7 = Ti,+k = T;+ kKN; 
ds 
Oper = T; 
(dT ;/ds) x T; KiN; x T; 
Os = +t k——N; + kr; 
re ds ds ~ ds 
Osn¥r = KiN; 
Opener = 0 
e = n-0,.rr 
a ( ds ds hi ds ) 
dk; dN; 
u (: ds ds ) 
dN; 
Tae ds 
= FkK,B;- (7B; _ K;T;) 
= FR; 


f = n-04rr = FB;-K,N; = 0 
g = N- Ogre = +B;-0 =0 


Hence, at all points of the tangent surface we have b = eg — f? = 0 and e?4+ f*+g? 40 
which means that all points of the tangent surface are parabolic, as required.!”*I 


Justify the following statement: “At any point of a ruled surface the Gaussian curvature 
is non-positive”. From this perspective, discuss singly- and doubly-ruled surfaces. 

Answer: A straight line on any surface is an asymptotic line (see Exercise 89 of § 5). 
Hence, at any point of a ruled surface there is an asymptotic line passing through that 
point. Now, the number of asymptotic directions at elliptic, parabolic and hyperbolic 
points is 0, 1 and 2 respectively (see Exercise 88 of § 5), while at flat points all directions 
are asymptotic. Accordingly, all points of ruled surface are non-elliptic. So, if we add 
to this fact the fact that the Gaussian curvature is positive only at elliptic points then 
we conclude that at any point of a ruled surface the Gaussian curvature is non-positive, 


73] We should exclude the points with k = 0 (which correspond to the curve itself) as well as potentially 


isolated points at which the curvature or torsion may vanish. However, if we have to include plane 
curves for example (where the torsion is identically zero), then we should extend the meaning of 
“parabolic point” by including even flat points and hence we should drop the condition e? + f? +9? 4 0 
and keep the condition b = eg — f? = 0 which is common to parabolic points (in the strict sense) and 
flat points. 
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as required. 

Regarding the second part of the question, on a doubly-ruled surface we have two 
asymptotic directions at each point and hence the points of doubly-ruled surface are 
hyperbolic which means that the Gaussian curvature is negative (i.e. A <0). On the 
other hand, on a singly-ruled surface we generally have only one asymptotic direction at 
each point and hence the points of singly-ruled surface are parabolic which means that 
the Gaussian curvature is zero (i.e. K = 0). This also applies to plane surface whose 
Gaussian curvature is identically zero although it has an infinite number of asymptotic 
directions at any point. 


Prove that the tangent plane to a cylinder or a cone is constant along their generators. 
Answer: This was proved for cone in Exercise 11 of § 3. Regarding cylinder, we refer 
to Exercise 114 of § 4 where we found that the unit normal vector for circular cylinder is 
n = (cos @¢, sin ¢,0). Now, along a generator of a circular cylinder only t varies. But the 
equation of n shows that n is independent of t which means that n is constant along the 
generator. In more technical terms, along the generator Ogn = 0 (since ¢ is constant) 
and 0,n = 0 (since n is independent of t) and hence n is constant. Therefore, the 
tangent plane (which is determined by n) along any generator of cylinder is constant, 
as required. 


Prove that if P is a point on a curve C’ where C’ has a tangent surface S, then the 
tangent plane to S along the ruling that passes through P coincides with the osculating 
plane of C' at P. 

Answer: Referring to Exercises 14 and 17, we have n = +B, where n is the unit normal 
vector to the tangent surface along the ruling and B; is the binormal unit vector of the 
curve at the point corresponding to the ruling. Now, n is perpendicular to the tangent 
plane to S along the ruling while B; is perpendicular to the osculating plane of C’ and 
hence the two planes are parallel. Moreover, both planes pass through the point P and 
hence they share this point.!41 So, the two planes are identical, i.e. the tangent plane 
to S along the ruling that passes through P coincides with the osculating plane of C’ 
at P, as required. 


Define “developable surface” giving several examples of this type of surface with an 
explanation of why they are developable surfaces. 

Answer: Developable surface is a surface that can be flattened into a plane without 
local distortion. The obvious examples of developable surface are circular cone and 
circular cylinder since they can be developed into a plane (e.g. by cutting them along 
one of their generators where they can be flattened into a plane) with no local distortion. 
More generally, surfaces of revolution with straight generators are developable surfaces 
for the same reason. Also, parabolic cylinder (refer to the book) is a developable surface 
since it obviously can be flattened into a plane. Similarly, many other types of ruled 
surfaces are developable surfaces. 


74] The fact that the tangent plane to S passes through P is implied by the fact that “the tangent plane 


is constant along a branch of the tangent surface of a space curve” which we proved in Exercise 14. 
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Give an example of a ruled surface which is not developable. 
Answer: Hyperbolic paraboloid. 


State the condition for a ruled surface to be developable. 
Answer: A ruled surface is developable if the tangent plane is constant along every 
ruling of the surface as it is the case with cones and cylinders. 


Why any two developable surfaces are equivalent to each other by having the same 
metric characteristics? 

Answer: Because any developable surface is intrinsically equivalent to plane (by having 
the same metric characteristics as plane) and hence it is isometric to plane. Therefore, 
any two developable surfaces are isometric to each other because they both are isometric 
to plane (see Exercise 30). 


Show that the generators of developable surfaces are lines of curvature. 

Answer: From the previous exercise, developable surfaces are isometric to plane and 
hence their Gaussian curvature K is identically zero, i.e. at any point on developable 
surface we have K = 0. Now, since K = #1 then at least one of the kappas must be 
zero. On the other hand, the generators of developable surfaces are straight lines and 
hence they are asymptotic lines and hence the normal curvature «,, along the generators 
vanishes identically. Accordingly, the generators are lines of curvature corresponding 
to Ky = 0 or ky = 0/71 


Show that a necessary and sufficient condition for a ruled surface to be developable is 
that its Gaussian curvature vanishes identically. 

Answer: If a ruled surface is developable then it is isometric to plane and hence 
its Gaussian curvature must vanish identically. On the other hand, if the Gaussian 
curvature of a ruled surface vanishes identically then it is isometric to plane and hence 
it is developable.!”6 


What is “isometric mapping”? Give an example of such a mapping between two common 
types of surface. 

Answer: Isometric mapping from one surface to another is an injective mapping that 
preserves distances. An example of isometric mapping is the mapping of a circular 
cylinder onto a plane. 


How are two isometric surfaces seen by a 2D inhabitant? Can he distinguish between 
the two and why? 
Answer: They are seen identical because the two surfaces are intrinsically identical 


I75] We note that the principal curvatures, K, and K2, at a given point on a surface are the maximum and 


minimum of the normal curvature k, at that point. 


76] We note that in the second part of the proof we are using the following theorem (which is given in 


the book): any surface is isometric to the plane iff the Gaussian curvature vanishes identically on 
the surface. In fact, we can create a more technical proof by building on the results of the previous 
exercises, but we think this proof is enough. 
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and the 2D inhabitant has access only to the intrinsic properties; therefore he will not 
be able to distinguish between the two. 


Prove that isometry is a symmetric relation. 

Answer: Noting that isometry is based on the property of preserving distances (or 
lengths), the symmetry of isometry is implied by the symmetry of equality. To be more 
clear, if an arbitrary curve C on a surface S; is mapped onto a curve C2 on a surface 
Sz such that the length of C, and C2 are equal [i.e. L(C;) = L(C2)] then the reverse 
mapping that will map C2 onto C; must also preserve length because if L(C,) = L(C2) 
then L(C2) = L(C;). In brief, if S$, is isometric to Sp then Sj must be isometric to $1 
and hence isometry is a symmetric relation, as required. 


Demonstrate symbolically that isometric mapping is an equivalence relation. 
Answer: If the symbol ~ stands for isometric relation then we have: 

e S; ~ Sj (i.e. reflective). 

eS, ~ So = Sy ~ S; (ie. symmetric). 

e If S; ~ Sy and Sy ~ S3 then S; ~ S3 (i.e. transitive). 

Hence, isometric mapping is an equivalence relation. 


How are two isometric surfaces characterized in terms of their first and second funda- 
mental forms? Provide detailed explanations. 

Answer: Referring to Exercise 28, isometric surfaces are intrinsically identical and 
hence any difference between them can only be perceived by an external observer resid- 
ing in the enveloping space. Accordingly, two isometric surfaces possess identical first 
fundamental forms and therefore any potential difference between them (which should 
be based on their extrinsic properties) should be based on the difference between their 
second fundamental forms. 


Show that catenoid and helicoid are locally isometric. 
Answer: The catenoid was parameterized in the book as: 


r0/6),= (« cosh (£) cos 8, acosh (£) sin 0, :) 


which can be re-parameterized with (u,v) = (0,€/a) as: 
r. (u,v) = (acoshv cosu, acoshv sinu, av) 
Accordingly, we have for catenoid: 


E, = Qu. = (—acoshv sinu, acoshv cosu, 0) 
E, = Qr-= (asinhv cosu, asinhv sinu, a) 
E = E,-E, =a’ cosh?v 

F = E,-E,=0 

G = E,-E, =a’ cosh? v 
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Similarly, the helicoid was parameterized in the book as: 
rp, (0,€) = (a€cos0, a€sin 6, 6A) 
which can be re-scaled (such that b = a) and re-parameterized with (U,V) = (6, af) as: 


r, (U,V) = (VcosU, VsinU, aU) 


[77] 


Now, let re-parameterize the helicoid such that (U,V) = (u,asinhv).!“" Accordingly, 


the helicoid will be finally represented by: 
rp, (u,v) = (asinhvcosu, asinhusinu, au) 
Accordingly, we have for helicoid: 


By. = Or, = 

E, = Orn = (acoshvcosu, acoshvsinu, 0) 
E = E,-E, =a’ cosh?v 

FF = K,:-E,=0 

G = E»-E, =a?’ cosh?v 


—asinhvsinu, asinhucosu, a) 


On comparing the coefficients of the first fundamental form of the two surfaces we see 
that they are identical and hence catenoid and helicoid are locally isometric, as required. 


Why a surface of revolution is isometric to itself in infinitely many ways? Demonstrate 
your answer by an example. 

Answer: Due to the rotational symmetry, the start and end of mapping can be deter- 
mined in infinitely many ways where each one of these ways corresponds to a rotation 
of the surface through a given angle around its axis of symmetry. For example, a cone 
can be mapped isometrically onto itself in a position of 7/4 angle of rotation or 7/3 
angle of rotation or 7/2 angle of rotation, as well as infinitely many other possibilities. 


Define “tangent surface” of a space curve descriptively and mathematically. 
Answer: The tangent surface of a space curve is a surface generated by the assembly 
of all the tangent lines to the curve. Hence, the equation of a tangent surface Sr to a 
curve C’' is given by: 

iH=r,e+ kT; 


where rp represents an arbitrary point on the tangent surface, r; represents a given 
point on the curve C, k is a real variable (—oo < k < oo), and T; is the unit tangent 
vector to C at r;. The tangent surface is generated by varying 7 along C' and k along 
the tangent line. 


I""lIn fact, this parameterization is what is needed to enable the mapping between the catenoid and 


helicoid. It can be shown that the mapping that is based on this parameterization is smooth and 
bijective and hence it is legitimate. 
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What is the difference between the “tangent surface” of a curve and the “tangent plane” 
of a surface? Make detailed comparisons between the two. 
Answer: The answer is the same as the answer of Exercise 34 of § 3. 


Derive the equation representing the tangent surface of a space curve represented by: 
r(t) = (t?,t — 2,1? +5). 
Answer: We have: 
r, = (#,t-2,0°+5) 
26,1307 
foie OLE) 
V4t? + 1+ 9t4 


Hence, the equation representing the tangent surface is: 


2kt, k, 3kt? 
rp = (t,t —2,0° +5) 4 aE nS) 
V4t? + 1+ 944 


Why is the tangent surface of a space curve made of two sections? How these sections 
meet on the curve? 

Answer: Because there is one section corresponding to k > 0 and another section 
corresponding to k < 0. These two sections meet at the curve where the curve makes a 
border line between the two sections. Hence, the two sections are tangent to each other 
along the curve which forms a sharp edge between the two. 


Make a simple 3D sketch of an arbitrary twisted space curve and its tangent surface 
showing parts of its two sections. 
Answer: The sketch should be similar to Figure 27. 


Prove that the curve made by the intersection of the normal plane of a curve C' at a 
given point P with the tangent surface of C’ has a cusp at P. 

Answer: If P is an arbitrary point on a naturally parameterized curve C’ then it can 
be shown (see the upcoming note) that the curve can be represented canonically as: 


K 


KT 
r=s——si+--- y= 3 


/ 
See Sean, Z=—s +.-- 
2 6 6 
where « and 7 are the curvature and torsion of C at P, s is a natural parameter of C 
and the prime represents derivative with respect to s. Now, if we use the leading terms 
of this canonical form to represent the curve then we have: 
ke % cae 


L=s8 Y= a" ee 


and hence the equation of the tangent surface (i.e. rp =r; + kT;) becomes: 


LT = ytke=stk 
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Figure 27: Space curve C' and the two sections of its tangent surface which are shaded 
differently for clarity. 


yr = Ytky,= 5° +kks 
zp = Atke= 34 + ks 


where the second term in each of these equations is k multiplied by the derivative of 
the first term (which represents 2;, y;, z;) which is justified by the relation T = r’ (see 
Eq. 5). Now, the normal plane of C’ at P is the plane represented by xr = 0 (see the 
upcoming note). Hence, the intersection of the normal plane with the tangent surface 
should satisfy the condition: s +k = 0, i.e. k = —s. So, on substituting from this 
condition into the above equations of yr and zr, we see that in the neighborhood of P 
the intersection can be represented approximately by: 


Ki K 
2 2 2 
Yr = ~8s —KS° =—=S8 
2 2 
KT KT KT 
3 3 3 
27 = =s-—s=-TS 
6 2 3 


On combining the last equations (by substituting for s from the second equation into 


the first), we get: 
__k _ 32r as = lip 3 cl 2/3 
ae 2 KT 2 T a 


which is an equation of a cusp in the neighborhood of P, as required. 
Note: let P be a point on an s-parameterized sufficiently-smooth curve such that: s = 0 
at P, P is at the origin of coordinates, and the curve is oriented such that (T, N, B) 
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vectors of C’ at P coincide with the coordinate unit basis vectors (e),e2,e3). So, if 
r(s) is the spatial representation of C then we have: r(0) = 0, r’(0) = T(0) = ey 
and r” (0) = T’ (0) = KN (0) = kee where « is the curvature of C' at P and the prime 
represents derivative with respect to the natural parameter s. Moreover, we have: 


r= N+KN =K/N+ K (TB = KT) = «'N + «7B —«?T 


where we used the product rule in the first equality and Eq. 7 in the second equality. 
So, at P we have: 
r” (0) = keg + KTe3 — Ke, 


Now, on using Taylor series expansion at the origin we obtain: 


2 3 
r(s) = rO)+rOstr'O Ft" OG+ 
s? , , 33 
= 0+e)5+ Ke2.— + (Ke: + KTe3 — K7e]) — + --- 


2! 3! 


2 / 
= (sete Jout (Farge et (Fate) 


that is: 


‘ K 


Ki KT 
a le y= 5 


/ 
PB a oe, Z=—s +.--- 
2 6 6 
which are the equations of the aforementioned canonical representation of the curve C’ 


at point P. 


Write down the equation representing the tangent surface of a space curve explaining 
all the symbols used in the equation. 
Answer: 

iH=r,+ kT; 


where rr is an arbitrary point on the tangent surface, r; is a given point on the curve, 
k is a real variable (—oo < k < oo), and T; is the unit tangent vector to the curve at 
Yr;. 


In the context of tangent surface of a curve, what “branch”, “generator”, and “edge of 
regression” mean? Make an attempt to justify these names. 

Answer: “Branch” and “generator” mean the tangent lines to the curve, while “edge 
of regression” means the curve itself. The justification is that the tangent lines to the 
curve are branches of the tangent surface which is made of the union of all these tangent 
lines. Similarly, the tangent lines to the curve generate the tangent surface since it is 
made of the collection of all these tangents and hence these tangent lines are aptly 
described as generators. The curve is described as the edge of regression because it is 
the border that separates the two sections of the tangent surface (which correspond to 
k <0 and k > 0) and hence the curve is the edge where the tangent surface reverts 
and retreats to divide itself into these two sections. 
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42. 


43. 


44. 


45. 


What is the meaning of “minimal surface”? Give geometric and physical examples of 
this type of surface. 

Answer: “Minimal surface” means a surface whose area is minimum compared to the 
area of any other surface sharing the same boundary. A geometric example of minimal 
surface shape is a plane surface. A physical example of minimal surface shape is a soap 
film formed between two coaxial circular rings where surface tension minimizes the area 


of the film. 


Check if the surface represented parametrically by: r(@, ¢) = (cosh @ cos @¢, cosh @ sin @, 0) 
is minimal or not. 

Answer: This is a catenoid with a = 1, € = 0 and 0 = @ (according to the pa- 
rameterization given in the book). Hence, it is a minimal surface. To verify this, we 
have: 


E, = Oor = (sinh @ cos ¢, sinh @ sin @, 1) 
E, = Ogr = (—cosh @sin ¢, cosh 0 cos ¢, 0) 
a E, x E, _ (—cos¢,—sin@, sinh @) 
|E, x E,| cosh 6 
OpE, = (cosh@cos ¢, cosh @sin ¢, 0) 
0,E, = (—sinh@sin ¢, sinh 6 cos ¢, 0) 


0,E2 = (—cosh@ cos ¢, — cosh 6 sin ¢, 0) 


E = E,-E, =cosh’é 

F = E,-E,=0 

G = E,- E> =cosh?@ 

e = n-09F,=-1 

f = n-0,E; =0 

g = n-05E2 = +1 

H eG—2fF+gE _ —cosh"6—O0+cosh’O _ | 
2(EG — F?) 2(EG — F?) 


Since a minimal surface is characterized by having an identically vanishing mean cur- 
vature (i.e. H = 0), then this surface is a minimal surface. 


Why minimal surfaces are characterized by having identically vanishing mean curva- 
ture? 

Answer: Because the mean curvature H of a surface at a given point P is a measure 
of the rate of change of area of the surface elements in the neighborhood of P. 


What is the implication of having vanishing mean curvature H on the principal curva- 
tures of the surface at the points where H vanishes? 

Answer: Since H = Bupha then having zero mean curvature at a surface point means 
that the principal curvatures, k; and ko, of the surface at that point have the same 
magnitude and opposite signs, i.e. Kg = —K 4. 
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46. Should a surface with orthogonal families of asymptotic lines be a minimal surface? If 
so, why? 
Answer: Yes, because it was shown in Exercise 81 of § 5 that such a surface has 
identically vanishing mean curvature (i.e. H = 0) and hence it is a minimal surface 
according to the criterion that we stated in the book and in the previous exercises. 


Chapter 7 
Tensor Differentiation over Curves and 
Surfaces 


1. Summarize the main rules that govern the differentiation of tensor fields over surfaces 
and compare these rules to those of nD spaces (n > 2). 
Answer: The main rules are: 
e The sum and product rules of differentiation apply to covariant and absolute differ- 
entiation as usual. 
e The covariant and absolute derivatives of tensors are tensors. 
e The covariant and absolute derivatives of scalars and tensors with invariant basis of 
higher ranks are the same as the ordinary derivatives. 
e The covariant and absolute derivative operators commute with the contraction of 
indices. 
e The covariant and absolute derivatives of the metric, Kronecker and permutation 
tensors vanish identically in any coordinate system. 
As seen above, tensor differentiation over a 2D surface generally follows similar rules 
to those of tensor differentiation over general nD curved spaces. However, there are 
some exceptions. For example, the covariant derivative of the space basis vectors is 
identically zero, but this is not the case with the surface basis vectors whose covariant 
derivatives do not vanish identically (see next exercise). 


2. Is there any rule of tensor differentiation that applies to nD spaces (n > 2) but not to 
surfaces? If so, which and why? State your answer with a full formal explanation. 
Answer: As indicated in the previous exercise, the covariant derivative of the space 
basis vectors, E; and E’, is identically zero, that is: 


6,B; —T.E, = +r%E, —TEE, = 0 (63) 
Ei, = 0,E'+1),E* = -T,,E* +Tj,B* =0 (64) 


but this is not the case with the surface basis vectors, E, and E®, whose covariant 
derivative do not vanish identically. The reason is that, due to the curvature of the 
surface in the embedding space, the partial derivatives of the surface basis vectors 
generally do not lie in the tangent plane and hence the relations 0;E; = TEE, and 
0,;E' = —T%,,E* which are valid in the enveloping space and are used in Eqs. 63 and 64 
(and hence they contributed to setting the covariant derivative to zero), are not valid 
on the surface. 


3. At the points of a smooth surface with geodesic surface coordinates and Cartesian 
spatial coordinates of a flat embedding 3D space, what happens to the covariant and 
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absolute derivatives of tensor fields? 
Answer: The covariant and absolute derivatives of tensor fields reduce respectively to 
the partial and total derivatives. 


4. Derive the following identity: Eg.g = Eg.a. 
Answer: 


where line 1 is based on the definition of covariant derivative, line 2 is based on the 
commutativity of the partial differential operators (i.e. O0gEg = O.0gr = Og0ar = OgEq) 
and the symmetry of the Christoffel symbols in their paired indices (i.e. P36 = ie 
and line 3 is based on the definition of covariant derivative. 


5. Express the identity in the previous exercise in full tensor notation. 
Answer: . . 
asp = TB;0 
where 7 ranges over 1,2,3 while a and ( range over 1,2. 


6. Is Eq.g a surface vector or a space vector? Discuss the possible different meanings of 
these attributes. 
Answer: E,.g is normal to the surface with no tangential component and hence it is 
a space vector in this sense, i.e. it exists in the enveloping space but not in the surface 
(as represented by the tangent space). However, E,.g is also a surface vector since it 
represents the covariant derivative of the surface basis vector and hence it is an attribute 
of the surface. So in brief, it is a space vector from the attribute of its existence (as 
represented by its components) and it is a surface vector from the attribute of belonging 
and relation to the surface. 


7. Explain, in detail, the following equation related to the covariant derivative of space 
tensors with respect to surface coordinates: A’, = Age. 
Answer: It means: the covariant derivative Pa of a space tensor A’ with respect to 
a surface coordinate u® is formed by the inner product of the covariant derivative A’, 
of the tensor A’ with respect to the space coordinates x* by the tensor x* which is the 
tensor form of the surface basis vector. 

8. Write down the mathematical expression for the covariant derivative of the tensor Ay 
with respect to the surface coordinate wu? where the Latin and Greek indices represent 
space and surface general coordinates. 


Answer: 
aA; Ox® ; Ox® * On" 
6j o knB 6 wy J Add a joj fin, TAO i ss 
Akns:y - Our + Vyas — Ps Abng Our _ Vie Hane Our = DeAkas Ba p= Lae cea 
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10. 


11. 


L2: 


13. 


14. 


15. 


. Write down the tensor equation for the covariant derivative of the surface basis vector 


x7’ with respect to the index . 
Answer: 


Complete the following equation which involves the tensor B where the indices represent 
surface coordinates: 
Bes — Brgy =? 


Answer: 
Qa a _ OL Ww 
Bs oy = R68 


x7 


where R%,,5 is the Riemann-Christoffel curvature tensor of the second kind for the 
surface. 


Give a brief descriptive definition of the absolute differentiation of a tensor field along 
a curve. 

Answer: Absolute differentiation of a tensor field along a t-parameterized curve in an 
nD space with respect to the parameter t is the inner product of the covariant derivative 
of the tensor and the tangent vector to the curve. 


What is the other name given to the absolute differentiation? 
Answer: It is also known as intrinsic differentiation. 


Explain the mathematical pattern of absolute differentiation of tensor fields along sur- 
face curves illustrating this by an example. 

Answer: The pattern is that: the covariant derivative of the tensor field is inner mul- 
tiplied with the tangent vector du?/dt to the curve where the index ( is contracted 
with the differentiation index of the covariant derivative. So, if the covariant derivative 
of a tensor field Ay is Ag.g then the absolute derivative of this tensor field along a 
t-parameterized surface curve is: 


Fa 4 du! (4a _ yy 4) de! 
at dt OV uk 88) at 


Is the pattern of absolute differentiation of surface tensor fields along surface curves 
identical to the pattern of absolute differentiation of space tensor fields along space 
curves? If there is any difference, identify and explain. 

Answer: The pattern is essentially the same. However, the indices differ since they 
represent the coordinates of the corresponding spaces (i.e. 2D for surface and 3D for 
space) and hence they range differently as indicated by the use of Greek and Latin 
letters. 


Write, in expanded form, the mathematical equation of the following intrinsic derivative: 


6 


BE : eas 
|, where B is a tensor and k and ¥ are space and surface indices. 
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16. 


lrg 


18. 


19; 


20. 


21. 


Answer: 


k k 
0By _ OB. \ T* Be Ox® _— Te Bk du? 
ot due "7 Au8 We! | dt 
What are the covariant and absolute derivatives of space and surface metric, permuta- 
tion and Kronecker tensors in their covariant, contravariant and mixed forms? 
Answer: They are zero. 


Do the operators of covariant and absolute differentiation of space and surface fields 
commute with the metric tensor involved in an inner or outer product with another 
tensor? Explain why. 

Answer: Yes, because the metric is like a constant with respect to covariant and 
absolute differentiation. 


Explain the following identity giving detailed definitions of all the symbols and notations 
involved: €; 4), = 0. 

Answer: The covariant and absolute derivative of the absolute permutation tensor of 
3D space with respect to the surface coordinate u’7 is identically zero. In this identity, 
€;;x 18 the absolute permutation tensor of 3D space, the symbol | represents covariant 
or absolute differentiation, and y is a surface index representing the surface coordinate 


wu, 


Do the nabla based differential operations apply to the surface tensor fields as to the 
tensor fields in curved spaces of higher dimensionality? 
Answer: Yes. 


What is the Laplacian of a differentiable coordinate-dependent surface scalar field h (i.e 
V7h)? Write in your answer the mathematical equation for this operation defining all 
the symbols used. 

Answer: 


1 
V-h = —0 aa’ Agh 
where V? symbolizes the Laplacian operator, a is the determinant of the surface co- 
variant metric tensor, 0, and Og are partial derivative operators with respect to the a‘” 
and 8" surface coordinates, a®’ is the surface contravariant metric tensor, and a and 
@ range over 1,2. 


Compare the equation in the previous question with the equation of the Laplacian of a 
scalar field defined over a general nD space. 

Answer: They are identical in form although they usually differ in the symbols used 
to represent the metric tensor and its determinant (where g’? and g may be used to 
represent the contravariant metric tensor and the determinant of its covariant form 
instead of a®? and a) as well as in the range of the indices (which may be indicated by 
using Latin indices instead of Greek indices). 


Index 


1D inhabitant, 71 
2D inhabitant, 7, 110, 154, 194, 197, 218 
3D inhabitant, 154 


Absolute 
derivative, 3, 80, 226, 227, 229 
differentiation, 226, 228, 229 
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Ellipse, 11, 114, 173 
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fundamental form, 3, 4, 6, 7, 71, 90, 95, 96, 99, 
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surface, 20 
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curve, 73, 158, 164, 169, 176, 191, 194-197 
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torsion, 5, 73, 74, 202 
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of matrix, 31, 98 
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mapping, 26, 90, 157, 218, 219 
surface, 111, 157, 218, 219 
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Laplacian operator, 3, 229 
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element, 3, 29, 60, 146 
of curvature, 197-200, 202-204, 218 
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combination, 98 
equations, 142 
Linearly 
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independent vectors, 28, 93 
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isometry, 26, 90, 91, 219 
property, 7 
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Mutually 
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perpendicular, 9, 10 
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Natural 
equations, 64 
parameter, 3, 4, 40, 46, 55, 61, 66, 73, 158, 179, 
180, 190 
parameterization, 39 
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curvature, 156, 159, 164, 196 
orthogonal transformation, 22 
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Euclidean space, 80 
negative, 69, 149 
orientable surface, 87 
planar curve, 57 
polyhedral surface, 16 
positive, 147, 148, 157, 216 
umbilical point, 151, 200 
Normal 
component, 5, 124, 125, 130 
curvature, 5, 113, 124, 125, 128-132, 138, 146, 
170, 173, 204-207, 210 
indicatrix, 186 
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plane, 56, 58, 60, 61, 221 
section, 129, 132, 133, 145, 146, 173 
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93, 98, 111, 115, 118, 121, 129, 180, 134, 
145, 155, 162, 171, 196 


One-side surface, 7 
One-to-one, 25, 82, 90 
Ordinary derivative, 226 
Orientable surface, 16, 86, 87, 165 
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curve, 87 
surface, 86 
Origin of coordinates, 11, 24, 27, 105, 121, 148, 186, 
212 
Orthogonal, 93, 128, 149, 179, 203, 205, 225 
coordinate curves, 134, 135, 150, 158 
trajectory, 179 
transformation, 22 
Orthonormal, 45, 93, 125, 145 
basis vectors, 45 
Osculating 
circle, 77, 79, 129, 133 
plane, 56, 58, 60, 61, 74, 79, 133, 177, 196, 204, 
205, 217 
sphere, 77, 80 
Outer product, 229 


Parabolic 
cylinder, 12, 173 
point, 114, 115, 133, 169-173, 207, 216 
Parallel, 13, 14, 22, 54, 57, 74, 78, 80, 114, 148, 154, 
173, 176, 180, 189 
propagation, 80 
Parallelepiped, 17 
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Parallelism, 80 
Parallels, 9-11, 171, 199, 203 
Parameters plane, 23 
Parametric 
curve, 23 
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Partial derivative, 3, 4, 19, 37, 99, 100, 109, 118— 
120, 155, 162, 226, 227 
Patch, 5, 23, 82, 84, 90, 102, 160, 164, 200, 203 
Periodic, 43, 44, 190 
Permutation tensor, 5, 93, 105, 160, 161, 203, 226, 
229 
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Plane 
curve, 9, 43, 44, 47, 56, 61, 155, 176-178, 180, 
181, 184, 189 
surface, 9, 109, 210 
Polar coordinates, 5, 44, 84, 104 
Pole, 87, 88, 195 
Polygon, 16-18, 166 
Polygonal 
arc, 100 
decomposition, 16—18 
plane fragment, 102 
Polyhedron, 3, 16 
Polynomial equation, 140 
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curvature, 158, 159 
definite, 22, 25, 26, 111 
orthogonal transformation, 22 
Principal 
curvature, 5, 138, 141, 142, 145-151, 155, 157, 
169, 203, 207, 224 
direction, 114, 115, 128, 141, 142, 144-146, 148- 
151, 197, 199-202, 204, 207 
normal line, 57, 180, 182 
normal vector, 4, 28, 54, 57, 59, 73, 78, 80, 123, 
129, 134, 146, 181, 189 
radius of curvature, 4, 146 
Product rule of differentiation, 226 
Profile curve, 9 
Projection, 23, 130, 134 
Pseudo- 
radius, 5, 157 
sphere, 5, 12, 156, 157 
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equation, 5, 114, 140, 149 
surface, 211, 212 


Radius, 10, 11, 19, 30, 48, 49, 80, 164, 168 
of curvature, 4, 72, 124, 190 
of torsion, 4, 73, 190 
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of matrix, 23 
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coordinate system, 44, 62, 91, 148 
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curve, 41, 42, 61, 164, 191 

mapping, 87 

point, 24, 28, 41, 93, 164, 196 

surface, 23, 24, 42, 81, 82 
Relative permutation tensor, 5 
Ricci curvature 

scalar, 4, 37, 156 

tensor, 4, 37 
Riemann-Christoffel curvature tensor, 4, 34-37, 109, 

155, 160, 162, 228 

Riemannian 

geometry, 30 

space, 95 
Rigid motion transformation, 61 
Rodrigues curvature formula, 151, 152 
Rotation, 22, 61, 213 
Ruled surface, 213, 215, 216, 218 
Rules of differentiation, 226 
Ruling, 214, 217, 218 


Scalar, 100, 211, 229 
triple product, 73 
Secant line, 77 
Second 
derivative, 4, 73 
fundamental form, 3, 4, 6, 7, 71, 107, 108, 111— 
114, 117, 119, 120, 125, 130, 131, 138, 149, 
150, 162, 170, 203, 204, 209, 219 
order differential, 112 
Segment, 100, 101 
Semi-circular, 164, 195 
Semicolon notation, 3 
Simple surface, 86, 87, 154 
Simply connected, 80, 86, 164 
Singular point, 24 
Smooth, 25, 43, 44, 72, 114, 131, 1382, 146, 149, 205, 
209, 226 
Space 
basis vector, 3, 226 
metric tensor, 4, 110 
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Span, 84 
Sphere, 17, 19, 22, 24, 27, 30, 77, 86, 87, 105, 121, 
129, 133, 147, 150, 152, 155, 158, 159, 165, 
173, 186, 189, 191, 195, 198, 203 
mapping, 121, 122 
Spherical 
coordinate system, 96, 105 
curvature, 78 
curve, 189, 190 
image, 121, 122, 188, 190, 203 
indicatrix, 3, 5, 186, 188, 189 
triangle, 165 
umbilical, 152 
Spherical coordinates, 4 
Stereographic mapping, 87, 88 
Straight line, 9, 13, 14, 22, 48, 100, 176, 189, 194, 
195, 197, 208, 213 
Stretching, 86, 159 
Sufficiently 
differentiable, 19, 155 
smooth, 19, 74, 81, 114, 128, 129, 132, 148, 150, 
151, 156, 157, 173, 199, 200, 208 
Sum rule of differentiation, 226 
Summation convention, 121 
Surface 
basis vector, 3, 5, 34, 92, 93, 95, 98, 111, 118, 
133, 1385, 226, 228 
coordinate system, 94, 99, 108 
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155, 162, 226-228 
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229 
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Symmetric, 9, 34, 71, 108, 121, 219 
Symmetry, 9, 25 
System of 
coordinates, 4, 29, 30, 44, 62, 77, 91, 92, 94, 96, 
97, 99, 108, 148, 226 
linear equations, 142 


Tangent 
indicatrix, 187, 189 
line, 57, 77, 78, 176, 179, 180, 182, 220, 223 
plane, 83, 84, 87, 91, 114, 148, 159, 170, 172, 
204, 205, 213, 215, 217, 218, 221, 226 
space, 4, 84, 130, 134 
surface, 4, 91, 179, 213, 216, 217, 220-223 
unit vector to curve, 42, 179, 187, 202, 214, 220, 
223 
vector to curve, 41, 54, 82, 187, 228 
Tangential component, 124, 125, 205, 227 
‘Tensor 
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calculus, 6 
notation, 5, 41, 93, 94, 98, 112, 120, 203, 211, 
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Theorema Egregium, 162 
Third 
curvature, 60 
derivative, 73 
fundamental form, 3, 4, 115 
Topological property, 169 
Topology, 6 
Torsion, 5, 47, 48, 52-54, 61, 67, 69-74, 78, 80, 176, 
178, 182-185, 189, 206, 207 
Torus, 10, 16-19, 86, 87, 159, 167, 168, 171 
Total 
curvature of curve, 146 
curvature of surface, 4, 146, 160, 166-169 
derivative, 227 
Trace 
of curve, 39 
of matrix, 4 
f surface, 81 
Tractrix, 14 
Transformation of coordinates, 4, 22, 25, 61, 94, 96, 
97, 99, 108, 157 
Translation, 22, 61, 213 
Triad, 145 
Triangle inequality, 25, 26 
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Umbilical point, 133, 145, 149, 152, 173-175, 198, 
199, 210 

Unit sphere, 27, 87, 88, 121, 186 

Unity, 22 


Variational principle, 191 
Vector notation, 94 
Vertex, 164, 173, 174 

of polyhedron, 3, 16 


Weingarten equations, 72, 115, 117-119 


